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FINITE-DIFFERENCE SCHEMES FOR DIFFUSION
EQUATION OF FRACTIONAL ORDER WITH ROBIN
BOUNDARY CONDITIONS IN MULTIDIMENSIONAL

DOMAIN

A.K. BAZZAEV

Abstract. We consider finite-difference schemes for diffusion equation of fractional order
in a multidimensional field with Robin boundary conditions. We prove the stability and
convergence of difference schemes for considered problem.
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INTRODUCTION

Boundary value problems for fractional order differential equations appear in descriptions of
physical processes of stochastic transport [I], in studying filtration of fluids in strongly porous
(fractal) media [2]. Fractional derivatives equations describe the evolution of some physical
systems with loses, and the order of the derivative indicate the portion of the system conditions
being preserved during whole evolution time. Such systems can be classified as systems with
“residual” memory having an intermediate position between systems with full memory on one
hand, and Markov systems on the other [3].

The work is devoted to considering finite-difference schemes for a fractional order diffusion
equation with third type boundary conditions in a multidimensional domain. In work [4] finite-
difference methods of solving boundary value problems for fractional order differential equations
were considered. Locally-one-dimensional schemes for fractional order diffusion equations with
Dirichlet boundary condition were considered in work [5], locally-one-dimensional schemes for
Robin boundary value problem for a fractional order diffusion equation in work [6].

1. FORMULATION OF PROBLEM

In a cylinder Qr = G x [0 < t < T] whose base is a p-dimensional cuboid G = {x =

(z1,29,..., 1,) : 0<1x5<ls B=1,2 ..., p}with boundary I, G = GUT, we consider the

Robin initial boundary value problem,
oew = Lu+ f(z,t), (z,1) € Qr, (1)

0
kg(z,t) a_u = g(x,t)u —p_g(x,t), x5 =0, 0<t < T,
xp 2
P (2)
—kg(x,t) a_u = s 5(z, t)u — pyp(x,t), x5 =1L, 0<t<T,
g

u(x70) = uo(x), S 67 (3)

A.K. BAzZAEV, FINITE-DIFFERENCE SCHEMES FOR DIFFUSION EQUATION OF FRACTIONAL ORDER WITH
ROBIN BOUNDARY CONDITIONS IN MULTIDIMENSIONAL DOMAIN.

(© Bazzaev A.K. 2013.

Submitted November 10, 2011.

11


http://dx.doi.org/10.13108/2013-5-1-11

12 A.K. BAZZAEV

where )
Lu = Bz; Lgu, Lgu = 8ix5 (k;g(x,t)g—;;) ,
0<cy<kg<ce, 2ap > >0,
ogu = ! ft iz, 1) dn is Caputo fractional derivative of order o, 0 < v < 1 [7],
Fl—a)p (t—mn)
U= %, co, €1 are positive constants, =1, 2, ..., p, Qr =G x [0 <t < T).

In what follows we assume that the coefficients of the equation — possess sufficient
number of derivatives to ensure a required smoothness of the solution w(z,t) in the cylinder

Qr-

2. FINITE-DIFFERENCE SCHEME

We choose the spatial grid being uniform in each direction Oxzg with step hg = {g/Ng, 5 =
1, 2, ..., p,

wh:{xi: (ilhl,..., iphp> GG, iﬁZO,l,...,Ng, hﬂzgﬁ/Ng, 6:1, 2, ceey p}.
In the segment [0, 7] we introduce a uniform grid with the step 7 = 7'/jo,
ET:{tj =j7, 7=0,1,..., jo}.

In work [4] a discrete analogue of Caputo fractional derivative of order «, 0 < o < 1 was

suggested,
tj

1 Wz,m) e O
r<1—a>0/<tj—n>ad"‘A0tj rotm. @

where ‘
a 1 . l—a 1—a s/p us+1 —u’
AGy,u = T2—a) Do (G — )l up = —
s=0
Let us pass to constructing a finite-difference scheme for the differential problem —.
With equation we associate the difference equation

Ag u=Ay+ ¢t (5)

Otj+1

vl

p
Ay = ;Aﬁ% Aﬁy = (a’ﬁyfg)xﬁ ) ﬁ = 1727 sy D

To equation ((5) we add boundary and initial conditions. We write a difference analogue for

boundary conditions (2),

a(lﬁ)yx/g,() =Xx_5Yo — H-B, T = 07 (6)
_a(NB)yTB,N@ = %-FByNB — M43, Tg = éﬂ‘

Conditions () has the order of approximation O(hs). Employing a known trick of increasing
approximation order up to O(h%) on the solutions of equation for some 3, we obtain a
difference analogue of boundary value conditions

_ (a(lﬁ)yxﬁ,o — % pyo)  fi_g

«

] 0.5k 0.5h5"
a y _ (a(Nﬂ)yfﬁ,Nﬁ + %-FByNg) ﬁ—}—ﬁ
AR IR 0.5hs 0.5hs"
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where
ﬁ_ﬁ =Uu_p+ 0.5h5f5’0, ﬁ_,_ﬁ = Uyp+ Of)hﬁfﬂ,Nﬁ-
Thus, a difference analogue to problem — reads as
AG Ly =AYt + @,
y(z,0) = uo(x), = € G,

where
( P
Ay = BE (aﬂyfﬁf)ﬁlp xﬁ € O}h,
=1
(1) _
- _ A" Yzg.0 — Z-BYo
Ay=<S A y= £ , x5 =0,
Y Y 0.5%5 d
A+y B a(NB)yE/&Nﬁ + %-i-ﬁyN,g I g
- y LB — L8,
7 0.5hs
P, Tp € Wh,
(I) = E—BJ xﬁ = 07
Pig, ©g={g,

fig=p—_p+ 0.5hﬁfﬁ,07 Hyp = p4p + O'5hﬁf5:N5'

3. APRIORI ESTIMATE

Let us obtain an apriori estimate in the grid norm C' for the solution of difference problem
expressing the stability of finite-difference scheme w.r.t. initial data, right hand side, and
boundary data. We shall perform the study of stability of finite-difference scheme on the
basis of maximum principle ([8], p. 226). In order to do it, we rewrite difference problem

as follows,
P

Agt]-+1y: Z(aﬁyfg)xg +90<x7t)7 6: 1»27---717» (8)
G=1
(a(lﬁ)ya: 0 — %—ByO) ﬁ—ﬁ
A, = N =0 9
0t 40 0.5h5 T 0sn, T )
(@NOyz, Ny + 5248YN,) T
A2 _ _ 8:Np B +8 — 10
0t;42 Y5 0.5hg 0.5k P70 (10)
y(x,0) = up(z). (11)

In ([8], p. 226) the maximum principle was proven and there were obtained apriori estimates
for the solution of grid equations of general form

APy(P)= > B(P,QyQ)+ F(P),

QeU’(P)

where
A(P)>0, B(P,Q) >0, D(P)=A(P)— > B(P,Q)>0,
QeU'(P)

and P, (Q are the nodes of the grid @y, U'(P) is a neighborhood of the node P not containing
the node P.

By P(z,t"), where x € wy, t' € w., we denote the node of (p+1)-dimensional grid Q = w;, Xw?,
by S we denote the boundary 2 consisting of nodes P(z,0) as x € W), and nodes P(z,t;41) as
tisn €w.and x €y, forall B=1,2,...,p; j=0,1,..., .
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In order to obtain an apriori estimate for the solution to difference problem —, we
represent its solution as the sum

o *
y=9+1Y,
where ?3 is the solution of homogeneous equations with inhomogeneous boundary condition

@)f and homogeneous initial conditions , while 5 is the solution to inhomogeneous
equations with homogeneous boundary conditions @f and inhomogeneous initial con-

ditions .

First we estimate ?3 In order to do it, we write the equation for ?j in the canonical form
1 1 P aBig+1 1+ ABig P g g1 0+l
[m e LAIED Dl (e s
B=1 B B=1 B

g4, 0d+1 2 -2 o
h% 51 r'2—a)r i

oj+1

_|_

1 1 -« 11—« 00 -« -« 11—« ol

oj—1
Fo (2 ) Y } (12)

The boundary conditions should be also transform to the canonical form. At the point
P = P(;U(), tj+1) we have

[ 1 1 a(1s) _g ] 0j+1 a(18) oj+1 9 _9l-a j

T2 _a)r 0.5h3 Tosns | T 0.5hgy0 TTE_araot

1 1 l—« -« 00 -« 11—« 11—« ol
e (ts =t ) Yo+ (57 + 267 —27) Y+
Ojfl ﬁ_ﬂ
oo (T2 — ) Y, | (13)
( ) 050
At the point P = P(xy,,1;41) we have
1 1 a(Vs) sip | oitl al8) oj+1 9 _9l-a j
P@—a)re 0503  05hs| ™ ~ 0503 % TT@—ayre V"
PN G D+ (—thog 2t — 1) b+
T F(Q _ Oé) j+1 J Ng 7+1 7 7—1 Ng
0j—1 I
+o (e ol ey R 14
( 3 2 1 ) Ng 0.5h3 (14)

Taking into consideration the positivity of the expressions in the parentheses (according to
Lemma in [5]), let us check the assumption of Theorem 3 ([9], Ch. V., App. §2, Eq. (16)).
At the point P = P(;,,t;,1) we have

A(P)>0, B(P,Q) >0, D(P) =0,
at the point P = P(z,t;41) we have

A(P) >0, B(P,Q) >0, D(P) = 0}_{5;; > o.};hﬁ >0
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at the point P = P(xy,,t;;1) we have

A "
A(P) >0, B(P,Q) >0, D(P) = > >
Thus, all the conditions 3 ([9], Ch. V. App. §2, Eq. (16)) hold and

* *

VA
D(lg, 1) =
0.5h5 0, Dlls:t11) 0.5k

0.

D(%g,tj+1> =0, D(O,tj+1> = > 0.

On the basis of aforementioned Theorem 3 we obtain the estimate for Zj,
oj+1

1 — — *
19 s = omax ([E_s(, )]+ gl 8)]) o s2ep > 2" > 0.

We pass to estimating the function ?j We rewrite the equation for ?j as

1 1 P aBig+1 1+ ABig
ey ¢ e

p=1

xJj+1
ig

i 1 xJ+1 «J+1
B Z h2 @pig+1¥ig11 T 0BigYis1 | T P (Pj11),
B

B=1
where ) .
2—-279% xJ 1 1 =
B(P) = —— 2 g4 T (fe _glayy
(Pi+1) F(2—0z)7'0‘y15jL Fr2—a)r ( 2 ! )y“’
1 1 — 11—« Y %5 xs—1 j+1
TIT2—a) > (78 170 (ym — Vi ) e
s=1
Let us check the assumption of Theorem 4 (cf. [9], p. 347)
/ 1
D (Pj41)) = A(Pj11)) — Z B(Pjt1), Q) = T2 o) >0,

QU] 41 (Pi41))
A(Pjt1)) > 0, B(Pji1),Q) > 0, Pty = P, tj41)
for all @ € UY,Q € U}, due to Lemma (cf. [9], p. 347)

1
Y B(Pj1,Q) = T@=a)r >0,

QeUY
1
D\ B(P(Jrl)vQ):la
D/(P(j+l)) Q%I;;’ !
where
! ! 1!
U(P(Ivtj+1)) = Uj+1 + UJ"

U4is set of nodes Q = Q(&,t11) € Ulpy,,1):
U;.’is set of nodes @ = Q(¢,t)) € U/(P( £))
By aforementioned Theorem 4 (cf. [9], p. 347) and by we obtain the estimate

J

xJ+1 %0 o s
17 e < 19+ 7@ - 0) 30" g 11
j:

Estimates and imply final inequality

A 1 _ _
||y]+1||c < ||y0||0 + — max <|Mﬁ($,t,)| + |[1/+5(I7t/)|)+

7* O<t'<GT

15
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#0307 g o) (19)
] =

Thus, the following theorem holds.

Theorem 1. Finite-difference scheme @ 1s stable w.r.t. initial data and right hand side so
that for the solution of problem @ the estimate (@) 18 valid.

4. CONVERGENCE OF FINITE-DIFFERENCE SCHEME

The error z = y — u satisfies the estimate

J
J+1 < - for s
7% e < T2 =) 3 gm0 (20)
]:

Since ¢ = O(|h|* + 7), |h|* = b} + h3 + ...+ h2, it follows from that

. h2
¥ 1e = 0 1+ 72)

For a« — 1, as in [4], we obtain a known result
127 e = O (|hf* + 7).
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