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ON ANALYTIC PROPERTIES OF WEYL FUNCTION OF
STURM-LIOUVILLE OPERATOR WITH A DECAYING
COMPLEX POTENTIAL

KH.K. ISHKIN

Abstract. We study the spectral properties of the operator Lg associated with the qua-

[e9]

dratic form Lg = [(|y/|>— Bz~ |y|*)dz with the domain Qp = {y € W3 (0, +0o0) : y(0) = 0},

0

0 <vy<2,BeC, as well as of the perturbed operator Mg = Lg + W. Under the assump-
tion (1 + 27/2)W € L(0, +00) we prove the existence of the finite quantum defect of the
discrete spectrum that was established earlier by L.A. Sakhnovich for § > 0, v = 1 and for
real W satisfying a stricter decay condition at infinity. The main result of the paper is the
proof of necessity (with some reservations) of the sufficient conditions for W(x) obtained
earlier by Kh.Kh. Murtazin under which the Weyl function of the operator Mg possesses
an analytic continuation on some angle from non-physical sheet.

Keywords: spectral instability, localization of spectrum, quantum defect, Weyl function,
Darboux transformation.

1. INTRODUCTION

We shall call an operator L acting in some Hilbert space as close to a self-adjoint one if
L = Lo+ V, where Ly is self-adjoint, V' is relatively compact w.r.t. Lo, i.e., D(V) D D(Lg) and
the operator V(Lo +4)~! is compact. If the operator Ly is lower-semibounded and for some
r > 0 the operator (Lo 4 1)~ 2V (Lo + 1)~/ is compact, then the operator L = Lo+ V, where
the sum is understood in the quadratic forms sense, will be called close to a self-adjoint one in
the quadratic forms sense. The operators close to self-adjoint ones form a natural class of non-
self-adjoint operators to that the methods of abstract perturbation theory are applicable and it
allows one to obtain rather general results on the asymptotic behavior of spectrum and on the
properties of root vectors systems. For example, according to M.V. Keldysh theorem [1], if Lg
is a self-adjoint operator with discrete spectrum whose spectral counting function N(r, Ly) (the
number of eigenvalues counting multiplicities in the interval (—r,r)) satisfies certain condition
(K)E], then each operator L close to Lg possesses the properties

a) the root vectors system of L is complete in H;

b) the spectrum of the operator L has the same asymptotics as that of the operator Ly, i.e., for
each £ > 0 the spectrum of the operator L outside the angles {|arg A\| < e} and {|arg \— 7| < ¢}

is finite and for the function N(r, L), which is the number of the eigenvalues of the operator L
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IThis condition is the existence of a function ¢(r) such that N(r, Ly) ~ ¢(r) as r — +oo and ¢(r) satisfies
Keldysh’s tauberian condition [Il [2] which were generalized by B.I. Korenblum [3].
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counting multiplicities in the disk |A| < r, the relation

N(r,L) ~ N(r,Ly), 1 — +00. (1)
holds true.

Under stricter conditions for the function N(r, Ly) and the order of smallness of V' one can
obtain the statements on the basis property (in some sense) of the root vectors systems, see
[4] — [6], and specify the asymptotics for the eigenvalues up to terms allowing calculate the
regularized traces (see [7] and the references therein).

Thus, each operator L close to a self-adjoint one Ly with the spectral counting function
N(r, Lo) satisfying condition (K) possesses the property of spectral stability in the following
sense: each perturbation of L like M = L+ W where W is L-compact, possesses properties a)
and b), where instead of we have

N(r,M)~ N(r,L), r — +o0. (2)
It is known (see, for instance, [8] and the bibliography therein) that the operators close to
self-adjoint ones do not possess such stability. Suppose now that L is close to a self-adjoint
operator Ly with a non-discrete spectrum, i.e., 0(Lg) = 0qisc(Lo) U Oess(Lo), where ogise(Lo) and
Oess(Lo)(# @) are the discrete and essential parts of the spectrum of Lo, respectively. Since a
relatively compact perturbation does not change the spectrum (see [9, c. 306]), then oe(L) =
Oess(Lo) # D. Let gaise(L) = { A\ }32,, where A, are taken counting algebraic multiplicities and

let there exists a finite or infinite limit [ = klim Ak-
—00

We pose a question: what is the class of perturbations W preserving the asymptotics of the
discrete spectrum of L in the following sense: the eigenvalues py of the operator M = L + W
can be ordered so that
According to Weyl-von Neumann theorem [9, Ch. X, Sec. 2.1], each self-adjoint operator Ly in
a separable Hilbert space H can be converted to a self-adjoint operator Lo+ V' with pure point
spectrum by adding a Hilbert-Schmidt operator V' of arbitrarily small norm. This is why it is
natural to expect that the classes of perturbations preserving the asymptotics of the discrete
spectrum of the operators L; and L, can differ substantially even in the case when L; and
Ly are close to the same self-adjoint operator. Moreover, the perturbations can be uniquely
determined by the spectrum (or its part) only in exceptional cases (see [10] and Theorem
below). Hence, a more correct problem seems to be the following

Problem 1. There given an operator L whose spectrum possesses the properties P = Pyise /N
P, where Pys. and P are certain properties of discrete and essential parts of the spectrum
of L, respectively. It is required to find the conditions (necessary and sufficient, if possible) for
perturbations W, under which the spectrum of the operator M = L + W possesses the same
properties.

Of course, in such abstract form the problem is unlikely to be solvable; it is unclear how
to choose the properties P, and it is even more unclear how to extract the conditions for W
from the properties P. Nevertheless, for some operator classes (for instance, for differential
operators) one succeeds to formulate the conditions (quite natural) for the spectrum and to
give the exact description of the class of the perturbations preserving these properties [11], 12].

Let 5

qs(z) = s
oo

Consider a family of quadratic forms Lsly] = [(|y'|* — ¢s(x)|y[*)dx with the domain Qy =
0

{y € W}(0,00) : y(0) = 0}, where 0 < v < 2 is assumed to be fixed; we shall study just the

dependence on the parameter 5 € C (see Sec. 2).
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Lemma 1. Lz is a holomorphic family of type (A) on C, i.e., [0, Ch. VI, Sec. 4.2],
1) for each € C the form Lg is sectorial and closed;
2) for each y € Qo the function f(5) = Lgsly] is entire.

By representation theory [9, Ch. VI, Sec. 2.1] Item 1) of Lemma [l| implies that for each
B € C there exists an m-sectorial operator Lg associated with the form L. The family L is
called analytic family of type (B) (see [9, Ch. VI, Sec. 4.2]).

Lemma 2. The operator Lg is determined as follows,

Lgy = —y" —qsy,
D(Lg) = {y€L*0,+00):y € AC[0,b] ¥V b>0,—y" — qsy € L*(0,+00), y(0) = 0}. (4)

For each € C the operator Lg is close (in the quadratic form sense) to the self-adjoint
operator Lo := Lg|,_, (see Sec. 2, Lemma , and thus [13| c. 133] 0ess(Lg) = Oess(Lo) =
[0,400) V 8 € C. However, for the discrete spectrum the picture is completely different (The-
orem [1));

as 0 < |arg 8] < 527, 0qise(Lg) consists of infinitely many simple (of algebraic multiplicity
1) eigenvalues being ['| \y(3) = =@My, k=1,2,..., where r, \, 0, k — +o0,

as 2_TV7T < |arg 5| < 7, the discrete spectrum of the operator L(3) is empty.

This is why the property P in Problem (1] is likely to depend somehow on f.

In the present paper we formulate a certain property Ps (in terms of Weyl function for the
operator Lg) and obtain necessary and sufficient condition for the function W (x) under which
the operator Mg obtained from Lg by the replacement of the potential gz(z) by gs(z) + W (x)
also possesses the property Ps. For a complex parameter 3 this condition happens to differs
substantially from the corresponding condition in the case of real 5.

The main result of the paper is Theorem [6] (Sec. 5). Before we formulate it, in Secs. 3 and 4
we establish some properties of analytic (Theorems and compactly supported (Theorems
, perturbations of the operator Lg hinting in some sense the main result.

Our choice of Lg as the unperturbed operator is due to the following reason: the Sturm-
Liouville operators with a complex decaying potential are quite well studied (see [14] —[19] and
the references therein), at the same time, the question on necessity of known sufficient condition
for the potentials under which one can obtain the asymptotics of the discrete spectrum (see
Remark [2)) is still open. In what follows we shall show that this question is a part of Problem

2. PROPERTIES OF OPERATORS Lg

1
Proof of Lemma(l] Let ¢ > 0. We have = = ¢1(7) + g2(z), where
x

@={z 0T a1
Q\T) = 0, >0, qu_x’Y q1,

1

and the number ¢, is chosen so that — < % for x € (0,9.]. Then by a known inequality (see,
x x

for instance, [20, Ch. I, Sec. 26]) for all y € Qy

1 112 2
(o) <<l + Cul?, )
with some constant C, > 0.

'Hereinafter, if else is not said, the branch of the function 2 (a € R) is fixed so that z* > 0 as z > 0.
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1
Hence, the quadratic form (—ﬁ;,g) is relatively bounded w.r.t. a closed positive form
x

Loly]l = |IV|I?, D(Lo) = Qo and its relative bound is zero. It yields (see [9, Ch. VI, Sec. 3.2]
Item 1).
Item 2) is obvious. The proof is complete. O

Proof of Lemma[d We denote by Lzly,v] the sesquilinear form determined by the quadratic
form L3[y] by polarization identity (see [9, p. 387]):

L3 : :
K’B[y/l)] :Z];)Z kﬁﬁ[y—i_lkvay—i_zkv]‘

It is clear that

o

L[y, v] Z/(y’ﬁ’ — qg(x)yv) dz,  y,v € Qo.
0
Further, we indicate by Dg the right hand side of and let us prove that D(Lg) C Dg.
Let y € D(Lg) and Lgy = f. Then by the representation theorem

o

(f,v) = Lgly,v] = / (y'v — qs(z)yv) dz,v € Qo. (6)
0
Let (a,b) C (0,400). Then identity () is valid for all v belonging to the set @, = {y € Qo :

y(x)=0asx ¢ (a,b)}.
Let h be a primitive for the function —f — gs(z)y on the interval (a,b),

h'=—f —qs(x)y ae. on (a,b).
Then for all v € @/,

o0

/(f + qs(x)y) vdz = —/bh'ﬁdx = /bh@’dx.

0

On the other hand, it follows from @ that

b b
J R

Therefore,
b
/(h —yWde =0 forall ve Q). (7)
Denote by g, the restriction of A — ¢’ on (a,b). Then (7)) means
Pab 1 1%anzjaba (8)
where Ty, is the operator - with the domain D(T,) = {v € W;(a,b) : v(a) = v(b) = 0}.

):

In its turn, is equivalent to ¢, € Ker(T};). We have T = —-L D(T?%) = W) (a,b), so,
Yap = ¢ = const a.e. on (a,b) that by the arbitrariness of a, b yields ¢y’ = h — ¢ a.e. on (0, 400).
Hence, ¢y € AC[0,b] ¥V b > 0 and —y" = f + qs(2)y, i.e., Lgy = —y" + qs(x)y.

Let us prove now that Dg C D(Lg). By the definition of the operator associated with the
quadratic form (see [9, Ch. VI, Sec. 2.1]), if y € Qo, w € L*(0, +00), and the identity

Lsly,v] = (w,v) (9)
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holds true for all v in the cord'| of the form L3, then y € D(Lg) and Lgy = w.
Let us show that C§°(0,400) is the core for L. The closure of C§°(0, +00) w.r.t. the norm

of W3 (0, +00) is Qo, and this is why C§°(0, +00) is the core for the form Loly,v] = [yv'dx
0

with D(Ly) = Qo. By inequality it implies that C§°(0, +00) is the core for Lzly, v] for all
g e C.
Let y € Dg and f = —y" — qg(x)y. According to (9,

o0

Lsly,v] = / (y0" — qs(x)y) vdz = (f,v), for any v € C§°(0, 400).
0

On the other hand, integrating by parts, we get

o)

Lalyv) = [ (0"~ as(a)g) v = (£,0),
0
hence, (f —w,v) = 0 for all v € C5°(0,+00). But C°(0,+00) is dense in L?*(0,+o0) and
thus w = f a.e. on (a,b). It yields that y € D(Lg) and Lgy = —y” — gg(x)y. The proof is
complete. O

Let Lo = Lgly_y, i€, Loy = —y", y € D(Lo) = {y € W3(0,+00) : y(0) = 0}. The following
lemma holds true.

Lemma 3. Let q be the operator of multiplication by the function x=Y. Then for each r > 0
the operator K = (Lo + 1) 2q(Lo +1)"2 is compact.

Proof. Let & > 0, x1, X2, x3 be characteristic functions of the segments (0,9), (9,
(%, +00), respectively. Then K = K + Ky + K3, where K; = (Lo + r)*%qxi(Lo + r)*%,
Since the kernel of the resolvent (Ly + 1)~! reads as

shre™t, 0<ax <t,
Gla,t) = { e *sht, 0<t<u,

qx2(Lo + 1)~! is a Hilbert-Schmidt operator. It is known [I3, Sec. Problems| that if Hy
is a positive self-adjoint operator, V' is symmetric operator with D(V) D D(H,), then the
compactness of the operator V (Hy+ 1)~* implies that of (Hy + 1)"2V (Hy + 1)~2. This is why
the operator K5 is compact.

Further, since ||K3|| < sup | gxs |= 67 — 0,0 — 0, to prove the lemma, it is sufficient to

make sure that [|[K;]| — 0, § — 0.
If 6 < 1, for each u € L*(0,400) we have

1
(Kyu,u) < 46°77 (Zx_Q(LO +1)72u, (Lo + 1)_§u) :

By the uncertainty principle [21, Ch. X, Sec. 2]

1, > 1
Je) < [ClyPae= Ll Ve Qo
0
1
and thus (Kyu,u) < 406277 L2 (Lo + 1)~ 2ul|? < 46%77|Ju||. Since for each bounded self-adjoint
operator A on the whole Hilbert space H ||A|| = sup|(Au,u)| [22, Ch. VI, Sec. Problems], it
yvields || K;|| < 46> — 0, § — 0. The proof is complete. O

!By the definition (see [9, Ch. VI, Sec. 1.4]), a linear subspace Q' of the set Qg is called a core of the form
Lp if the closure of the restriction of £z on Q' coincides with Lg.
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Theorem 1. The following statements hold true,
1) as 0 < |argf| < 25—77r, oaisc(Lg) consists of infinitely many simple (of geometric multi-

plicity 1) eigenvalues lying on the ray arg (—\) = %, namely,

Udisc<LB> - U Ak(ﬁ)

and
Me(B) = =By, (10)

where —ry are taken in the ascending order eigenvalues of the self-adjoint operator Ly (i.e.,
Lgls_y) having the asymptotics

2y
22—y

Pz +5)) ™ (11)

2/ ()

2) as 2%771' < |arg 5| < m, the discrete spectrum of the operator Lg is empty;

3) for all € C the operator Lg on the semi-azis [0, +00) has neither eigenvalues no spectral
singularities [23, c. 456]: vg(0,A) # 0V A > 0, where vg(x, \) is the solution to equation
satisfying estimate (20)) .

rp~C (k=147 k5 400, C=

Proof. The identity Udisc(Lg) = oaisc(Lp) yields that it is sufficient to prove statements 1)-3)
for 0 <argp <.

Let us prove 1). Consider a one-parametric family of unitary dilations in L?(0,4o00),
[Uop](z) = e2p(e?z), where w € R. We have

U L\UV = e L 2w, w € C. (12)

By Lemma [1] it follows that the family of the operators T'(w) = U,L,;U;"' is an analytic one
of type (B) on the whole complex plane C. Since —ry is a simple eigenvalue of the operator
T(0), by Theorem XII.13 in [I3], for small w € C in a vicinity of —rj there exists the unique
eigenvalue A\, (w) of the operator T'(w) being analytic in a vicinity of w = 0. On the other hand,
for real w the operator T'(w) is unitarily equivalent to the operator Lq, so, Ay(w) = —ry for
all small real w. The analyticity of A\y(w) yields that Ag(w) = —ry for all sufficiently small
w € C. This statement obviously remains true, if one replaces 0 by any wg € C such that
—TE € UdiSC(T(wo)).

Let 0 < |arg f| < 2_777r (as arg § = 0, identity becomes an identical equation). We let
wg = 2%y(ln | 8| +i(arg B)). Let us show that e?“s(—r;) is an eigenvalue of the operator Lg. It
will then imply .

Since e?=Mws = 3, by it is sufficient to show that —ry € oaisc(T(wp)). Let Ig = [0, wg.
Denote by Js the set of all w € I, for which —r; € 0gisc(T(w)). Since 0 € Jg, then Jsz # @.
It follows from the above that Js is open in Igz. On the other hand, since Lg is an analytic
family of type (B), due to the same is true for the family 7'(w), w € C, and this is why if
wp = w and  — 1y € 0gise(T(wy)) for all n, then —ry, € o(T'(w)). But by and Lemma [3]

Oees(T(w)) = e 27910, 1-00) (13)

and Imwg = —% > —7, thus, for all w € I the point —ry, lies outside 0ess(7(wy,)). Hence,
ifwels and w, = w,—7% € daisc(T(wy)), then —ry € ogise(T(w)). It means that the set

Js is closed in Ig. Thus, Js is a closed and open non-empty subset of Ig. Therefore, Jz = I.
Identity is proven.



42 KH.K. ISHKIN

Let us prove . Let —r, r > 0, be an eigenvalue of the operator L;. Then for the associated
eigenfunction f we have

(@) = —f(x) = =r - f(2), x>0,

xY

After the change

we arrive at the problem

d2
—d—f‘Zer(é)g = p-g, (14)

9(0) = 0, (15)

where p(€) = 42 — (5 —12) €%, v=1/(2—7), a=27/(2 7).
Hence, 1 € ogisc(L1) if and only if

92 2
. ( > —2=)/2 (16)

2—v

is the eigenvalue of problem f. The asymptotics for the spectrum of problem f
is well-known [24],

al (241
M ~ (Coﬂ'k)za/(ZJra), k— —+00, CO = —( (2 (f) .

Together with it implies ([11)).

2) Let us prove first that ogis.(Lg) = @ for arg § = 2_7771 Suppose the opposite; there exists

Ao € Oaisc(Lg) for some = b - 62_777”', b > 0. Let f be a normalized eigenfunction associated
with A, in view of the relation \g = ||f'||* — B(x~7f, f) we obtain that

— g <arg A < 0. (17)

We let T'(w) = U(w)LgU ™" (w). We have T'(w) = e L -, so that

T <—%) — L, (18)

Let I = [0, —%]. Tt follows from relation that for all w € I Ay ¢ 0ess(T'(w)), and arguing
as in the proof of Item 1), we obtain that Ay € oqisc(T(—%)). By it yields Ao > 0 that
contradicts .

Let us prove now that ogisc(Lg) = @ as 2_777r < arg f < w. We again arguing by contradiction;
let for some By = by - €0, by > 0, 2%’% < 0y < , the operator Lg, has an eigenvalue \y. Then
—m+0p < arg A < 0 and arguing as in the case arg 3 = 227, we obtain Ay € oqise(T(w)), Yw €
[0, —%r], i.e.,0gisc(Lg) # @ as Oy — Z_TVW < arg f < By. Since ogisc(Lg) = @ as arg f = 2_777@ it
implies ogisc(Lg) = @ as 227 < arg 8 < min{r, (2 — y)7}. If v < 1, then the proof of 2) is
completed. If v < 2(1 — 1/(k + 2), k € N, repeating the previous procedure k£ more times, we
show that oais.(Lg) = @ as 2%”% < argf < w. Statement 2) is proven.

3) Let A € C\[0,+00) and § € C and let a = a(A, ) > 0 be so that A + fz~7 # 0 as = > a.

Then (see, for instance, [25], c. 34]) the equation
—y'(x) — gs(@)y(z) = A~ y(2), (19)
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has a solution vg(z, A) obeying WKB-estimate

va(,A) ~ (A + gs()) " exp (z / (A +gs(1))"? dt) [1+0 (@ )], 2= +o0.  (20)
0
Then for Weyl function mg(\) of the operator Lg the formula

v5(0,A)
A =L
holds true. In work [18] it was shown that the function mg(\) possesses an analytic continuation
via the cut on the semi-axis [0, +00) on infinitely-sheeted Riemann manifold by the formula

ma(X) = e mggic— (€79X), vy(0, ) # 0. (21)
Suppose that 0 < arg8 < m and Ay > 0 is pole of mg(A). Then it follows from (21 with
¢ = —arg 3/(2 — ) that the point e=2#185/(2=7) ) is a pole of the function myg(}), i.e., is an
eigenvalue of the self-adjoint operator Lg that is impossible.

If € R and vg(0, A\g) = 0 for some Ay > 0, then T5(0, \g) = 0 and therefore the Wronskian
of the functions vs and Us vanishes at the origin. But the function vg(x, Ag) is also a solution
to equation , and by the Wronskian of vg and vz equals 2i.

Thus, for each 3 € C the operator Lg has neither positive eigenvalues no spectral singularities.
The fact that zero is neither eigenvalue no spectral singularity follows from the fact that vg(z, 0)
coincides with the function f(z) = /zHY" (2v4/Bz/2) up to a multiplicative constant,

where v =1/(2 — ), H is the Hankel function and f£(0) # 0 [25, Ch. IV, Sec. 4]. The proof

is complete. O

Remark 1. Formula specifies Statements 1) and 2); as the argument 5 grows (decays)
from 0 to Q_TVW (respectively, to —Q_TVW ), for each fized k the eigenvalue \i(5) of the operator
Lg moves along the circle |\| = —\i(|8]) from the point \p(|8|) < 0 counterclockwise (respec-

tively, clockwise) and get to [0, +00) that is the essential spectrum of Lg. Under further grow of
|arg 8|, A\e(B) continues the same movement along the same circle being a pole of the analytic
continuation of the Weyl function on the next sheet.

3. CALCULATION OF QUANTUM DEFECTS

We introduce the family of operators
Mg = Lg+W,
where W is the operator of multiplication by a complex-valued measurable function W (x)
satisfying the condition .
/ (14 272)|W (2)|dz < oo. (22)
In work [19] for 5 > 0, v =1, andoreal W satisfying the estimate

W (z)| < /3 i 2~!do(t)|, where /3 i (t_gd/z()g — <o (23)

it was shown that {(5)}3°, which are the eigenvalues of the operator My taken in the ascending
order, have the asymptotics (cf. and (L))
pe(B) ~ =B CIC(k — 1/4+ 65)"7CY |k — 400, (24)

where 272/~ > 0 as z > 0, the constant C is determined by formula , ) is a real constant
independent of k called quantum defect [26].

It is easy to check that implies .
We shall show that formula remains true also for complex W satisfying (22) and an

additional condition, which holds immediately in the case of real W (see Remark [2)). We shall
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also show that to satisfy (24]) instead of ., in the case 0 < arg f < 227 it is sufficient to
require that W has an analytlc continuation W to an angle —arg 8/(2 — ’y) < argz < 0 and
that holds true only on the ray arg z = —arg /(2 — 7).

3.1. Case > 0. Throughout this subsection the parameter ( is supposed to be fixed and
this is why in all the notations, if there is no special need, we shall not indicate the dependence

on f3.
Lemma 4. Let § > 0. Then the equation
-y + (=g +W)y=0 (25)

has two linearly independent solutions eL(x) satisfying asymptotic estimates

eV () ~ (qa(z)) Y42 (44)” exp ( / \/ 45 dm) , T — oo, v=0,1 (26)

Proof. Consider equations

ex () = us(z) — / sin < / Vas(r) dT) x“’/‘lt”/‘l( (416 V2w )) L(Hdt,  (27)

where u4 denotes the right hand side of . It is easy to check that each solution to ([27))
solves also . Let us show that for sufficiently large x > 0 the equation is uniquely solvable
and its solutions satisfies
For eL = ey /uy we have
e =1+ Aiey, (28)
where A is the integral operator with kernel

ey { 2 (1 (o ) o (4220 ). 1>

It follows from condition that for each b > 0 the operator Ay is bounded in the space
Cb, +00) and its norm tends to zero as b — +00. Hence,

es(x) ~1, x — +o0, (29)
that implies for v = 0. In order to obtain as v = 1, we differentiate and substitute
there . O

Theorem 2. Let 5 > 0 and the function W satisfy estimate and condition e4(0) # 0.
Then the eigenvalues pg(B) of the operator Mg (taken in an appropriate order) satisfy expansion

, where o are calculated by formulae , , and .

Remark 2. Ifthe function W is real, the condition e(0) # 0 holds true, since e_(x) = e; (x)
and W(e_,e;) = 2i # 0.

A perturbation W (x) not satisfying the condition e4(0) # 0 can be constructed sufficiently
easily. Let 64 = ey |, and b > 0: é,(b) # 0. Further, let p(x) = z1)(z), where ¢(x) is an
arbitrary twice continuously differentiable function on [0, b] having no zeroes and satisfying the

conditions . Ny B
w(0) =0, w(e) = 0y = L EO 20
We let
W(z) = { o =t
W—Qg<l’>, 0<z<hb.

Then ey (z) = ¢(x) as = € [0,b], so that e, (0) = 0.
We split the proof of Theorem [2into two lemmata.
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According to Lemma [4, the equation
—y" 4+ (—qg +cW)y =0. (30)
has two solutions ey (e, z) obeying estimates uniform w.r.t. € in each compact set K C C.
Lemma 5. For each fized x >0 ey(e,x) are entire functions w.r.t. €.

Proof. The functions e4 (¢, z) satisfy the equation

ex(e,x) =ex(0,2) + %/x h (e4(0,2)e_(0,t) —e_(0,z)e(0,t)) W(t)ex(e,t)dt.

Letting €4 (g, ) = ex(g,2)(1 4+ z)~7/4, we thus obtain
gi(ga ) = gi(07 ) + gAigi(gu ')7

where the operator A acts by the formula

“+o00
Af = gl / (€4(0,2)e-(0,1) — €-(0,2)e, (0,1)) (1 +7/%) W () f(t)at.

It is clear that A is a Volterra operator in the space C[0,+00), so that

=3 AL (0. )

It yields the statement of the lemma. O]

Let ¢o(e, ) be a solution to equation satisfying the initial conditions
©(£,0) =0, ¢'(¢,0) = 1. (31)
We have
e— (57 0)6+(57 [L') — €+(€, 0)6_ (Sa ZIZ')
21 '
Since ey (1,2) = ex(x), by the assumption of Theorem [2] e, (1,0) # 0. In view of the inequality
e4+(0,0) # 0 (cf. Remark[2) and by Lemma [f] there exists a curve I connecting the points 0 and

1 such that ex(£,0) #0V e € l.
Denote by (e, x, \) the solution to the equation

— Y+ (=g +eW)y = Ay (33)

(32)

(,00(6, ZL’) =

satisfying initial conditions .
Lemma 6. Under the assumption of Theorem |3 for Q(r,M)> X — 0

Ae ) = A fsin (22 e s ) o e e

%gp(a,|)\|_l/2,)\) = AVBIA B {cos(Q\/_\M E=/4 4 5(e )) +O(/\(2‘7)/4)}, (35)

where the estimate for the error terms in uniform in arg\, € € [,

e_(e,0)
€+ (57 O) ’

the branches of \/z, Inz are fized so that they are positive as z > 1.

A =+/e_(¢,0)e4(g,0), 6()=1In (36)
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Proof. The function ¢(e, z, A) is the solution to the equation
A

ole,x,\) = pole,x) — % /Om (er(e,x)e_(e,t) —e_(g,x)es(e,t)) (e, t, N)dt, (37)

which by the change @(g,z,\) = (e, z,A\)(1 + )4, Gole,z) = wole,z)(1 + x)7/4
ei(e, ) = ex(e,2)(1 4+ 2)77/* is reduced to the equation
Y =0+ Ble, ),
where B(e, \) acts by the formula
A [T ~ ~ ~
B, \)f = ——,/ (e4(e,2)E_(e,t) —e_(g,2)e4 (e, 1)) " 2p(t)dL.
0

21
Since by estimates

sup lex(e,z)| < ¢y < o0
<0, €€l

the norm of the operator B(e, \) in the space C' [0, |A|7'/?] satisfies the estimate
1B, M)l = O (IA[*77%), X =0,

uniformly in € € [. Together with estimates and by it follows . In order to obtain
, one should differentiate and employ the obtained estimate for (e, x, A). The proof
is complete. O

Now we construct the solution to equation belonging to L?(|]A\|~'/2, +00).
We introduce the notations. Let

Qr,M)={ \=p+iv: —r<pu<0, v < ]\/[’M’@ﬂ)/(?v)}’
where r > 0, M > 0. Further, let

ay = <—%)W, Q(x,\) :/(:\/—)\—Cm(t)dt, P(x,\) :/f A+ qs(t)dt.

Lemma 7. Under condition equation has a solutionv(e, z, \) satisfying the follow-
g estimates,
a) for a fived A ¢ [0,400) and x — 400

(e, 2) ~ 5 (A = g5()) M exp (- QU ) (38)

b) as Qr,M)> X —0
v(e, IATY2N) ~ (A4 gs(IA]7H2) T [sin (PN Y2, 0) + 7/4) + o(1)] (39)
%v(a, T2 0) ~ (A + ga(IATY2) % [=cos (P(IATY2,0) + 7/4) + o(1)] - (40)

The proof is the same as that of Lemma [6f Let us just describe how to choose sample
solutions and the corresponding integral equation. In the domain Dy = {\ < 0,z > a,} we
consider a positive function

3 2/3
e = ()
and continue it by the analyticity. It is easy to check that as A <0 and 0 < x < a,

Ela,\) = — (gP(:c,)\))m.

We let
vi(@, A) = TEBi(E(w, N), ve = &7 A(E(w, X)), (41)
where Ai(¢), Bi(§) are the Airy functions [25, Ch. IV, Sec. 1].
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Asymptotic formulae for Airy functions imply the following relations,

as Re@Q — +o0

Uk(xa )‘) ~ %<_)‘ - q,ﬁ’(x))_l/4 exXp ((_1)k_1Q(x7 )‘)) [1 + ) (Q_l(xa A))} ) k= L 2a
as ReP — 400

vi(z,A) ~ (A+gs(x))” 1/4 [cos (P(z,\) + 7/4) + O (P P M),
va(z,N) ~ (A4 qa(z))~ V4 [sin (P(z,\) + 7/4) + O ( )]
V(2 )~ (A+gs()* [sin (P(z,\) + 7/4) + O (P~ )} ,
vh(2,N) ~ (A + gg(x))* [~ cos (P(x, /\)—|—7T/4)+O( Yz, N)].

Consider the equation
+oo
vie,x, ) = va(x, \) — 5/ (v (2, Nvg(t, A) — vz, Moy (t, X)) W (t)v(e, t, N)dt. (42)
According to ( . W(vy,v9) = —1, so v(e, z, \) solves equation (3 . Arguing as in the proof
of Lemma |§| we obtain estimates .

Remark 3. As one can see in the proof, to satisfy estimate instead of , it is
sufficient to suppose W € L*(0,400).

Proof of Theorem[9. Let M(B,¢) = Lg+eW, € € C. It follows from estimate that for each
A [0,4+00) wv(e, -, \) € L2[|A71/2,+00), so, A is an eigenvalue of the operator M(3,¢) if and
only if

®(e, A) == (ole, 2, M), v(e, 2, M) ey 12 = 0, (43)
where
(f.9)(x) = f (56)9’(1‘) - f’(x)g(fﬂ)~ (44)
Substituting here asymptotic formulae (34 and , , we obtain
d(e, N) —A\/_CDO (g, \) +0( ), Q(r, M) 3 X\ — 0, (45)
where

Bo(2, ) = sin (/0 ,/A+q5(t)dt+7r/4+5(e)), (46)

and the estimate for the error term is uniform in € € .
We denote by \¢(5,¢)(k = 1,2,...) the negative roots of the function ®y(e, \) taken in the
ascending order. We have (see (|10]))

(B, e) ~ A\(B) (1 - %5(5)k‘1> , k— +o0. (47)

Due to relations . by Rouché theorem we conclude that for each ¢ > 0 there
exists K, € N such that for all £k € N: k£ > K, and ¢ € [, there exists exactly
one simple (of algebraic multiplicity 1) eigenvalue of the operator M(f,¢) in the disk
Bi(g,0) = {]A = \(B,¢)| < a|\e(B)|k7}. We call it o-property.

We denote by p,(8,¢), n = 1,2, ..., the eigenvalues of the operator M ([, ¢) taken in the order
of modules descending counting multiplicities. It follows from , , and the definition of
By (g,0) that there exists o9 > 0, Ky € N such that for all 0 < ¢ < gy and k < K; the disks
By (g,0) are mutually disjoint. We choose 0 < o < 0q so that K, > Kj. Let us show that for
all k> K, pi(B,e) € Bi(e,o) for all € € .

We make several notations. Let € = £(t), 0 < ¢ < 1 be a parametrization of the curve {. For
the points e; = €(t;) and 5 = &(t2) we write g1 < &y if t; < t5. If a < b, by [y, we denote the
arc {e €l: a<¢e < b}



48 KH.K. ISHKIN

Suppose that for some m > Ky and 6 € | p,,(8,9) ¢ By,,(0,0). Lemma |5 and formulae ([36))
yield that the function \,,(5,¢) is continuous w.r.t. ¢ on the curve [. This is why the family
of the circles T',,(g,0) = {|A = An(B,€)| = o]\ (B)|m ™'} moves continuously as € moves along
the curve [. The functionpu,, (5, ) is also continuous on [ (that implied by the analyticity of the
function ®(3, ) on ). This is why in the arc los there exists a point £ such that ,,(8,€) lies in
the circle ', (€, 0) and p,,, (5, €) lies outside B,, (g, ) for all € = £. By o-property, on I',,,(, o)
there exists at least one eigenvalue of the operator M (3, &) not coinciding with g, (3, €). Then
the disk B,,(&,01), where o1 > o, contains at least two eigenvalues of the operator M (3, ) that
contradicts o-property.

Thus, pk(B,e) ~ A\e(5,¢€), k — 400, uniformly in € € [. By the identities px(5,1) = pux(5)
and

M(B,1) = Clk = 1/4 405757,
where 51
6,3 - _%7 (48)
it implies . The proof is complete. 0

Remark 4. In work [27] by the same method the quantum defect of Dirac operator on the
semi-axis was calculated.

3.2. Case 0 < argfl < 2777#. Since the cases —%TVW <arg < 0and 0 < argf < %Tyw are
equal in rights, we consider only the case 0 < arg f < 2%”7?. Let wg = —agff, Us={z:wp <
arg z < 0}, Ug(R) = Uz N{|z] < R}, Q2 be the domain bounded by a rectifiable Jordan curve
v, p > 1, and E,(€2) be the Smirnov class [28, c. 203], i.e., the set of functions f(z) analytic in

the domain €2 and such that for some sequence of rectifiable curves =, contracting to =

[ sl <c.

where C' is independent of n. N
If feL? [0,400), p> 1, we shall say that f possesses an analytic continuation f(z) into

loc .

the angle Ug if V R > 0 f(2) € E,(Us(R)) and for a.e. = > 0 the angular boundary value of
the function f at the point x coincides with f(z).

Theorem 3. Let

a) a function W € L} _(0,+00) possesses an analytic continuation W(z) into the angle Ug

so that W(z) — 0, z — oo uniformly in wg < argz <0 (on rays argz = 0 and argz = wg the
limit is understood in a.e. sense);
b) the function W (z) = W (ze™#) satisfies the estimate

/000(1 + 937/2)|/I/I7(:1:)|d:1: < 00, (49)

c) €£(0) # 0, where ey are obtained from ex by replacing —qz(x) + W(z) to —|flz~7 +
25V (z) in (25).

Then for the eigenvalues pu(B) of the operator Mg (under an appropriate ordering) the
erpansion holds true, where dg are calculated by the formulae , (136), and (26)) for

W(z) = 251 (z).
Proof. Since W € L? (0,+00) and W — 0, & — +oo, the operator W (Lo + 1)~! (W is

loc
the operator of multiplication by the function W (z)) is the uniform limit of Hilbert-Schmidt
operators (see the proof of Lemma [3) and is thus compact. Therefore, oess(Mg) = [0, 400).

Arguing then as in the proof of Item 1) of Theorem [} we obtain
pe(B) = e*'ri(B),
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where {ry(3)}32, are the eigenvalues of the operator Lg + 25V having expansion by
the conditions b), c¢), and Theorem [2| The proof is complete. ]

Remark 5. In order to obtain expansion for complex 3, we have to impose much stricter
restrictions on W (analyticity in the angle Ug) in comparison with the case § > 0. In view of
this fact a question on how necessary this condition appears. In Sec. [ we shall show that up
to some reservations this condition is necessary.

4. COMPACTLY SUPPORTED PERTURBATIONS

It was shown in work [I8] that under the assumption of Theorem 3| the Weyl function (cf.
(62)) of operator Mz possesses a meromorphic continuation into the angle

Y ={2r <arg\ <2(mr+arg3/(2—7))}, (50)

and its poles in this angle form a bounded set and can accumulate to the ray arg A = 2(7 +
arg 5/(2—+)) only. In this section we formulate two statements which in some sense justify the
necessity of the analyticity of the perturbation W in order to ensure the mentioned properties
of the Weyl function and in this way hint the choice of the property P appearing in Problem [I]}

Theorem 4. Let W be compactly supported (suppW C [0,b]) and in some semi-neighborhood
of the point b it can be represented as
W(z) = (b—x)"V(z),

where n >0, V(b —0) is well-defined, finite, and is non-zero.
Then the Weyl function of the operator Mg possesses a meromorphic continuation into the
angle Ys, which has an unbounded sequence of poles in a vicinity of the ray arg A = 2,

k 2 2
Akw(%ﬂ’n;; lnk+0(1)> ,  k— +oo. (51)

Proof. The existence of the meromorphic extension for the Weyl function of the operator Mz
into the angle Y} follows from the arguments of work [I8] (see Theorem 2 and Remark 4).
Formula is proven exactly in the same way as in [29] (see Theorem 3). O

The next result being an analogue of well-known Ambartsumian theorem seems to be com-
pletely unexpected; the possibility of recovering the perturbation just by a part of spectrum
has an exceptional character and can be realized very rarely.

Theorem 5. Let the function W be a compactly supported and summable on its support. If
Oaise(Mp) = 0aise(Lg), then W =0 a.e. on (0,400).
Proof. We introduce the notations. Let S(x, ) and C(x, A) be the solutions to the equation
'+ (=g + W)y =Xy (52)
satisfying the conditions
S(0,\) =0, S"0,\) =1, Cb,\) =1, C'(b\) =0,
and let
So(x,A) = S(@, N)ly=g, Colz,A) = C(, M)y - (53)
By wo(x, A) we denote the solution to equation satisfying asymptotic relation for all
A ¢ [0,+00).
Let b > 0 be such that supp W C [0,b]. Then the eigenvalues of the operator Mg are the
roots of the equation (cf. (44]))
(S, o) (b) = 0. (54)
Since W (z) =0 as x > b,
S(xz, \) = a1 (N)So(x, A) + az(AN)Co(x, N), (55)
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where a1 (\) = (Cy, S)(b), az(N) = —(Sp, S)(b). Substituting into (b4)) and taking into con-
sideration that (Sp, vg)(b) = (Sp, vo)(0) = —vg(0, ), (Cy,vo)(b) = vj(b, A), for the eigenvalues
of the operator Mz we get

—a1(N)vg(0, \) + az(A)vj(b,A) = 0. (56)

By the hypothesis of the theorem, oaisc(Mg) = oaisc(Lg) = {\e}5°, where Ay — 0, £ — 0.
Then V k € N, v9(0,A\r) = 0. Let us show that v{(b, \x) # 0 for sufficiently large k. Indeed,
otherwise the spectrum of the problem
-y —qsy = Ay, 0 <z <b,
y(0) =y'(b) = 0
accumulates at zero that is impossible due to the discreteness of the spectrum of this problem.

Then it follows from that as(Ax) = 0 starting from some index. But as()) is entire
function and hence ay(\) = 0, so becomes

S(x,\) = a;(N)So(x, \), x >b.

The entire function a;()\) has no zeroes (if a;(A\o) = 0, then S(z, Ag) = 0), so a;(A) = '™,
where P()) is entire. We have In|a;(\)| = O(A\/?), A — oo, and hence P()\) = const, i.e.,
ai(\) = const.

Further,

b b
CL1<)\> = <Co, S>(O) + / (C()SN — CgS)dl’ =1+ / WCQSdl’
0 0

On the other hand (see, for instance, [30, c. 13]), as A — 400,

Co(z,\) ~ cosVAz + O\ ?), (57)
S(z, ) ~ Sm\/‘/;‘” +O(Y) (58)
uniformly in @ € [0,b]. Tt yields a;(\) = 1 + O(A\~Y2), A = +o0, therefore, a;(\) = 1, i.e.,
S(z,\) = So(z,\), ©>b, A eC. (59)
Further,
C(xz,\) =b\)Co(x,\), z >, (60)

where b(\) = —(Sp, C)(b) = —So(A). Let us find b(\). Since
vo(x, A) = C(z, ) + my(N)So(x, A),
it follows from and that
v(x, \) = b(A)vo(z, A), > b,
hence, mg(X) = b(A)mj(A) or

_ mg(A)
b(A) = mg(k).

For large A uniformly in arg A € [0, 27] we have [30, Ch I, Sec. 12]
ms(\) ~ iVA+0(1),
my(\) ~ iVA+0(1).
Therefore, the entire function b()) is bounded on C, and hence b(A) = 1. Thus, mz(A) = mj(A)

that by the unique solvability of the inverse problem [31] c. 202] implies Mg = Lg, i.e., W =0
a.e. O
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5. MAIN RESULT

We introduce the notations. Let Ug be an angle introduced in Subsec. We sliall say
that a locally summable on [0, +00) function f possesses a meromorphic continuation f in the
angle Ug, if

a) V R > 0 the function ]7 in the domain Uz(R) has a finite number of poles 2, ..., 2, so

that the function .
f=> Gil2)
k=1

belongs to Ey(Us(R)), where Gj(z) is the principal part of Laurent series for fat the point zy;
b) for a.e. x € (0,4+00) the angular boundary value of the function f at the point z equals
f(z).
Further, we shall say that the pole zy of the function f(z) satisfy the monodromy-free con-
dition, if in some neighborhood U of the point 2o the expansion

f(z) = Z (2 + (2 = 20)""rm(2) (61)

Z — Zo
holds true, where m € N, r,,,(2) is analytlc inU.

Remark 6. It is known [32] that condition 1s necessary and sufficient for all the solu-
tions to the equations —y"” + fy = Ay to be uniquely defined in the neighborhood U of the point
2o for all values of the parameter \. Following [33], we call it the monodromy-free condition.

Let W E Ll(O +00). According to Remark [3 equation (52) has a solution v(z, \) satisfying

estimate (38|) for A ¢ [0, 4+00). It is known (see, for 1nstance [18] or [31, Ch. 2]) that for each
fixed z > O the functions vs(x, A) and vj(x, \) are analytic in C\ [0, +00) and continuous up
to upper and lower sides of the cut w.r.t. A > 0 and the zeroes of v3(0, ) form a bounded set
A. Therefore,
v'(0,\)
v(0,\)’
which is the Weyl function of the operator Mg()\), is meromorphic in C \ [0, 4+00), its poles
form a bounded set, can accumulate to the ray [0,+o00) only, and Mg()) is continuous in
{A#£0: 0<arg) <27} \A.

Now we are in the position to formulate the main result.Let 0 < arg < Q_TVW (the case
—=Am < arg f < 0 is similar). Consider the operator Mgz = Lg + W, where W € L'(0, +00).

ms()) = (62)

Theorem 6. Suppose the function W has a meromorphic continuation W(z) to an angle Ug
so that

(a) each pole of the function W( ) satisfies monodromy-free condition;

(b) the function W( )= eQZ“BW( wsx), x > 0, is summable on (0, +00);

(c) there ezists an infinite set ' C {\ # 0: —2wsz < arg A < 27} having at least one finite
limit point Ao # 0 such that for all X € N

v'(0,\) (0, Ae*#) — e~ ™20 (0, \)0' (0, A\e*™?) =0, (63)
where V(x, 1) is the solution to the equation
— " 4 (=Bl + W) = (64)

satisfying the estimate .
Then mg(\), which is the Weyl function for the operator Mg, has a meromorphic continuation
mg(\) from the domain C \ [0, +00) into the agnle Yz (see (50)) such that

M) = e“ g (e ) (65)
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is the Weyl function of the operator Lg + W,
Vice versa, if mg(\) has a meromorphic continuation mg(\) into the angle Yz so that is
the Weyl function of the operator Lig+V with some V € L*(0,+00), then W has a meromorphic

continuation W (z) into the angle Ug, at that, (a)-(b) hold true, and W(]?) =V (x).

Proof. According to and the definition of v(z,u), the Weyl function of the operator
Lig + W reads as

_ v'(0, )

Mg (1) 50,0
Further, by the above the functions v(0, ) and vj(0,u) are analytic in C \ [0, +oc) and
continuous up to upper and lower sides of the cut along x> 0 and the zeroes of vg(0, u) form
a bounded set in M. Therefore, the left hand side of (63)) is analytic in the angle {\ # 0 :
—2wg < arg A < 27}, continuous up to its sides except the origin. This is why identity
holds true for all A € {A #0: —2wp < arg A < 27}, i.e.,

mp(A) = e “Ping (ezi“’ﬁ)\) , —2wg <arg\ <2m, A¢ AUA, (67)

where A” = e #“s ). But the right hand side is defined also for A € Y3 \ A” that gives an
analytic continuation of mg(\) into the domain Y3 \ A”. Identity follows from and
67).

Let us prove the inverse statement. Suppose mg(A) has a meromorphic continuation mg(\)
into the angle Y3 so that is the Weyl function of the operator Ljg + V for some V' €
L'(0,+00). We introduce a family of polygonal lines T', = [a,0] U [0,ae™?], a > 0, with a
parametrization

(66)

B a(l—2t), 0<t<1/2
T a2t —1), 1/2<t<1.

We then let
= W(2), 2z >0,
Wi(z) = { eV (emWez), z=e Wir, v >0,

and introduce the family of Strum-Liouville operator T,, a > 0 defined as follows
Ty = —y'(2) + (=qs(2) + W(2))y(2), = € T,
D(T.) = {y: y,y € AC(Ly), —y" + (=gs + W)y € L*(T), y(a) = y(ae™?) = 0},

where the prime indicates the differentiation along IT',.
Let ¢,(z, ) be the solution to the equation

—y'(2) + (—as(2) + W (2)y(2) = N’y(2) (68)
satisfying initial conditions
d
a 9 )\ - 07 - Va 3 )\ — 1.
pul0 ) =0, TpueN)|

We let ®,(\) = @, (ae™?). Then A\? is an eigenvalue of the operator T, if and only if
O,(\) = 0. (69)

The function ®,()\) is even. By {\,}3° we denote the roots to equation lying in the upper
half-plane and taken in the order of ascending modules counting algebraic multiplicities. Lemma
2 of work [34] yields that except a finite number all A, lie in the angle {—wg < arg A < 7}.

Lemma 8. If is the Weyl function of the operator Lig +V, then
™m

Ap ~ s 1\
a(e™s —1)

n — +oo. (70)
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Proof. Let
0, —wg<a<m,
a=arg\, By=1¢ a, 7<a<7T—ws,
b, 0 <a < —ws.

Denote by 1(z, A) the solution to equation satisfying conditions ¢¥(B,) = 1, ¥/(Ba, A) =

—iA. We let
es(z,\) = (\? —i—pg)fl/‘l exp (ﬂ:z/ VA2 —i—pgdt) ,
0

where ps = gg - (1 — x»), X» is the characteristic function of the disk |z| < 7, r > a. Then 1
satisfies the equation

B2 2) = Ve, A) + % /B (e (2 es (1 N) — s (5 A)e (1 A Vit \b(t, Nt

where Vs = x,q5 — W + L ((pg + X)) (ps + A2)V4 For the function ¥ = /(Ve ) it
implies

U =1+AN,

where
AN f = %/B (1 — exp (2¢ /t VA2 —i—pgdt)) (N +p5)‘1/2 Va(t, ) f(t)dt.

It is easy to check the operator A(\) is bounded in the space C(I'), and its norm in this space
can be estimated by O(A™!), I — oo, uniformly in 0 < arg A\ < 7 — w. It yields

(2, A) ~ Ve A) (1+0 (A1), A — o, (71)

uniformly in z € I'; 0 < arg A\ <7 — w.
Then

pule V) = V0@ 0L N) [ o e
for sufficiently large A and —ws < oo < 7. Therefore,
Dy(N) ~ ATTe NI B o)), (72)

where -
Fu(\) = / T Nt (73)
According to , for sufficiently large A in %che angle {0 < arg\ <71 —w}
Wz, A) ~ \/Xe(z, MNI+0(A "), I'sz— 0.

Hence,
“+o00 “+o00

vg(x, N) = Cotp(x, \) Y2 (t, N)dt, vg(z, \) = Ciap(we™? \) P2 (te™P N dt,  (74)

T T

where Cj; = const.
The assumption of the lemma implies that the functions vz and v satisfy identity (for
all A for which the functions vg and vz are well-defined) that by identities yield

/1/;‘2(t,/\)dt =0,
r

and due to ([73)) it implies

+o00 ooe™

F,(\) = Y2 (t, N)dt — / Y2 (t, N)dt.

a aew
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Substituting here (71), we get

Fa(/\) . % <62i>‘a(1 +0 ()\_1) _ €2i>\aei‘”(1 +0 ()\_1)> _

_ 2i)\a< _2ida(1—ei) “1 >

uniformly in —wg < arg A < . Together with it implies the statement of the lemma. [

c)

Now it remains to apply Theorem 2 from [11], according to which relation follow a) —
O

. The proof is complete.
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