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COMPACTNESS CRITERION FOR FRACTIONAL
INTEGRATION OPERATOR OF INFINITESIMAL ORDER

A.M. ABYLAYEVA, A.O. BAIARYSTANOV

Abstract. We obtain necessary and sufficient conditions of compactness for the operator

Kf(x)= /lnmf(s)ds

r—S8S S8
0

from Ly, in Ly, as 1 < p < ¢ < oo and v(z) = 277, v > 0, where L, ,, is the set of all
measurable on (0, 0o0) functions f with finite norm ||uf||4.
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1. INTRODUCTION

Let 1 < p < ¢ < o0, Zl)—l—]% =1, Ry = (0,00), u,v : Ry — R be weight functions, i.e.,
nonnegative and measurable on R, .
Starting from 70s of the last century, in the world mathematical literature a weighted estimate

luK fllg < Clloflly (1)

is intensively studied for various classes of operators K, where || - ||, is the usual norm of the
space L, = L,(R). In what follows by L,, we indicate the set of the functions f : Ry — R
with finite norm || f||,, = ||vf|l,- The survey of the studies of estimate (1) between 1970 and
1982 was presented in [1]. Some directions of studies of estimates (1) performed for integral
operators before 2003 were provided in [2]. In paper [3] a sequence of the classes of nonnegative
functions K(-,-) was given as well as the complete description of the weights v and v for which
the integral operator

Kf(z) = / K (x, 5)f (s)ds 2)

obeys (1) if its kernel belongs to these classes. However, these results do not include operator
(2) if its kernel K (-,-) has a singularity, for instance, Riemann-Liouville operator

Rof(x) / (fi (3)

xr— )@
0

as 0 < a < 1. Estimate (1) for operator (3) in the general case is still an open question.
Nevertheless, the following cases were studied, v = v in [4], v = 1 in [5,6], and the case of
non-increasing of one of weight functions u, v in [7].
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The operator of the form

xT

Kf(z) = / ), (4)

r—Ss s
0

is called a fractional integration operator of infinitesimal order (see [8], p. 34).
In [9] estimate (1) for operator (4) was studied in the case v(z) = =7, v > 0. It is equivalent
to the estimate

[T fllg < Cll flly (5)

for the operator

T

)= [

f(s)ds.

r— S

Since

In a :/ dt for x > s >0,

€xr —

the inequality

> In >f, r>s>0 (6)
r— S r— S X

holds true. The function In - decays w.r.t. = and increases w.r.t. s as z > s > 0, and the

functions x In —*, %ln = decay w.r.t. x and decrease w.r.t. s as x > s > 0. Indeed,

2(xln z >:ln T2 <0,

ox T — s rT—S8 T —S

(L O N (. B P
Os\s x—s 2 \x—s T —38

as ¢ > s > 0. We observe that for a differentiable function f estimate (1) for operator (4) is
equivalent to the inequality

1
q p

7 u(x)/x%ds qd:c <C 7|f’(m)x17\pd:c : (7)

In the paper we assume the following. The indeterminate forms 0 - co, 5, 2> are assumed
to be zero. The inequality of the form A < SB, where a positive constant 5 can depend on
parameters p, ¢, and 7, will be written as A < B, while the relation A &~ B will be indicated
as A< B < A

Let X(a.0)(-) be the characteristic function of the interval (a,b), Z is the set of integers.

In work [9] the authors obtained the criteria of boundedness for the operator T, and its
adjoint

e}

Tg(s) = 57 / o(z)In

s

X

dx (8)

r— S

acting from L, into Lg,,.
In particular, the following theorems were proven.
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Theorem A. Let 1 < p < q<oo,v> %. The operator T, is bounded as that from L, in
L. if and only if

o0

D, =sup D, (x) < co, where D,(z) = A /tqu(t)dt
x>0

At that, ||T,|| ~ D,

Theorem B. Let 1 <p<qg<oo,v>1— %. Then the operator T3 is bounded as that from

L, into L, if and only if

[e.e] pl
D7 = sup D}(z) = sup 2t /t‘p/vl_p/(t)dt < 0.

x>0 >0
T

At that, ||| =~ Dz,
In the present work we study the compactness of the operator T, acting from L, into Lg,,.

2. MAIN RESULT

Theorem 1. Let 1 <p<g<oo,v> %. The operator T, is compact from L, in Ly, if and
only if D, < oo and
lim D (z) = lim D,(x)=0. (9)

x—0 r—00

Proof. Necessity. Let T, be a compact operator from L, into L,,. By Theorem A D, < oo.
Let us prove the validity of the conditions (9). For 0 < s < oo we consider a family of the
functions

[s(z) = x0,s(x)s 7, x>0, (10)
with norm
1, = | [1ntoras | ={ [stae) =53 | [ar) =1 )
0 0 0

Let us show that family of the functions (10) converges weakly to zero in L,. By Theorem [10]
on the general form of linear continuous functionals in a Lebesgue space, the linear continuous
functional in L, reads as

/f(x)g(x)dx, where g € Lyy.
0

Employing Holder inequality, we deduce

7fs(x)g(fv)dl’= /ss_ll’g(x)dx <

<=
X
»
S
<

s P

<sr /Sd%‘ /Ig(ﬂ?)!’”/dﬂj = /!g(%‘)\”/dﬂc : (12)

0 0
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For each g € L,y the latter integral in (12) tends to zero as s — 0 that implies the weak
convergence f; — 0 in L, as s — 0. Then by the properties of compact operators in a Banach

space
tim |7 £ = 0. (13)

Since In £ > L as 0 < t < x, we have

17, ol = / )| [
0

— T ordt de| >

8

»
s}

Q=

s 0
> 57 /t”dt /:L'qu(x) = LD (s). (14)
- y+17"
0 s

It follows from (13) and (14) that liH(l) D.(s) = 0, i.e., the first relation in (9). Let us show
s—

that the second relation in (9) holds true. The compactness of the operator T, yields the same
for adjoint operator T (8) acting from L, .-, into Ly. For 0 < s < oo we introduce the
family of the functions

o0

9s(T) = X(s,00) () /t_qu(t)dt u(z)z' . (15)

s

Qe

The conditions D, < oo implies that the integral in (15) is convergent. Let us show that
gs € Lq,’ul,q/ for each s > 0.

Indeed,
195l g - = / |gsz| w7 (2)dx | =
0

- / £ (t)dt / (u(2)e' )" W (2)dz | =1, (16)

By (16) for all f € L,

795(96)1“( dw—7gs( /Igs N ut~ (z)da ' X

1
q

7!f(:€)!qu(fc)dfc 5 = 7\f(f€)qu(x)dx

Passing in the latter mequahty to the limit as s — oo, we see that g; — 0 weakly in L, ,1-¢
as s — oo. Hence, T7g; (by compactness of T;‘) converges to zero as s — oo in the sense of
Ly-norm, i.e.,

lim |77 gs|l,y = 0. 1
Jim [ T5g.),y = 0 (17)
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We have 1
[e’e) o0 pl I
% _ i
175 g5l = / 7 1/gs(x) hlx—tdx dt >
0 t
s o0 o’ g ) —%
> /tp/(v_l) /@ln v dr | dt /:E_qu(m)d:t >
x4~ —t
0 S s

(we again employ inequality In -%- > L)
1
q

o0

1
/ / ! ]_ P/
> / x () dx / POV | = D, (s).
py+1
0

S

S

X
‘H

Together with (17) it implies the second relation in (9). The proof of the necessity is completed.
Sufficiency. Let 0 < a < b < oo and

Pof = x00f, Paf = Xapnf Qvf = Xpoo)f
Then for the operator T,

T’Yf = PabT’yPab + PaT“/Paf + PabT’Ypaf + QbT'Yf' (18)

Let us show that the operator PF,T,F, is compact from L, into Lg,. Since
PuT P f(x) = PaTyX(an) () f(x) =0 for x ¢ [a,b), it is sufficient to show that the
operator P,,T, P, is compact from L,(a,b) into L,,(a,b), and, in its turn, it is
b
equivalent to the compactness of the operator T'f(x) = [K(z,s)f(s)ds with kernel

K(z,s) = ué(x)x(mb) (z —s)s7 " In -2 from L,(a,b) into L,(a, b) that by the local integrability
of the function u satisfies the condition

b/ b o b z . &
/ X p
/ /|K(£B, s)Fds | do= /u(x) / (s”‘l In ) ds <
r—s
(we employ the inequality —*~ > In - as 2 > s > 0)
b . L & b | b
< /u(x) /s’”( ) ds < /spvds /u(m)x_qu < 0.
r—s

Therefore, by Kantorovich test [10], the operator 7, is compact from L,(a,b) into L,(a,b),
that is equivalent to the compactness from L, into Lg, of the operator P,,T,Fy. It follows
from (18) that

||T7 - PabTWPabH < ||PaT7Pa|| + ||PabT7Pa|| + ||QbT7||- (19)
Let us show that the right hand side in (19) tends to zero as a — 0 and b — oo, then the
operator T, will be compact from L, into L,, as the uniform limit of compact operator ([11],
VI.12).
Let u, = P,u, then by Theorem A we have
N\

f(s)ds| dr | <

(e o]

IRL,Paflas < 12T f o = | [ vle) | [ 7110
0 0

r—S
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o0 .
1
< Sl>1%) Y /ua(x)x_qu | £1lp-
z
z
Thus,
o] q a q
| P.T,P,|| < sup Pl /ua(:v)qux = sup 27tV /u(x)qux <
z>0 0<z2<a
z z
- 1
q
< sup LT /u(m)x_qcm = sup D,(z).
0<z<a 0<z<a
z
It yields

li |7, P, < Ty () = iy D, (2) = 0.
The estimate || P15 P,|| for is

| BT P flle = / /wlm
0

1
q q

o0 a q q
<| fu | [ormtpws | ao) <
a 0
( r)
q q 1
00 P a P
< /u(x) / S n——| ds | du /\f [Pds | <
a 0 0
q 1
o9 o p’ 4
< /ﬁ@nﬂ /svwmx_ ds| dz| |fl, <
1 L
o0 a p/ P
< /M@xwx /svmm ds | |Ifl, <

1
7

<@ | [u@arde | 171 < 37 D@l

1 , 3
where 3, = f|57_1lnﬁ‘p ds < InP 2 [sP ‘-Dds + max{l 2-7'( } f tP et dt.
0 0 In2
| P T Py|| < Dy(a). Therefore,
blggo (lllirtl) | P T Pal| < 6lgr(lJ D.(a) =0.

(20)

Hence,

(21)
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Let up = Qpu, then due to Theorem A we get

oo x q i
1T, oo = | [ ta) | [ 0 po)is| do | <
0 0
<o | [ty ode | 11
2>0
It follows
Ty < sup=? | [uo)a e | =
z>0
- 1
— Vo —q —
=supz’' » w(x)z 9dr | = sup D,(2).
z>b z>b
Therefore,
lim ||@Qy7, || < lim D,(z) = lim D,(z) = 0. (22)
b—o0 Z—+00 Z—00

It follows from (19), (20), (21), and (22) that the right hand side of (19) tends to zero as
a — 0 and b — oo. Theorem 1 is proven. O]

Passing to the adjoint operator and applying Theorem 1, we obtain

Theorem 2. Letl <p<g<oo,v>1-— %. Then operator (8) is compact from L, into

L, if and only if
Dl < oo, and il_)l% Di(z) = xh_)rgo D (z) = 0.
From Theorem 1 we immediately obtain

Theorem 3. Let 1 < p < g < oo and v(x) = x~7. Fractional integration operator of infini-
tesimal order (4) is compact from L, into L, if and only if D., < oo and (9) holds true.

In the case ¢ < p we have
Theorem 4. Let 1 < g <p < oo, v(z) =2, v > }—17. Fractional integration operator of
infinitesimal order (4) is compact from L, ., in L, if and only if

o[ /o S A
u(t 1
E, = ut) )dt A dx < 0.
0 x

Theorem 2 follows directly from Theorem 2 in work [9], since by Ando theorem ([12], § 5)
for 1 < ¢ < p < oo each bounded integral operator from L, in L,, is compact.
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