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FINITE-DIFFERENCE SCHEMES FOR DIFFUSION

EQUATION OF FRACTIONAL ORDER WITH ROBIN

BOUNDARY CONDITIONS IN MULTIDIMENSIONAL

DOMAIN

A.K. BAZZAEV

Abstract. We consider finite-difference schemes for diffusion equation of fractional order
in a multidimensional field with Robin boundary conditions. We prove the stability and
convergence of difference schemes for considered problem.
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Introduction

Boundary value problems for fractional order differential equations appear in descriptions of
physical processes of stochastic transport [1], in studying filtration of fluids in strongly porous
(fractal) media [2]. Fractional derivatives equations describe the evolution of some physical
systems with loses, and the order of the derivative indicate the portion of the system conditions
being preserved during whole evolution time. Such systems can be classified as systems with
“residual” memory having an intermediate position between systems with full memory on one
hand, and Markov systems on the other [3].

The work is devoted to considering finite-difference schemes for a fractional order diffusion
equation with third type boundary conditions in a multidimensional domain. In work [4] finite-
difference methods of solving boundary value problems for fractional order differential equations
were considered. Locally-one-dimensional schemes for fractional order diffusion equations with
Dirichlet boundary condition were considered in work [5], locally-one-dimensional schemes for
Robin boundary value problem for a fractional order diffusion equation in work [6].

1. Formulation of problem

In a cylinder 𝑄𝑇 = 𝐺 × [0 < 𝑡 6 𝑇 ] whose base is a 𝑝-dimensional cuboid 𝐺 = {𝑥 =
(𝑥1, 𝑥2, . . . , 𝑥𝑝) : 0 < 𝑥𝛽 < ℓ𝛽, 𝛽 = 1, 2, . . . , 𝑝} with boundary Γ, 𝐺 = 𝐺∪Γ, we consider the
Robin initial boundary value problem,

𝜕𝛼0𝑡𝑢 = 𝐿𝑢+ 𝑓(𝑥, 𝑡), (𝑥, 𝑡) ∈ 𝑄𝑇 , (1)⎧⎪⎪⎨⎪⎪⎩
𝑘𝛽(𝑥, 𝑡)

𝜕𝑢

𝜕𝑥𝛽
= κ−𝛽(𝑥, 𝑡)𝑢− 𝜇−𝛽(𝑥, 𝑡), 𝑥𝛽 = 0, 0 6 𝑡 6 𝑇,

−𝑘𝛽(𝑥, 𝑡)
𝜕𝑢

𝜕𝑥𝛽
= κ+𝛽(𝑥, 𝑡)𝑢− 𝜇+𝛽(𝑥, 𝑡), 𝑥𝛽 = ℓ𝛽, 0 6 𝑡 6 𝑇,

(2)

𝑢(𝑥, 0) = 𝑢0(𝑥), 𝑥 ∈ 𝐺, (3)
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where

𝐿𝑢 =

𝑝∑︁
𝛽=1

𝐿𝛽𝑢, 𝐿𝛽𝑢 =
𝜕

𝜕𝑥𝛽

(︂
𝑘𝛽(𝑥, 𝑡)

𝜕𝑢

𝜕𝑥𝛽

)︂
,

0 < 𝑐0 6 𝑘𝛽 6 𝑐1, κ±𝛽 > κ* > 0,

𝜕𝛼0𝑡𝑢 =
1

Γ(1 − 𝛼)

𝑡∫︀
0

𝑢̇(𝑥, 𝜂)

(𝑡− 𝜂)𝛼
𝑑𝜂 is Caputo fractional derivative of order 𝛼, 0 < 𝛼 < 1 [7],

𝑢̇ =
𝜕𝑢

𝜕𝑡
, 𝑐0, 𝑐1 are positive constants, 𝛽 = 1, 2, . . . , 𝑝, 𝑄𝑇 = 𝐺× [0 6 𝑡 6 𝑇 ].

In what follows we assume that the coefficients of the equation (1) — (3) possess sufficient
number of derivatives to ensure a required smoothness of the solution 𝑢(𝑥, 𝑡) in the cylinder
𝑄𝑇 .

2. Finite-difference scheme

We choose the spatial grid being uniform in each direction 𝑂𝑥𝛽 with step ℎ𝛽 = ℓ𝛽/𝑁𝛽, 𝛽 =
1, 2, . . . , 𝑝,

𝜔ℎ = {𝑥𝑖 = (𝑖1ℎ1, . . . , 𝑖𝑝ℎ𝑝) ∈ 𝐺, 𝑖𝛽 = 0, 1, . . . , 𝑁𝛽, ℎ𝛽 = ℓ𝛽/𝑁𝛽, 𝛽 = 1, 2, . . . , 𝑝}.
In the segment [0, 𝑇 ] we introduce a uniform grid with the step 𝜏 = 𝑇/𝑗0,

𝜔𝜏 = {𝑡𝑗 = 𝑗𝜏, 𝑗 = 0, 1, . . . , 𝑗0}.
In work [4] a discrete analogue of Caputo fractional derivative of order 𝛼, 0 < 𝛼 < 1 was

suggested,

1

Γ(1 − 𝛼)

𝑡𝑗∫︁
0

𝑢̇(𝑥, 𝜂)

(𝑡𝑗 − 𝜂)𝛼
𝑑𝜂 = ∆𝛼

0𝑡𝑗
𝑢+𝑂 (𝜏/𝑝) , (4)

where

∆𝛼
0𝑡𝑗
𝑢 =

1

Γ(2 − 𝛼)

𝑗∑︁
𝑠=0

(︀
𝑡1−𝛼
𝑗−𝑠+1 − 𝑡1−𝛼

𝑗−𝑠

)︀
𝑢
𝑠/𝑝

𝑡
, 𝑢𝑠𝑡 =

𝑢𝑠+1 − 𝑢𝑠

𝜏
.

Let us pass to constructing a finite-difference scheme for the differential problem (1)–(3).
With equation (1) we associate the difference equation

∆𝛼
0𝑡𝑗+1

𝑢 = Λ𝑦 + 𝜙𝑗+1, (5)

Λ𝑦 =

𝑝∑︁
𝛽=1

Λ𝛽𝑦, Λ𝛽𝑦 =
(︀
𝑎𝛽𝑦𝑥𝛽

)︀
𝑥𝛽
, 𝛽 = 1, 2, . . . , 𝑝.

To equation (5) we add boundary and initial conditions. We write a difference analogue for
boundary conditions (2),{︃

𝑎(1𝛽)𝑦𝑥𝛽 ,0 = κ−𝛽𝑦0 − 𝜇−𝛽, 𝑥𝛽 = 0,

−𝑎(𝑁𝛽)𝑦𝑥𝛽 ,𝑁𝛽
= κ+𝛽𝑦𝑁𝛽

− 𝜇+𝛽, 𝑥𝛽 = ℓ𝛽.
(6)

Conditions (6) has the order of approximation 𝑂(ℎ𝛽). Employing a known trick of increasing
approximation order up to 𝑂(ℎ2𝛽) on the solutions of equation (1) for some 𝛽, we obtain a
difference analogue of boundary value conditions

∆𝛼
0𝑡𝑗+1

𝑦

⃒⃒⃒⃒
𝑥𝛽=0

=
(𝑎(1𝛽)𝑦𝑥𝛽 ,0 − κ−𝛽𝑦0)

0.5ℎ𝛽
+

𝜇−𝛽

0.5ℎ𝛽
,

∆𝛼
0𝑡𝑗+1

𝑦

⃒⃒⃒⃒
𝑥𝛽=𝑁𝛽

= −
(𝑎(𝑁𝛽)𝑦𝑥𝛽 ,𝑁𝛽

+ κ+𝛽𝑦𝑁𝛽
)

0.5ℎ𝛽
+

𝜇+𝛽

0.5ℎ𝛽
,
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where

𝜇−𝛽 = 𝜇−𝛽 + 0.5ℎ𝛽𝑓𝛽,0, 𝜇+𝛽 = 𝜇+𝛽 + 0.5ℎ𝛽𝑓𝛽,𝑁𝛽
.

Thus, a difference analogue to problem (1) — (3) reads as

∆𝛼
0𝑡𝑗+1

𝑦 = Λ𝑦𝑗+1 + Φ,

𝑦(𝑥, 0) = 𝑢0(𝑥), 𝑥 ∈ 𝐺,
(7)

where

Λ𝑦 =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Λ𝑦 =
𝑝∑︀

𝛽=1

(𝑎𝛽𝑦𝑥𝛽
)𝑥𝛽
, 𝑥𝛽 ∈ 𝜔ℎ,

Λ−𝑦 =
𝑎(1𝛽)𝑦𝑥𝛽 ,0 − κ−𝛽𝑦0

0.5ℎ𝛽
, 𝑥𝛽 = 0,

Λ+
𝛽 𝑦 = −

𝑎(𝑁𝛽)𝑦𝑥𝛽 ,𝑁𝛽
+ κ+𝛽𝑦𝑁𝛽

0.5ℎ𝛽
, 𝑥𝛽 = ℓ𝛽,

Φ =

⎧⎪⎨⎪⎩
𝜙, 𝑥𝛽 ∈ 𝜔ℎ,

𝜇−𝛽, 𝑥𝛽 = 0,

𝜇+𝛽, 𝑥𝛽 = ℓ𝛽,

𝜇−𝛽 = 𝜇−𝛽 + 0.5ℎ𝛽𝑓𝛽,0, 𝜇+𝛽 = 𝜇+𝛽 + 0.5ℎ𝛽𝑓𝛽,𝑁𝛽
.

3. Apriori estimate

Let us obtain an apriori estimate in the grid norm 𝐶 for the solution of difference problem
(7) expressing the stability of finite-difference scheme w.r.t. initial data, right hand side, and
boundary data. We shall perform the study of stability of finite-difference scheme (7) on the
basis of maximum principle ([8], p. 226). In order to do it, we rewrite difference problem (7)
as follows,

∆𝛼
0𝑡𝑗+1

𝑦 =

𝑝∑︁
𝛽=1

(𝑎𝛽𝑦𝑥𝛽
)𝑥𝛽

+ 𝜙(𝑥, 𝑡), 𝛽 = 1, 2, . . . , 𝑝, (8)

∆𝛼
0𝑡𝑗+1

𝑦0 =
(𝑎(1𝛽)𝑦𝑥𝛽 ,0 − κ−𝛽𝑦0)

0.5ℎ𝛽
+

𝜇−𝛽

0.5ℎ𝛽
, 𝑥𝛽 = 0, (9)

∆𝛼
0𝑡𝑗+1

𝑦𝑁𝛽
= −

(𝑎(𝑁𝛽)𝑦𝑥𝛽 ,𝑁𝛽
+ κ+𝛽𝑦𝑁𝛽

)

0.5ℎ𝛽
+

𝜇+𝛽

0.5ℎ𝛽
, 𝑥𝛽 = ℓ𝛽, (10)

𝑦(𝑥, 0) = 𝑢0(𝑥). (11)

In ([8], p. 226) the maximum principle was proven and there were obtained apriori estimates
for the solution of grid equations of general form

𝐴(𝑃 )𝑦(𝑃 ) =
∑︁

𝑄∈U′(𝑃 )

𝐵(𝑃,𝑄)𝑦(𝑄) + 𝐹 (𝑃 ),

where

𝐴(𝑃 ) > 0, 𝐵(𝑃,𝑄) > 0, 𝐷(𝑃 ) = 𝐴(𝑃 ) −
∑︁

𝑄∈U′(𝑃 )

𝐵(𝑃,𝑄) > 0,

and 𝑃,𝑄 are the nodes of the grid 𝜔ℎ, U′(𝑃 ) is a neighborhood of the node 𝑃 not containing
the node 𝑃 .

By 𝑃 (𝑥, 𝑡′), where 𝑥 ∈ 𝜔ℎ, 𝑡
′ ∈ 𝜔′

𝜏 , we denote the node of (𝑝+1)-dimensional grid Ω = 𝜔ℎ×𝜔′
𝜏 ,

by 𝑆 we denote the boundary Ω consisting of nodes 𝑃 (𝑥, 0) as 𝑥 ∈ 𝜔ℎ and nodes 𝑃 (𝑥, 𝑡𝑗+1) as
𝑡𝑗+1 ∈ 𝜔′

𝜏 and 𝑥 ∈ 𝛾ℎ𝛽
for all 𝛽 = 1, 2, . . . , 𝑝; 𝑗 = 0, 1, . . . , 𝑗0.
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In order to obtain an apriori estimate for the solution to difference problem (8)–(11), we
represent its solution as the sum

𝑦 =
∘
𝑦 +

*
𝑦,

where
∘
𝑦 is the solution of homogeneous equations (8) with inhomogeneous boundary condition

(9)–(10) and homogeneous initial conditions (11), while
*
𝑦 is the solution to inhomogeneous

equations (8) with homogeneous boundary conditions (9)–(10) and inhomogeneous initial con-
ditions (11).

First we estimate
∘
𝑦. In order to do it, we write the equation for

∘
𝑦 in the canonical form[︃

1

Γ(2 − 𝛼)

1

𝜏𝛼
+

𝑝∑︁
𝛽=1

𝑎𝛽,𝑖𝛽+1 + 𝑎𝛽,𝑖𝛽
ℎ2𝛽

]︃
∘
𝑦
𝑗+1

𝑖𝛽
=

𝑝∑︁
𝛽=1

(︂
𝑎𝛽,𝑖𝛽+1

ℎ2𝛽

∘
𝑦
𝑗+1

𝑖𝛽+1+

+
𝑎𝛽,𝑖𝛽
ℎ2𝛽

∘
𝑦
𝑗+1

𝑖𝛽−1

)︂
+

2 − 21−𝛼

Γ(2 − 𝛼)𝜏𝛼
∘
𝑦
𝑗

𝑖𝛽
+

+
1

𝜏

1

Γ(2 − 𝛼)

[︁ (︀
𝑡1−𝛼
𝑗+1 − 𝑡1−𝛼

𝑗

)︀ ∘
𝑦
0

𝑖𝛽
+
(︀
− 𝑡1−𝛼

𝑗+1 + 2𝑡1−𝛼
𝑗 − 𝑡1−𝛼

𝑗−1

)︀∘
𝑦
1

𝑖𝛽
+

+ . . .+
(︀
−𝑡1−𝛼

3 + 2𝑡1−𝛼
2 − 𝑡1−𝛼

1

)︀ ∘
𝑦
𝑗−1

𝑖𝛽

]︁
. (12)

The boundary conditions should be also transform to the canonical form. At the point
𝑃 = 𝑃 (𝑥0, 𝑡𝑗+1) we have[︃

1

Γ(2 − 𝛼)

1

𝜏𝛼
+

𝑎(1𝛽)

0.5ℎ2𝛽
+

κ−𝛽

0.5ℎ𝛽

]︃
∘
𝑦
𝑗+1

0 =
𝑎(1𝛽)

0.5ℎ2𝛽

∘
𝑦
𝑗+1

0 +
2 − 21−𝛼

Γ(2 − 𝛼)𝜏𝛼
∘
𝑦
𝑗

0+

+
1

𝜏

1

Γ(2 − 𝛼)

[︃ (︀
𝑡1−𝛼
𝑗+1 − 𝑡1−𝛼

𝑗

)︀ ∘
𝑦
0

0 +
(︀
−𝑡1−𝛼

𝑗+1 + 2𝑡1−𝛼
𝑗 − 𝑡1−𝛼

𝑗−1

)︀ ∘
𝑦
1

0+

+ . . . +
(︀
−𝑡1−𝛼

3 + 2𝑡1−𝛼
2 − 𝑡1−𝛼

1

)︀ ∘
𝑦
𝑗−1

0

]︃
+

𝜇−𝛽

0.5ℎ𝛽
. (13)

At the point 𝑃 = 𝑃 (𝑥𝑁𝛽
, 𝑡𝑗+1) we have[︃

1

Γ(2 − 𝛼)

1

𝜏𝛼
+
𝑎(𝑁𝛽)

0.5ℎ2𝛽
+

κ+𝛽

0.5ℎ𝛽

]︃
∘
𝑦
𝑗+1

𝑁𝛽
=

𝑎(1𝛽)

0.5ℎ2𝛽

∘
𝑦
𝑗+1

𝑁𝛽
+

2 − 21−𝛼

Γ(2 − 𝛼)𝜏𝛼
∘
𝑦
𝑗

𝑁𝛽
+

+
1

𝜏

1

Γ(2 − 𝛼)

[︃ (︀
𝑡1−𝛼
𝑗+1 − 𝑡1−𝛼

𝑗

)︀ ∘
𝑦
0

𝑁𝛽
+
(︀
−𝑡1−𝛼

𝑗+1 + 2𝑡1−𝛼
𝑗 − 𝑡1−𝛼

𝑗−1

)︀ ∘
𝑦
1

𝑁𝛽
+

+ . . . +
(︀
−𝑡1−𝛼

3 + 2𝑡1−𝛼
2 − 𝑡1−𝛼

1

)︀ ∘
𝑦
𝑗−1

𝑁𝛽

]︃
+

𝜇+𝛽

0.5ℎ𝛽
. (14)

Taking into consideration the positivity of the expressions in the parentheses (according to
Lemma in [5]), let us check the assumption of Theorem 3 ([9], Ch. V., App. S2, Eq. (16)).

At the point 𝑃 = 𝑃 (𝑥𝑖𝛽 , 𝑡𝑗+1) we have

𝐴(𝑃 ) > 0, 𝐵(𝑃,𝑄) > 0, 𝐷(𝑃 ) = 0,

at the point 𝑃 = 𝑃 (𝑥0, 𝑡𝑗+1) we have

𝐴(𝑃 ) > 0, 𝐵(𝑃,𝑄) > 0, 𝐷(𝑃 ) =
κ−𝛽

0.5ℎ𝛽
>

κ*

0.5ℎ𝛽
> 0,
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at the point 𝑃 = 𝑃 (𝑥𝑁𝛽
, 𝑡𝑗+1) we have

𝐴(𝑃 ) > 0, 𝐵(𝑃,𝑄) > 0, 𝐷(𝑃 ) =
κ+𝛽

0.5ℎ𝛽
>

κ*

0.5ℎ𝛽
> 0.

Thus, all the conditions 3 ([9], Ch. V. App. S2, Eq. (16)) hold and

𝐷(𝑥𝛽, 𝑡𝑗+1) = 0, 𝐷(0, 𝑡𝑗+1) =
κ*

0.5ℎ𝛽
> 0, 𝐷(ℓ𝛽, 𝑡𝑗+1) =

κ*

0.5ℎ𝛽
> 0.

On the basis of aforementioned Theorem 3 we obtain the estimate for
∘
𝑦,

‖
∘
𝑦
𝑗+1

‖ 6
1

κ* max
𝑥∈𝛾ℎ, 𝑡∈𝜔𝜏

(︀
|𝜇−𝛽(𝑥, 𝑡′)| + |𝜇+𝛽(𝑥, 𝑡′)|

)︀
, κ±𝛽 > κ* > 0. (15)

We pass to estimating the function
*
𝑦. We rewrite the equation for

*
𝑦 as[︃

1

Γ(2 − 𝛼)

1

𝜏𝛼
+

𝑝∑︁
𝛽=1

𝑎𝛽,𝑖𝛽+1 + 𝑎𝛽,𝑖𝛽
ℎ2𝛽

]︃
*
𝑦
𝑗+1

𝑖𝛽
=

=

𝑝∑︁
𝛽=1

1

ℎ2𝛽

(︂
𝑎𝛽,𝑖𝛽+1

*
𝑦
𝑗+1

𝑖𝛽+1 + 𝑎𝛽,𝑖𝛽
*
𝑦
𝑗+1

𝑖𝛽−1

)︂
+ Φ(𝑃𝑗+1), (16)

where

Φ(𝑃𝑗+1) =
2 − 21−𝛼

Γ(2 − 𝛼)𝜏𝛼
*
𝑦
𝑗

𝑖𝛽
+

1

Γ(2 − 𝛼)

1

𝜏

(︀
𝑡1−𝛼
2 − 𝑡1−𝛼

1

)︀ *
𝑦
𝑗−1

𝑖𝛽
−

−1

𝜏

1

Γ(2 − 𝛼)

𝑗−1∑︁
𝑠=1

(︀
𝑡1−𝛼
𝑗−𝑠+1 − 𝑡1−𝛼

𝑗−𝑠

)︀(︂*
𝑦
𝑠

𝑖𝛽
−

*
𝑦
𝑠−1

𝑖𝛽

)︂
+ 𝜙𝑗+1.

Let us check the assumption of Theorem 4 (cf. [9], p. 347)

𝐷
′
(𝑃(𝑗+1)) = 𝐴(𝑃(𝑗+1)) −

∑︁
𝑄∈U′

𝑗+1(𝑃(𝑗+1))

𝐵(𝑃(𝑗+1), 𝑄) =
1

Γ(2 − 𝛼)𝜏𝛼
> 0,

𝐴(𝑃(𝑗+1)) > 0, 𝐵(𝑃(𝑗+1), 𝑄) > 0, 𝑃(𝑗+1) = 𝑃 (𝑥, 𝑡𝑗+1)

for all 𝑄 ∈ U′′
𝑗 , 𝑄 ∈ U′

𝑗+1 due to Lemma (cf. [9], p. 347)∑︁
𝑄∈U′′

𝑗

𝐵(𝑃𝑗+1, 𝑄) =
1

Γ(2 − 𝛼)𝜏𝛼
> 0,

1

𝐷′(𝑃(𝑗+1))

∑︁
𝑄∈U′′

𝑗

𝐵(𝑃(𝑗+1), 𝑄) = 1, (17)

where
U′

(𝑃 (𝑥,𝑡𝑗+1))
= U′

𝑗+1 + U′′
𝑗 ,

U′
𝑗+1is set of nodes 𝑄 = 𝑄(𝜉, 𝑡𝑗+1) ∈ U′

(𝑃 (𝑥,𝑡𝑗+1))
,

U′′
𝑗 is set of nodes 𝑄 = 𝑄(𝜉, 𝑡𝑗) ∈ U′

(𝑃 (𝑥,𝑡𝑗))
.

By aforementioned Theorem 4 (cf. [9], p. 347) and by (17) we obtain the estimate

‖
*
𝑦
𝑗+1

‖𝐶 6 ‖
*
𝑦
0

‖𝐶 + Γ(2 − 𝛼)

𝑗∑︁
𝑗′=0

𝜏𝛼 max
06𝑠6𝑗′

‖𝜙𝑠‖. (18)

Estimates (15) and (18) imply final inequality

‖𝑦𝑗+1‖𝐶 6 ‖𝑦0‖𝐶 +
1

κ* max
0<𝑡′6𝑗𝜏

(︂
|𝜇−𝛽(𝑥, 𝑡′)| + |𝜇+𝛽(𝑥, 𝑡′)|

)︂
+
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+ Γ(2 − 𝛼)

𝑗∑︁
𝑗′=0

𝜏𝛼 max
06𝑠6𝑗′

‖𝜙𝑠‖. (19)

Thus, the following theorem holds.

Theorem 1. Finite-difference scheme (7) is stable w.r.t. initial data and right hand side so
that for the solution of problem (7) the estimate (19) is valid.

4. Convergence of finite-difference scheme

The error 𝑧 = 𝑦 − 𝑢 satisfies the estimate

‖𝑧𝑗+1‖𝐶 6 Γ(2 − 𝛼)

𝑗∑︁
𝑗′=0

𝜏𝛼 max
06𝑠6𝑗′

‖𝜓𝑠‖. (20)

Since 𝜓 = 𝑂(|ℎ|2 + 𝜏), |ℎ|2 = ℎ21 + ℎ22 + . . .+ ℎ2𝑝, it follows from (20) that

‖𝑧𝑗+1‖𝐶 = 𝑂

(︂
|ℎ2|
𝜏 1−𝛼

+ 𝜏𝛼
)︂
.

For 𝛼 → 1, as in [4], we obtain a known result

‖𝑧𝑗+1‖𝐶 = 𝑂
(︀
|ℎ|2 + 𝜏

)︀
.
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