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ON AUTOMORPHIC SYSTEMS OF FINITE-DIMENSIONAL
LIE GROUPS

A.A. TALYSHEV

Abstract. It is shown in the present paper that any automorphic system for a
finite-dimensional Lie group is a completely integrable system.
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INTRODUCTION

A system of differential equations is called automorphic with respect to a Lie group, if all its
solutions are on the orbit of one of them. The statement that the diversity U’ can be obtained
from the diversity U by means of action of some transformation of the group if U’ C h(U, O), is
used for justification of the structure of an automorphic system in the monograph [1, p. 329].
Generally speaking, this statement is incorrect.

It is shown in the present paper that the structure for the finite dimensional Lie groups
described in [1] (with some refinements) actually determines the automorphic system. It is also
shown that any automorphic system for the Lie group is always completely integrable. The
approach suggested here significantly uses finite dimensionality of the Lie group and therefore
is not applicable for infinite dimensional groups.

1. AUTOMORPHIC SYSTEMS

Definition. A system of differential equations is called automorphic with respect to a group
G, if any solution of this system s obtained from one fixed solution by means of action of
transformations of the group G [1I, §25].

Further we use the following notation: X = R" is a space of independent variables, ¥ =
Yo = R™ is a space of dependent variables, Z;, = X x Yy x -+ x Yy, k =0,1..., where Y}, =
R™ ® S*R", k = 1,... are prolonged spaces. The vectors of the spaces Y} are denoted by
y, and their components are denoted by y,, where a = (aq,...,a,) are multi-indexes and
k

la] = a1 + - -+ 4+ @, = k. Dimension of the space Zj, is denoted by vy, i.e.

Vk—dim(Zk)—n—i—m(n:k).

The natural projection Zy,1 on Z; is denoted by pZ“:
p]]z+1(xayaya Y Yy ) = (:L'vyaya s 7y)
1 k okl 1 k

Operators of a total differentiation are denoted by D;, i.e.

Di=0p 4 > Yasy, Oy i=1,...,m,

la[>0

where |7y;| = 1 and the component with the number 7 is equal to 1.
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We consider the Lie group G"(h) of the finite dimension r, generated by the mapping h :
Z x B — Z, where B = R". The mapping h for every k > 0 explicitly expands on the space
Z. Here this expansion is written in the form

iLZkXB%Zk

Starting with some k, the general rank of the group G" on the space Z is equal to r. Here this
value of k is denoted by k;.
The mapping u : X — Y for every k > 0 determines the variety (jjgraph of the mapping; ;)

U:{ __ O ]a|<k} (1)

! Yo Ozt ... Qxon’

N

in the prolonged space Z.
The result of the action of the group G on the variety (/1)) is called an orbit of the variety and
is denoted by Q((k] ,0), where O is a neighbourhood 0 in the space B. Obviously there exists

such ky > ki (ko depends of the mapping u), that when k > ko the orbit is a proper variety of
the space Zj. Dimension of the orbit d, when k > ky satisfies the inequalities

max{n,r} < d = diml]}([{, O)<n+r. (2)
It is obvious that for all kK > 0
k+1 _
i (,(0,0)) = 1) 3

When k > ks there exist such mappings ¢ : Z, — R that
Q(g, O) = {Zk € 7y, - @Z)k(zk) = 0},

where s, = v, — dj,. Due to the mappings ¢, can be chosen so that the set of the mappings
Yryq for every k is an expansion of the set of the mappings .
The relationships

Uv(z) =0, z€ Zy (4)
give a system of differential equations of the order k on m functions of n variables, and the

mapping u is the solution of this system.
The system

p(wk>(z) = {wk(piJrl(z)L (Dlwk)(z)v BRI (ank)(z)} = 07 KAS Zk+1
is called the first prolongation of the system . Accordingly the variety

p(U,0)) = {z € Zrs1 : p(¥r)(2) = 0
is called the first prolongation of the orbit Q((]{ ,0).

Lemma 1. The following relationship holds for every k > ks:
p(W(,0))2 h (U 0). (5)

k+1 k+1

Proof. Prolongation of any system of differential equations admits every symmetry of the initial
system [2], i.e. the prolonged system p(¢x(z)) = 0 admits the group G", and the mapping u is
its solution. Therefore the orbit of the solution u in the space Z;.; belongs to the prolongation
of the orbit u from the space Z. 1

Lemma 2. The following relationship holds for every k > ks:
k+1 _
i (MU, 0))) = WU, 0).
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Proof. On the one hand, the obvious embedding holds
k+1 C
o (p(h(U7.0)) € h(U.0).

On the other hand, applying the projection ,0’,2“ to both sides of the relationship invokingo
the equality provides the reverse embedding. I
Restriction of the Pfaff system

dyoz - Zya-‘r%'dxj = 07 0< |Oé| <k
j=1

on the variety Q((k] ,0)) provides the Pfaff system with the given independent variables z.

This system is equivalent to the system of differential equations . The opposite also holds:
every Pfaff system with given independent variables corresponds to an equivalent system of
differential equations. The equivalence in this case is understood as the fact that there is a
reciprocal implicit relationship between integral diversities of the system of exterior equations
and solutions of the system of differential equations. In terms of this equivalence a system of
differential equations is called here completely integrable, if the Pfaff system equivalent to it is
also completely integrable. Further forms of the Pfaff system equivalent to the system are
denoted by w(v).

Lemma 3. There exists ks > ko such that for every k > k3 the system 1s completely
integrable.

Proof. Due to the first of the inequalities there is such k3 that
dk‘3—1 = dkg < Vigs—1-

It follows that

My

rank

= Vgg — Vgg—1 = dim Ykg,

Y
k3

i.e. the system of differential equations 15, = 0 can be solved with respect to all higher deriva-
tives. Therefore the system p(ty,) = 0 is also solvable with respect to all higher derivatives
and, consequently,
dimp(J(U, 0)) = dim h(U/, 0) = di, (6)
3 3

k3 ks
Therefore, due to Lemma , d, = dy, for all k > ks.
It follows from Lemma [2| that for k& > k3 the ideal generated by the system w(vy) = 0 is
closed with respect to the operation of the exterior differentiation. Hence, the statement of the
Lemma results from the Frobenius theorem [3]. I

Lemma 4. The system s automorphic for every k > k.

Proof. The system of exterior equations w(t) with k > ks is completely integrable, i.e. the
unique integral manifold [3] passes through every point of the orbit Q((k] ,0O). On the other

hand, for any point 2’ € Q(lkf , O) there exist a transformation g € G" and a point z € (15 such

that the transformation g maps the point z into the point z’. Therefore, this unique integral
manifold coincides with the image of the manifold lk] under the action of the transformation g.
1

Remark 1. [t results from the equation (@, in particular, that the system g41(2) = 0 for
every k > ks is the first prolongation of the system y(z) = 0. Consequently, all the systems
Yr(z) = 0 are expansions of the system Yy, (z) = 0 when k > ks. The system ¥y, (2) = 0, as
Example 1 (variant 7) shows, is not always the prolongation of the system g, —1(z) = 0.
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Remark 2. Lemmas[1] and[9 also hold for the infinite dimensional Lie groups, if there exists
the finite ko. If the mapping u is the solution of the system of differential equations, admitting
a group, then the finite ko exists and does not exceed the order of the system.

It results from the proof of Lemma[3 that if d—y = dj for some k, then in the case of the
infinite dimensional Lie group the system 1s also completely integrable and automorphic for
this and higher values 0 of k.

2. CONSTRUCTION OF AUTOMORPHIC SYSTEMS

To construct automorphic systems one uses, according to [1, §25], the theorem on represen-
tation of a non-singular invariant manifold. Due to this Theorem one can choose the invariant
of the group G" of the corresponding dimension as 1;,. This invariant is expressed via the
universal invariant of the group ’;] of the order k3, i.e.

3

Yia(2) = T(J(2)) = 0. (7)
The requirement of complete integrability of this system imposes conditions on the mapping
W. These conditions give a system of differential equations on the mapping ¥, which is called
the jjresolvent system;; [Il §25].

The algorithm of construction of all the automorphic systems of the given group consists
in investigating all possible dimensions of orbits, determined by the inequalities . One and
the same dimension of the orbit, at least from the point of view of the inequalities , can be
obtained for different values k3. The number of these different values is finite. Therefore, up to
the operation of prolongation, there is a finite number of different automorphic systems. But
not all the variants admitted by the inequalities are realized.

It is stated in the monograph [I, §25, s. 4] that for given n, m and r the type of the
automorphic system is completely determined by one parameter: rank, defect or dimension of
the orbit (these three values quantities are uniquely expressed via each other). As shown in
Example 1 (variants 6 and 7), apart from defect the value kg, i.e. the order of the automorphic
system, is also important.

The system ([7)) is written, as a rule, in the solved form with respect to the part of invariants.
The equation (3)) allows to write the system @ in the form

J = o), (8)
J/I/ — w(J/)’ (9)

where the order of the invariants J' and J” is lower than k3, and all the invariants of the order
k3 are denoted via J"”. Dividing the invariants into J and J” is not always unique and jjthe
branching; ; of the process is possible. jjThe branching; ; is also possible for further calculations.

Apart from the inequalities there is one more restriction on the dimension of the orbit,
which is connected with consideration of orbits of jjgraphs;; of the mappings v : X — Y.
Therefore the equations of orbits should not impose restrictions on variables of the space X,
i.e. the following inequality should hold

v, — rank (81,{) <dg, where v=(y,y,...,y), k=ks—1 (10)
1 k
The set of invariants J” should be chosen so that 9,J” > vgs_1 — dis_1.

If u is not an arbitrary mapping but a solution of a system of differential equations E
admitting a group G", the following condition is imposed on the functions ¢ and v from ,
@: the system E should be a differential-algebraic corollary of the equations , @[} If the
order of the system E does not exceed k3, then it is expedient to include the system E, written
via invariants of the group, into the system , @
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3. INVARIANT AND PARTIALLY INVARIANT SOLUTIONS

Invariant and partially invariant solutions [I, §19, §22] are solutions of corresponding auto-
morphic systems. For invariant solutions k3 = 1.

Invariant solutions exist when the inequality holds. Moreover the equations are
solvable with respect to the variables y, and the equations @D, due to Lemmas [2[ and , simply
provide expressions for the functions ¢). Therefore there is no need to calculate invariants of the
first order and the resolvent system is obtained after substitution of expressions of the variables
y into the initial system of differential equations. That is the technology of construction of
invariant solutions with the use of the notion of automorphic systems does not differ from that
described in [T}, §19].

To construct partially invariant solution with the use of automorphic systems one needs
differential invariants of the first or, possibly, a higher order. This complicates the algorithm as
compared to the one described in [1I, §22]. But there is no need to use the notion of jjredundant;;,
functions.

4. ON < <SIMPLE>> SOLUTIONS

When r > n, the minimal possible dimension of the orbit is equal to r. In case of this
minimal dimension sy, = vy, — 7, i.e. it coincides with the dimension of the space of invariants
. Therefore the set of invariants J’ from , @ is empty, and the functions ¢, 1 are constants.
The resolvent system in this case is the system of algebraic equations for these constants. For
the case r = n such automorphic systems provide invariant solutions, which are called in the
paper [4] jjsimple;;. By analogy, solutions of such automorphic systems can be also called
jisimple;; even when r > n. We use this term up to the end of this section.

If H is a subgroup of the group G", then every jjsimple; , solution with respect to the subgroup
H is a jjsimplej solution with respect to the group G". Indeed, every differential invariant
of the group G" is a differential invariant of the subgroup H, and the subgroup H also has
other invariants. Therefore the system , @ for the subgroup H is an expansion of a similar
system for the group G”.

5. EXAMPLE 1
Equations of one-dimensional dynamics of polytropic gas
U+ uuy +p P =0, prt+ups+puy =0, p+up, +ypu, =0, (11)
admit the group with the Lie algebra
Oy, 0Oy, 0, + 0y, t0i+ 20y, 10 —udy,+2p0,, po,+ po,.

Differential invariants of the first order can be chosen in the form
Up + Ul + up, + up,
g o= Ptru) g e et upe

Pz Py Py

Px a Pzr/P

) 5 — .
Ug+/ PP Ugr/ p3
The given set of invariants forms a basis, i.e. any invariant can be obtained from this set by
means of algebraic operations and actions of the operators of the invariant differentiation

1 .
A=—D,+-2D, A=2T"ep

Uy Uy u?

Below we use the following set of differential invariants of the second order:
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21 = 5 y o oJe=——bt——, Jog=—5—,
pug ppU P PU,
 (pu+ 2upy + P g0l (Pta + Upsa )2 Paaly
Jos = Jos = Jo
20,4 ’ 5 31,5 ’ 6 4067
P PUL P PUy pu,
Jor = (u ptu ) , Jg = tT, Jog = oud
The system (|11)) is written in the space of invariants in the form
J1 = —1, JQ = —1, J3 = 7. (12)

The inequalities admit the following variants of automorphic systems for the equations

(L1):

dy | do | ds|dy|ks|d dy | do | ds|dy|ks|d
116|166 |62 (45|77 |7|7|2]|5
206 |77 7|3|5|6]7|[8|8|8|3]6
3/6 |78 |8|4|6(7/8|8|8|8|2]|6
41688 [8|3|6

Here § = dj, — n is the defect of invariance. Further we construct the system , @D for every
variant from the table and investigate the resolvent system for some of them.

The dimension d; = 6, i.e. s; = v; — d; = 5 for variants 1-4 coincides with the number of
the invariants of the first order. Therefore all invariants of the first order should be equal to
constants, i.e. the equations should be supplemented by the equations

Jy=c4, J5s=cs, (13)

where ¢4, c5 are some constants.

Since the complete set of invariants of a higher order can be obtained by the action of
operators of invariant differentiation on the invariants of the first order, the invariants of a
higher order should be equal to zero. Therefore, the arbitrary way in construction of the
system , @ for variants 1-4 does not exceed two constants.

The system (12, is compatible if ¢5 = (¢2 — v + 1)/c4, and the first prolongation of
these equations is completely integrable under the condition ¢2 # ~. Under these conditions
and when v # 1 the solution of the system , has the form

w=az+ui(t), p=pp® p=(pi(t)+05(1—a)esay/prz)? =,

where
a=(c;—v+1)/d, a=1/(ce+05(L+7)t), p1=crlcg+ 0.5(1+~)t) ),

¢, c7 are constants, and the functions wu;(t) and p,(t) satisfy the linear system of ordinary
differential equations

du1 . Cq dpl N 1
e a(u1—|— \/Em), i 22 a(car/prus + yp1).

If ¢2 = ~, the system , is involutive, and none of its prolongations is completely
integrable. Hence, in particular, there are no automorphic systems of variants 2, 3, 4 for the

system ((11)).
For variant 5 the equations , @D consist of the equations and one of the following
systems of equations

J4:SO<J5)7 J2i2¢i(J5)7 Z.:17"‘797
Js=cs5, Ju=1i(Jy), i=1,...9.
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For variant 6 the equations , @D consist of the equations and one of the following
system of equations
Jo=o(Js), Ju=i(Js,Ja6), 1€{1,...,9}, i #6, AaJog=1(Js5, Jas),
Js=c5, Joy = g&i(J4, Jgg), 1€ {1, .. ,9}, 7 7é 3, NoJos = ¢(J4, J23). (14)
The condition of complete integrability of the system , gives the following equations
for determining the functions ¢;:

o1 = (V?J; +yJos +vJ; + Jf)/Jf, o =—Ji(v+1), @ = Joz+2J],

P25 = 026 = P20 =0, @ =741, @ =—(Jos+J})/J],

cs = 0 and ¢ = 0(Jo3/J})JS, where 6 is an arbitrary function of one argument.

For variant 7 the equations coincide with the equations , and the equations @D are
written in the form

Joi = i(Ja, J5), i=1,...,9. (15)
Six of the functions ¢); are determined from the condition of complete integrability of the system
, by the equations
by = (VIE =i s A TE s + ) I

Yy = —(vJF+ e+ Ji),
¢4 - 2J4% + ¢37
Vs = —Ji(2J4ds + 1),

Ur = (Wi e + JD) I,
s = (JiJs — Ji —s)Ji %,
and the rest of them satisfy the system of quasi-linear equations

T3 Atbg + Bis + 2J4(vJinhe + v 305 + 2J5J3 + 33 Jsbg +
s + Tivgws — Jivs — 203) =0,
VB + JyAs + 2J4(2y T {vbg + 7} Jsibg + 3y 305 + 2T s +
Feths + Jit + 4T3 Jsths — 2J s — 443) = 0,
JuBg + A + 2(3yJ{1bs + dyhets + 4T3 Jsthe + 34005 +
+6.J; Jsbe — Jiotis — 3J5 16 — 61bgips) = 0,

where P 9 9 9
A= Jion 5+ + e, B=Jlasz+ +aus—
g T Y YA
oy = —yJE =29y — 203 J5 + J? 4 2,
g = —JiJs — 2302 4 JiJs — 2J4tbg + 253,
as = —Jip — J3J5 — 202 + 23,

gy = J2Js —3J{JE — 203 J51g + 21,
6. EXAMPLE 2

The example of the present section demonstrates that the automorphic system of the infinite
dimensional Lie group is not necessarily completely integrable.
Group foliation for the Karman-Guderley equation

— PzPrx + Pyy + Prz = 0 (16)

was constructed in the paper [5] with respect to the finite dimensional group with the infinitesi-
mal operator
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f(y, 2)0,, where f(y,z) is an arbitrary harmonic function. This operator determines the trans-
formation ¢ — ¢ + f(y, 2).
Group foliation of the equation is given, as shown in the paper [5], by the automorphic
system
Pz = Ay Pyy T Qo = Qg (17)
and the resolvent equation
—QQgy — ai + ayy +a., =0.
The difference of any two solutions of the system is a harmonic function of variables y, 2z
and does not depend on the variable x. Therefore the system is in fact automorphic. The
system , where a satisfies the resolvent equation, is involutive but not completely integrable.

CONCLUSION

If the system of differential equations F admits the finite dimensional Lie group G", then
any solution of the system F is the solution of some automorphic system of the group G". An
automorphic system is relatively simply integrable, but the resolvent system can be significantly
more complex than the initial system F. Example 1 (variant 7) demonstrates it. An exception
is provided by automorphic systems of a minimal defect. In this case the resolvent system is a
system of algebraic equations for the totality of constants.

The fact that an automorphic system should be completely integrable allows to write repre-
sentation of the system of a given type (or several representations like in variants 5 and 6 of
Example 1) immediately. There is no need to write all the equations of the system (9] for defi-
nite calculations. To carry out length calculations we used the system of analytical calculations
iiReduce 3.8;; (http://reduce-algebra.sourceforge.net).
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