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A VERSION OF DISCRETE HAAR TRANSFORM WITH
NODES OF II,-GRIDS

K.A. KIRILLOV, M.V. NOSKOV

Abstract. We propose a version of the two-dimensional discrete Haar transform with 27
nodes forming Ilg-grids associated with the triangular partial sums of Fourier — Haar series
of a given function. Due to the structure of Ily-grids, the computation of coefficients of
this discrete transform is based on a cubature formula with 2P nodes being exact for Haar

polynomials of degree at most D, owing to that all the coefficients Agﬁ]ﬁ% of the constructed

transform coincide with the Fourier — Haar coefficients 6%11]7%)2 for Haar polynomials of degree
at most D—max{mi, ma} (0 < mi+msy < d, where d < D). The standard two-dimensional

discrete Haar transform with 2° nodes does not possess this property.

Keywords: cubature formulae exact for Haar polynomials, discrete Haar transform, Ilp-
grids

1. INTRODUCTION

In numerical mathematics, a substantial interest is attracted by the problem on applying
cubature formulae exact on some finite system of orthonormalized functions to the discrete
Fourier transform w.r.t. this system. For instance, applications of cubature formulae of high
trigonometric accuracy to the discrete Fourier transform w.r.t. the trigonometric system were
considered in [IJ.

The idea of employing triangular partial sums of Fourier series for a given function in
constructing the discrete Fourier transform, which was realized in paper [I], for the case of
the trigonometric system is applied in the present paper for constructing a version of two-
dimensional discrete Haar transform with nodes forming Ily-grids being the grids with rather
uniformly distributed nodes; if a Ily-grid is formed by 2” nodes, then each of its binary rect-
angles of area 277 contains exactly one node. Owing to the mentioned structure of Ily-grids,
the calculation of the coefficients for the discrete transform constructed in the present paper
is based on a cubature formula with 2P nodes being exact for Haar polynomials of degree not
exceeding D and due to this fact for each function being a Haar polynomial of degree at most
D—max{my,ms} (0 < m;+ms < d, where d < D) all the coefficients AGLE2) of the constructed
transform are equal to the corresponding Fourier-Haar coefficients c%ﬁﬁl The latter property
is absent for the standard discrete Haar transform related with rectangular partial sums of
Fourier-Haar series and based on a cubature formula with a rectangular grid of nodes for which
the Haar accuracy degree equals M = min{M;, My}, where 2™ and 22 is a number of indices
in each component in construction of the nodes of the cubature formula, M; + My = D.
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2. MAIN DEFINITIONS AND AUXILIARY STATEMENTS

In the present paper we employ original definition of the functions x,, ;(z) introduced by
A. Haar [2] and different from that in [3] in the points of discontinuity.

As binary interval [,,, ; we call the intervals with the end-points (j — 1)/2™~, j/2m! (m =
1,2,..., 5 = 1,2,...,2m71) If the left end-point of a binary segment coincides with 0, this
interval is assumed to be closed on the left; if the right end-point coincides with 1, the interval
is assumed to be closed on the right. Other binary intervals are supposed to be open. The left
and the right halves of [, ; (without the center of this binary interval) will be indicated as I,,, ;
and [}, ., respectively.

As binary rectangles we call the sets l,,, j, X L, j,, as closed binary rectangles the closures

of these sets m, =1,2,..., j,=1,2,...,2m" 1 n=12
The system of Haar function is constructed by groups; the group no. m is comprised of 2m~*
functions xm;(z), where m = 1,2,..., j=1,2,...,2"" ! We define Haar functions x,, ;(z)
as follows,
275 as x € 1, ;,
—2"5 asx €l
Xim,j(¥) = : my
0 as = € [0,1]\ .,
2 [m,j (@ — 0) 4+ Xm,j(x +0)], if z is an interior point of discontinuity

I = [2{”;,117 #], m=1,2,..., 7=1,2,...,2" 1 In the system of Haar function one also
include the function xg;(z) = 1 which one relates to the zeroth group.
In the two-dimensional case, as Haar polynomials of degree d we shall call linear combinations

with real coefficients of the functions X, j, (€1)Xm,,j, (T2) referred to as Haar monomials (m4 +

my is the monomial’s degree), m; +mo =0,1,...,d, j, € A,
L, 2mem it m, >0,
A, = { {1y, if 1, = 0, ()

n = 1,2, at that, at least one of the coefficients at Haar monomials of degree d must be nonzero.
Let a function f(z1,79) be defined and summable on [0, 1]>. We shall say that the cubature
formula

11 N
1= [[ faradondoa 3 Ciptal? o)) = QL1 )
00 =1

with nodes (xgi), xg)) € [0,1]? and coefficients at the nodes C; € R (i = 1,2,..., N) possesses
Haar d-property, or simply d-property, if it is exact for each Haar polynomial P (1, x2) of degree
at most d, i.e.,

QP = I[P].

Cubature formula will be called a formula of Haar accuracy degree d, or d-exact, if it
possesses d-property but not (d 4 1)-property.
The following proposition holds true.

Proposition 1. [4] If cubature formula (@ possesses d-property, the number N of its nodes
satisfies the inequality

N >2%1 41,

In [3] there employed a definition of Haar functions that is different from the definition
introduced in [2], namely, in [3] Haar functions are supposed to be right-continuous at the points
of discontinuity, and because of this binary intervals l,,; (m =1,2,..., j=1,2,...,2™) are
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defined as follows,
[01] itm=1, =1,

g =4 lgergis), ifm €NV e {2 2m7 -1}, (3)
[ m— 1,1] imeN\{l}’ j:2m—1

We shall say that 2? points of unit square [0, 1]? form a Ily-grid if each binary rectangle [, ;, X
limy.j, Of area 27 (my +my = d+2, j, =1,2,...,2™ 1 n=1,2) being the Cartesian product
of binary segments defined by contains exactly one of these points.

It was shown in [5] that there exist functions k,, ;j(x) being linear combination of Haar

functions from the groups nos. 0,1,...,m and satisfying the identity
2m as T € lyy1,
/ﬁmJ‘(.’L‘) = 2m—1 as xr € lm+1,j \ lm+1,j7 (4)
0 as € [0,1] \ Lyt

m=01,2... j=12..,92"

We shall call the functions K, j, (21)Km,. j, (¥2) k-monomials of degree d, where m; +msy = d,
Jp=1,2,...,2M p=1,2.

The following proposition holds true.

Proposition 2. [4] Cubature formula (@ possesses the d-property if and only if it is exact
for all k-monomials of degree d.

Remark 1. Identity implies that each closed binary rectangle of area 2~ is the support
of some r-monomial of degree d, namely, [, 414, X lny+1.j, = SUPP{ Ky g1 (€1)Kimg jo (T2) }, My =
0,1,2,..0, jn=1,2,...,2m n=12

Let us prove

Proposition 3. If K;(r1,x2) is an arbitrary k-monomial of degree d, then
11
[[Kd] = Kd(flfl,QTg) dQTl d$2 =1. (5)
00
Proof. Relation (4)) yields that Ky(z1,79) = 27 in the interior points of the set supp{Ky}.

Bearing in mind that supp{Kj,} is a binary rectangle of area 2-¢ (Remark , we arrive at
identity . The proof is complete. O

The next proposition holds true.
Proposition 4. [4] In the points of continuity of the Haar function xm j(x) (m =1,2,...,
j=1,...,2™71) the identity
Xonj (#) = K15 () (6)
holds true. Everywhere except the points at which the functions xi:(z) and Xpm j(x) are simul-
taneously discontinuous (if such points exist), the product of these functions reads as

k-1 _
2ki1Xm,j($)a Zf lmj g lk-ly
Xk,i(x)Xm,j<I> - _2TXm7j(x)a Zf lm] - ll—:z? (7)
0 othwerwise,
where m >k, 1 # j asm = k.

Proposition [ implies

Proposition 5. Everywhere except the points at which Haar polynomial P(x1,x2), R(z1,x2)
of degree at most d are simultaneously discontinuous (if such points exist), the function
F(z1,19) = P(x1,29)R(21, x2) is a Haar polynomial of degree at most 2d.
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3. STANDARD METHOD OF DISCRETE HAAR TRANSFORM

Let f(z1,22) be a defined and summable on [0,1]? function that can expanded into an
absolutely convergent Fourier-Haar series,

f(@,x2) ZZ D Xom i (1) Xoma o (02), (8)

n=1 mp=0 j,EAm,

where A, is defined by identity , n=1,2.
Under the standard two-dimensional Haar transform a one-to-one correspondence is made
between the sequence of the values of the function f(z1,xs) at the nodes (z\”,257) € [0,1]2

(i =1,2,...,2P) and the set of the coefficients of this transform AY2) (m, = 0,1,..., M,,
Jn € A, n =1,2, M; + My = D) so that the Haar polynomial

xla 1‘2 Z Z Z njmllljrfz)gxml,]l (xl)sz,]Q (xQ) (9)

n=1 mn=0 jnEAm,

recovers the function f(x,z3) in the mentioned nodes,
H(@ 20y = ra0, 20, i=1,2,...,2P;

at that, the number Aﬁfﬁfﬁg is the cubature sum in the cubature formula

(i) / F (21, 29)Xoms i (21) Xoma o () iy s
(10)

~ 2—sz 121 y & Xm17jl($g))Xm27J2(x2 ) Agr]zllljn?y

i.e., an approximate value of the Fourier-Haar coefficient c%ﬁ’ﬁQ for the function f(xq,x2),

Mp=0,1,..., My, ju € Am., n=1,2. The nodes (2", 2{’) (i = 1,2,...,2P), at which the
values of the function f(z,xs) are calculated, are supposed to belong to the rectangular grid

{((2i; — 127" (2 — 12771 1, = 1,2, 2 n=1,2}.

Thus, according to @, the standard method of two-dimensional discrete Haar transform as-
sumes that the set of the indices mq, ms is such that

xl’ xz Z Z Z 7%1177377212Xm1,31 (xl)sz,Jz (1’2) (11)

n=1 mnp jn€Am,

is a rectangular partial sum for series (m,, in the sum in the right hand side of ranges
as 0,1,...,M,, n=1,2), and calculating of approximate Fourier-Haar coefficients by formula
is based on the cubature formula

11

[[f] = ff f(x17332)d331 dxy ~
iy gy (12)

2 MM TR (20 - 127 (20 = )27 ) = Qi)

i1=11iy=1
being the Cartesian product of two cubature formulae with 2" and 22 nodes.

Proposition 6. Haar accuracy degree of cubature formula (@ equals M = min{ My, Ms}.
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Proof. Each closed binary rectangle of area 2= contains exactly 222{M1.Mz} nodes of cubature
formula 1.} and all these nodes are its interior points. Then according to Remark |1| and
identities (4)) . for each k-monomial Ky (z1,xs) of degree M we have

Q [KM] — 9~ My —DMo % 2max{M1,M2} x 2m1n{M1,Mg} 1= I[KM]

By Proposition [2] it yields that cubature formula (12) possesses M-property. However, it does
not possess (M + 1)-property, since in the case M = M; it is not exact, for instance, for the
k-monomial kpr411(21) as well as in the case M = M, for kprq11(x2). Thus, Haar accuracy
degree of formula ([12]) equals M. The proof is complete. O

Propositions [} [6] imply that under the condition m; +mq < M the Fourier-Haar coefficients
of the functions f(z1,xs) being Haar polynomials of degrees at most M — max{m;,ms} in
approximate identity the exact idenity

AULI2) — o(1.d2) eAp,,n=12 (13)

m1,msa mi,m2”? ]"

holds true, and if m; + mo > M, validity of identity can not be guaranteed even for
f(z1,x2) = const for any indices my, ms.

4. DISCRETE HAAR TRANSFORM WITH NODES FORMING II,-GRIDS

The considered version of discrete Haar transform with 2 nodes is related with a triangular
partial sum of series , i.e., with sum for which the subscripts m, my appearing in its
Fourier-Haar coefficients obey the condition

where d < D is some fixed natural number. Calculating of the Coefﬁments Anﬁ’ﬁg (my+ms < d,

Jn € A, n=1 2) of this discrete transform is made by formulae , at that it is assumed
that the nodes (2, z{") € [0,1]2 (i = 1,...,2P) do not lie on the boundaries of the binary
rectangles U, j, X Ly, j, of area 272 (my +my = D+ 2) and form a Ilp-grid. Thus, calculating

of the coefficients A,(%llﬁl is based on the cubature formula

I[f]://f(xl,@)d%ld@NQ DZf x1 7352 ) Qa[f] (15)

0

[e=]

with the aforementioned location of the nodes.
Proposition 7. The Haar accuracy degree of formula equals D.

Proof. Each closed binary rectangle of area 2~ contains exactly one node of cubature formula
which is its interior point. Then according to Remark |1/ and identities , , for each

r-monomial Kp(z1,zs) of degree D
Q2[Kp] =1=I[Kp].

By Proposition [2| it implies that cubature formula possesses D-property. However, it does
not possess (D + 1)-property, since the number of nodes of each cubature formula possessing
(D + 1)-property is at least 2P + 1 (Proposition . Thus, the Haar accuracy degree of formula
equals D. The proof is complete. n

Propositions , imply that in the approximative identity one has exact identity for
Fourier-Haar coefficients of the functions f(z1,xs) being Haar polynomials of degree at most
D — max{my, may}.
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We denote by N (d) the number of the Fourier-Haar coefficients whose subscripts satisfy
inequality . It is determined by the formula

N(d) =240.5d + 1). (16)
The value of the parameter d in inequality will be fixed as follows,
d=max{p € N: 2°(0.5p +1) < 2°}. (17)
Proposition 8. For each D € N there exists the unique represention of the form
D=2 4yr4+s—1, where s=0,1,...,2"™ r=0,1,2,... (18)
The value d satisfying identity 18 determined by the formula
d=2""4+s-2=D—r—1, (19)

where r, s are values of the parameters in representation @ of the corresponding number D.

Proof. For a fixed r € NU {0},
A={2"4rrs—1:5=0,1,...,27"}

is the set of natural numbers in the segment [277' +r — 1,272 4+ r — 1], and to different values
s €{0,1,...,2""} different natural numbers in this segment are associated. A, is the set of
natural number in the segment [2772 +7r, 273 47| not intersecting with [27 1 +r—1,2" 247 —1].
Therefore, to different pairs (r,s) there correspond different values 2"t +r +s—1 (s =
0,1,...,2""1 r =0,1,2,...), and representation is thus unique for all values of D for
which it exists. And since

Ua = {2 +r-1,27"+r-1]nN} =N,
r=0 r=0
then it exists for each D € N.
Let us prove now that the value d determined by formula satisfies condition ((17)).
Indeed, according to (|16)),

N +5-2)=N(D—r—1)=2P"142P 725 2P,
since s < 2", At the same time,
N 4+5—1)=N(D—r) =2 +2P7 (s 4+1) > 2P
The proof is complete. n

Remark 2. If value d is determined by formula , then N(d) = 2P only in the case
s=2"""ie,for D=2 +r—1 r=0,1,2,.... Inthecase s =0 (D=2"""+r—1,
r=0,1,2,...) N(d) = 2P~ and in the case 0 < s < 2" the quantity N(d)/2P € (0.5,1)
grows as s grows.

Hence, as D # 2"*2 +r —1, r = 0,1,2,..., in triangular partial sum involving Haar
monomials X, j; (1) Xms,j» (T2) of degrees at most d there are less terms than in the corre-
sponding rectangular partial sum involving Haar monomials for which m, < M,, n = 1,2,
M, + My = D. However, bearing in mind the convergence to zero of the coefficients c%ﬁﬁl as
my + Moy increases, one can expect that the quality of the suggested version of discrete Haar
transform is not worse than for standard scheme.

At the same time, the suggested in the present paper version of the discrete Haar transform
has certain advantages in comparison with the standard transform. Firstly, under the same
number of nodes as in the standard transform, the set of the functions f(zq,xs) satisfying
identity is enlarged, and in distinction to the standard transform all the coefficients Afﬁﬁl

coincide with the corresponding Fourier-Haar coefficients cﬁ,]fl]n%l of Haar polynomials of several
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first degrees. Secondly, reduction of the number of terms in partial sum leads one to the
reduction of calculations amount under the approximation of a function by a mentioned partial

sum, in which instead of Fourier-Haar coefficients 0%11]7%)2 of a given function one should take

the corresponding values Afffl],%l R~ c%ﬁﬁl

BIBLIOGRAPHY

1. V.B. Kashkin, M.V. Noskov, N.N. Osipov. A version of the discrete Fourier transform with nodes
on parallelepipedal lattices // Zhurn. vychislit. matem. i matem. fiz. 2001. V. 41, No. 3. P. 355-359.
[Comp. math. math. phys. 2001. V. 41, No. 3. P. 329-333.]

2. A. Haar Zur Theorie der orthogonalen Funktionensysteme // Math. Ann. 1910. Vol. 69. P. 331-371.

3. .M. Sobol’. Multidimensional quadrature formulae and Haar functions. Nauka, Moscow. 1969. (in
Russian).

4. M.V. Noskov, K.A. Kirillov Minimal cubature formulas exact for Haar polynomials // J. Approx.
Th. 2010. V. 162, No. 3. P. 615-627.

5. K.A. Kirillov, M.V. Noskov. Minimal quadrature formulas accurate for Haar polynomials // Zhurn.
vychislit. matem. i matem. fiz. 2002. V. 42, No. 6. P. 791-799. [Comp. math. math. phys. 2002.
V. 42, No. 6. P. 758-766.]

Kirill Anatol’evich Kirillov,
Siberian Federal University,
Kirenskii str., 26,

660074, Krasnoyarsk, Russia
E-mail: KKirillov@rambler.ru

Mikhail Valerianovich Noskov,
Siberian Federal University,
Kirenskii str., 26,

660074, Krasnoyarsk, Russia
E-mail: MVNoskov@yandex.ru



	to1. Introduction
	to2. Main definitions and auxiliary statements
	to3. Standard method of discrete Haar transform
	to4. Discrete Haar transform with nodes forming 0-grids
	 References

