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REDUCTIONS OF PARTIALLY INVARIANT SOLUTIONS OF
RANK 1 DEFECT 2 FIVE-DIMENSIONAL OVERALGEBRA
OF CONICAL SUBALGEBRA

S.V. KHABIROV

Abstract. Conic flows are the invariant rank 1 solutions of the gas dynamics equations on
the three-dimensional subalgebra defined by the rotation operators, translation by time, and
uniform dilatation. The generalization of the conic flows are partially invariant solutions
of rank 1 defect 2 on the five-dimensional overalgebra of conic subalgebra extended by the
operators of space translations noncommuting with rotation. We prove that the extensions
of conic flows are reduced either to function-invariant plane stationary solutions or to a
double wave of isobaric motions or to the simple wave.
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INTRODUCTION

The equations of gas dynamics possesses 11-dimensional Lie algebra of operator. The op-
timal system of subalgebras was constructed in [I]. A three-dimensional subalgebra in the
optimal system with the basis operators X; = 0y, X109 = 0y, X11 = t0; + x0, + r0, in the
cylindrical coordinate system (z, 7, ) generates an invariant rank 1 submodel of conic flows [2].
A fifth-dimensional subalgebra has additional operators of space translations along Cartesian
coordinates vy, z,

Xy =0, = cos 00, — r~tsin (0 + Wy — Vow),

X3 =20, =sin60, —r ' cos0(0p + Wy — Vo).

Generalizations of conic flow w.r.t. fifth-dimensional overalgebra are partially partially invariant
solutions of rank 1 defect 2. It is convenient to represent the cylindrical coordinates of the
velocity @ as U, V = Qcost, W = Qsinv (Q # 0, otherwise we deal with the one-dimensional
motion). The invariants of the subalgebra are as follows, U, @, the density p, the entropy S,
the pressure is determined by the equation of state p = f(p, S).
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The equations of gas dynamics in the mentioned variables cast into the form

Uy +UU, + Q(U,cosV + r *Ussin®d) + p~'p, = 0,
Qi +UQ, + Q(Q, cos +171Qysin ) + p~L(p, cos + r~Lpysindd) = 0,
O+ U, + Q(U, cos? + r~ 19y + 1) sin )+

+p7 QY (—p, sin¥ + r~pgcos ) = 0,

pt + Ups + Q(p,cost + 171 pgsin )+

+p [Ux + Q. cosV +1r1Qpsind + Q( — J,sind + r~ (Vg + 1)(:0819)] =0,

S; + US, + Q(S, cos? + r~1Sysindd) = 0.

The representation of partially invariant solution of rank 1 defect 2 is as follows; the functions
U, Q, p, S, p depend on one non-constant parameter «, the functions «, ¥/ are generic, i.e.,

depend on t, x, r, 6.

The substitution of the representation for the solution into the equations of gas dynamics

yields an overdetermined system of equations (the main equations of submodel),

SYa=0, UYa+pipya, =0,
QoY+ p~lpa(a, cost + r~taysind) = 0,
p1pYa+ Usay + Qu (a cosd +rLagsind) +
+Q (=9, sind + r~1(Jg + 1) cos ) = 0,
Vi + U9, + Q (U, cosV + 1771 (Jg + 1) sindd) +

+p Q7 po (—a, sind + rtay cos ) = 0,
where Ya = a; + Ua, + Q (o, cos ¥ + r~Lag sind).

1. NON-ISENTROPIC MOTION

If S, # 0, the main equations of the submodel become

Ya=0, paa,=0, pg(a,cosd+rtagsind) =0,
Unap + Qu (. cosd + 1 tagsind) +
+Q (=9, sind + r~1(dg + 1) cos ) = 0,
Vi + U9, + Q (9, cosV + 771 (Jg + 1) sin ) +
+p Q7 po (—a, sind + rtag cos¥) = 0.

1.1. Non-isobaric motion. If p, # 0, it follows from ({1.1)) that
=0, =0, a.cos+7r tagsind =0 =

(—ar sind + r Loy cos 19) Uy=0, A=t,x.

(1.1)
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It implies ¥; = ¥, = 0, since the function « is non-constant. There happens a reduction to
a plane stationary solution which an invariant solution on a subalgebra {0;,0,}. The system
(1.1)) reduces to three equations

g+ 1=1tgdd,, n,=tgdd,, n,+tgdng=0,
where n(a) = [pap 'Q *da, 7 = Inr. One of the equation is integrable
n = —1In|cos?| + k(0),
other two cast into the form
cos 200, = —k' +tg¥, cos 2Py = —1 — tgik’. (1.2)

The compatibility conditions give the equation for the function k(6), k" + k"> +1 = 0, whose
solution k = In|cos 6| + ko is defined up to the translation w.r.t. 6 admitted by system (L.1]),
ko is a constant.

Integration of system gives a family of functionally-invariant solutions

0
tgd +tgh = porcos 0, n(a) =ko+In o8 ‘
cos

depending on two constants pg, ko and three arbitrary functions S(«), p(a), Q(«).

1.2. Isobaric motion. Let p, =0, i.e., f(p,S) = po is constant. Then system (|1.1]) becomes
a; + Uay + Q (. cosd + 17 Lagsind) = 0,

O+ U9, + Q (9, cos ¥ + 11 (dg + 1) sindd) = 0,

(1.3)

Ua, + Qu (a cosd + 1 Lagsind) +

+Q (=9, sind +r~1(Jg + 1) cos ) = 0.
The latter equations is equivalent to
diva = 0. (1.4)
It is convenient to deal with Lagrange variables
d d do
& Ula), - Q(a)cos?, r— = Q(«)sind,

dt dt dt (1.5)

x‘t:o = Zo, T’t:O = T0, e}t:O = bo.

Each solution to system (|1.3)) can be written by Cauchy problem (1.5) as «(t,z,r,0) =
B(t, 0,10, 00), I(t, z,7,0) = 0(t, z0, 70, 00).
By (1.3) we have the identities

Bi=0, oo+0,=0 = [=0(xo,r0,6b), +0=~(xo,10,00).
Due to these identities the solution to problem reads as
r=U(B)t +xo, rcos(y—0)=Q(L)tcos(y—"by), rsin(y—=0)=rosin(y—6p).
In Cartesian coordinates two latter identities are written as
y=rcost =Q(B)tcosy +yog, 2z=rsind=Q(L)tsiny+ z, (1.6)

where yy = 7o cos 8y, 2o = 7 sin 6.
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Thus, the world line are straight ones. The velocities in Cartesian coordinates are represented
by the formulae

u=U(f) = up,
v="Vcost —Wsinf = Q() cosy = v, (1.7)

w=Vsinf + W cosf = Q(f) siny = wy.

By Euler formula J; = Jdiv# and identity ([1.4]), the Jacobian of the passage from Lagrange
coordinates to Euler ones equals one J = 1 or by (1.6, (1.7)
Th
I+t—1,
810
where [ is the unit matrix, 0iy/07 is the matrix of partial derivatives, the variable ¢ is free.
It implies that all the invariants of the matrix 0uy/0%, vanish,

1=

U0z + UOyo + Wozy = 07

Voyo  Vozo
Woy, Wozg

uOmo UOZO
Wozy Woz,

Uozy  Uoyo
Vozy Yoy

— 0, (1.8)

det 2% =
o) :

The general solution to this system was obtained in [3]. In our case we obtain particular
solutions, namely, the solutions of a double wave type,

(@-VB)(b-Vy)=(b-VB)(@-Vv), @ VB=b-Vr,
where @ = (U’, Q' cosy, Q' sin~), b= (0, —Qsin~y, Q cos7y), a- b=0. As it follows from [3], the

level lines of the double wave are second order planar curves.

2. ISENTROPIC MOTION

Let S = Sy be constant. Then the main equations can be written as
Vi + U9, + Q (9, cosV + 771 (Jg + 1) sin ) +

+p1Q71p (—a, sind +r~tapcosv) =0,
— I, sind + 17 (0 + 1) cos ¥ = c(a)ay,

a, cost + 1 tagsind = QU ay,
a; + b(a)a, =0,
where b(a) = U + p~ U + QQ'U'™", c(a) = p2Q7'U™ (p'p' — p*(U” + Q"?)).
The general solution to equation can be written implicitly as
x—bla)t =g(a,r,0), (2.5)

where ¢ is an arbitrary function. We introduce new independent variables «, r, 6, x. The
derivatives w.r.t. old variables are expressed in terms of the derivatives of the functions g and

Y a,t,r,0) =9(t,z,r,0) by the formulae

v Y o 90
ga+tb,7 T ga+tb,7 r 0 ga‘i‘tb/,

Qp = —
t ga+tb,7

1936 = gaaxa 79)\ = 7§A + gaa)\a A= t7r7 07
where t = (z — g)b™ L.
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Equation (2.3)) becomes ) B
grcost +r tggsind = —Q'U 1. (2.6)
It yields 9J; = 0.
Equation (2.2)) in new variables
(01 (go + tV' + Tag,)] sind + r~tcosd (P9 + 1)(ga + tV) — go¥a] = c(e)

involves a free variable t. Equating the coefficient at the free variable to zero implies the
identities

— 9, sin1§+r_1(1§9—|— 1) cosd = 0, (2.7)
grsind —rggcosd = c(a)d, ! (2.8)

Similar procedure for equation (2.1} . ) yield the identities
¥, cosV + 11 (Ug + 1)sind = 0, (2.9)

/ cp'U’ V2
e _k( ) <pQ bU’—UU’—QQ’)> | (210)
It follows from identities q% that ¥, = 0, ¥g = —1 = ¥ = k(a) — 0. In view
of the obtained identity, equations 1 can be integrated

g=h(a)+r (ck' " sin(k — 0) — QU " cos(k — 0)),
and general solution (2.6)) casts into the form
z—b(a)t =h(a)+y (k' 'sink — QU " cosk) + z (—ck' " cosk — QU " sink).

It follows that level surface (« = const) is a plane as for the simple wave [2].
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