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INTEGRAL ESTIMATES
FOR DERIVATIVES OF ANALYTIC FUNCTIONS
OUTSIDE CONVEX DOMAINS

A.R. BAGAUTDINOVA, A.V. LUTSENKO, V.I. LUTSENKO, E.D.
SHAIMURATOVA

Abstract. In the present paper weight integral estimates are obtained for derivatives
of functions which are analytic in the exterior of convex bounded domains. The estimates
are obtained in terms of integrals of functions vanishing at infinity. This result generalizes
the Hardy-Littlewood theorem for exteriors of convex bounded domains. Theorems of this
kind have been earlier obtained by K. P. Isaev and R. S. Yulmukhametov for the power
weight and for the first derivative of an analytic function of the first order belonging to
L?. N. M. Tkachenko and F. A. Shamoyan have generalized this result for all higher order
derivatives belonging to the space LP. In the present paper the class of weights under
consideration is essentially enlarged.

Keywords: Analytic function, the Green function, the Laplace invariants, generalized
Laplace invariants.

1. INTRODUCTION

Let G be a bounded convex domain and D = C\G. We denote the distance from the point
z to the boundary D by d(z), z € C,: d(z) = dist(z,0D).
Let us denote the space for the holomorphic functions

B2,.(D) = f € H(D). f(o0) =0 13y / £ Puld()du(z) < oo f . (1)

(2)
where du(z) is the Lebesgue measure. In paper [1] we prove the following theorem
Theorem A. There is an absolute constant ¢ > 0 such that for any function f € Bi’l(D) the
following relationship holds:

/ ()P (=) (= / () du(z) / () PP(=)dp2), 3)

where d(z) = dist(z, 0G).

The analogue for the Smirnov space is described in the papers [2],[3].

Further advance in this direction is announced in the paper [4]. Namely, the following theorem
has been proved.
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Theorem A’. If « > —1/2, then there is the constant C(n,«) > 0, independent of the domain
D and such that

\/(Oz-l—l )(2a + 1) /|f e /‘fn+1 d2(a+1)< Vau(z) <

C(n, o) / 110 (2) P22 (2)dpa(2).

The following estimate holds for o = —1/2:

5 [OERC @) < [ @R < ¢ (n-3) [1I0ER @),

N. M. Tkachenko and F. A. Shamoyan generalized this result for derivatives of an arbitrary
order from the space L? with the degree weight (see [7]-[9]).
Let us note that importance of the problems under consideration is stipulated by their sup-
posed application for generalization of results of the papers (see [10]-[15])
To prove these theorems the result (see [5], p.203) was used:
Theorem B. Let A be an arbitrary closed set in R™. Then there is a finite differential function
§(z) = d(x, A), on R"\ A having the following properties
C10(z) < dist(x, A) < Cy0(x),
and for any o we have
aa
)
a0 (@) <
where C,, C1,Cy do not depend on A.
The following Theorem is also proved there.

Theorem C. Let Q be some open connected set on the complex plane C, then there is such a
set of squares

P={Q1, Qs ..., Qk, ..}, (QK\OQk) N (Qn\0Qn) =0,k # m, that LkJQk = (1, and
crdiam(Qy) < dist(Qg, 0) < cadiam(Qy)

the constants c1, co do not depend on 2. In brief, such relationships are written in the form
diam(Qy) < dist(Qg, 0L).

In the paper [I] the following Lemma is also proved:
Lemma A.

1. The function of the distance d(z) is convex (in particular, it is subharmonic) and satisfies
the Lipschitz condition

C, (dist(z, A)) 7

|d(21) — d(22)| < |21 — Zg|,v21,22 €q.
2. Let G be a convexr domain and zy ¢ G. If the function dist(z,G) is differentiated in the
point zy, then |grad dist(zy, G)| = 1.
3. If D is a convex polygon, then d(z) is continuously differentiated in G.
We also use the technical lemma:
Lemma B. Let G C C be a I-connected domain, A = 8362 + 3.2 be the Laplace operator,

f € H(G),2< p<oo. Then
AlfB ) = F P )2 fED ()
Proof: Let us denote an integral function by f*)(z) = u(z,y) + iv(z,y), consequently, u}, =

vy, v, = u, and Au =0, Av = 0. In our notation

ALFPE)P = plp = 2) (u? +v2) * 7 [, + vu})? + (wad, + vv))?)+
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+p (u® + UZ)g_l [(ul)? + (u;)2 + (V)% + (v;)2 + (uAu + vAv)] =

21

=p(p—2) (u® + ) ¥ {(W)? + (0))2) + 2p (u® +0%) 2 [())? + (1)) =
=9 (2 + ) () + ()] = |7
We took into account that f*+V(z) = (u}, + v})/2 + (v}, — u))/2, then the following equality
holds:
FED() = (u, +v)) /2 + (v, — ) /2
and )
[FERP = (0 +v))* + (W = ) = (u) + ()"

2. THE MAIN RESULT
The following theorem holds:

Theorem 1. Let G be a bounded convex domain and D = C\G, f € BP(D). Then the
following estimates hold for Vn € N, 2 < p < o0,

Cl/lf(Z)l”w(d(Z))dM(Z) < /If(”)(Z)Ipd”p(Z)W(d(Z))du(Z) <Cz/|f(Z)IPW(d(Z))dM(Z), (4)

where c1(n,p, a), ca(n) are positive constants depending only on n, p, «, and the non-negative
twice continuously differentiable function w(t), satisfying the following conditions:

(tPw(t)) = 0,
(t*w(t))" = aw(
w(2t) < pw(t)
for some positive constants «, 5, and ¥Vt > 0.

w

t),

I

Remark: A partial case of the weights in the theorem is w(t) = ¢7, when v > —1.

Proof: Let us prove the left-hand side inequality ([4).

Let B(r) be a circle of the radius r with the centre in the origin of coordinates, Ry = diam(G).
We consider that 0 € G without loss of generality. Let us construct a convex polygon M such
that G € M C B(2Ry). Let us determine the domain U = C\M N B(R) for the arbitrary
R > 2Ry. Since the boundary U is piecewise-smooth, then we can apply the Green formula:

[0 - a@anenane) = [ (%2 -g0 5 s @

U ou

where ds(z) is an element of the length of the boundary oU.
Let us determine the functions h and g.
Let n(z) be a non-negative smooth function of the "hat” type (see [5]): n(z) = 0 when
|z| = 1, [ n(2)du(z) = 1. We prolong the function d(z,dM) by zero on dM, and consider the
C

smooth function

1 00—z
d-(2) = = d(0,0M)du(0
@ == [0("=7) av.ornauce)
for the arbitrary € > 0.

Since the function d(z, 9M) is convex, in particular, subharmonic, then the family of functions
d.(z,0M) is also subharmonic and decrease when ¢ — 0. They converge to d(z,0M ) and, more-
over, the inequalities Ad.(z) > 0 hold (see[6]). Let us assume that h(z) = d***2(2)w(d.(2)),
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and g(z) = [f® ()P (k € Zy),k < n. Let R be so large that when |z| > R the inequality
|z]/2 < R < |z| holds and that

/ [ FEFD )PP (2)w(de(2))dp(2) < oo (6)

|z|>R

according to the condition. Then the formula takes the form:

/ (A2 (2)w(d=(2) AP ()P = [fO () PA(AEP? (2)w(de(2)))du(2) =

k) () |P kp+2( 5\ P

On the boundary of the polygon we have M d.(z) = 0, dga—sf) = 0. Taking into account @ and
Lemma B, we obtain that the integrals on the boundary of the circle B(R) tend to zero with
the increase of R. Therefore the formula is transformed to the form

[ @l ) Al @) -
C\M
= [ 1Y EP A e ))du(z)
C\M
Let us write the Laplace operator in detail.

O(dE" 2 (z, y)w(ds(x,y))) | O(dE"**(x, y)w(de(x,y)))

kp+2 _ € ) e\ € ; e\4y

A ()l d(2))) = o + o ,

where z = x + 1y. For the sake of brevity we omit parameters in partial derivatives. We obtain
the following formula:

(@ d*w(d))” = [(kp + 2)d"" " w(d)d + d" ' (d)d] =
= d"[(kp + 2)(kp + 1)w(d) + 2(kp + 2)dw'(d) + d*w"(d)] (d')* +
+d*P T (kp + 2)w(d) + dw'(d)]d".
Let us gather all the partial derivatives
A(dE T (2)w(de(2))) = d2 (2)[(kp + 2)(kp + Dw(d-(2))+
+2(kp + 2)de(2)w'(de(2)) + d2(2)w" (d=(2))]|grad d-(2)[*+ (8)
+dP T (2)[(kp + 2)w(de(2)) + de(2)w'(do(2))] Ade (2).
Having regrouped the summands, we obtain
AP (2)w(de(2))) = d2P(2)kp(kp — Vw(de(2))|grad d-(2)[*+
+de(2) [kp{2(2w(de (2)) + de(2)w'(d=(2))) }] lgrad d- (=) *+
+d2P(2)[2w(de (2)) + 4de(2)w'(d:(2)) + d2(2)w" (d(2))]|grad d.(2)[*+ (9)
+d27 T (2) [kpw(de(2))] Ad (2) +
+d"P () [2w(de(2)) 4 do(2)w' (do(2))] AdL(2).

Since according to the condition w(#)t? is an increasing convex function, then 2w(t) + tw’ > 0
and 2w(t) + 4tw’ + t>w” > 0. If we also take into account that Ad.(z) > 0 and that all the
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lines of the formula are non-negative, we obtain the inequality

A(dE 2 (2)w(d.(2))) = d(2)kp(kp — Dw(d.(2))|grad d-(z)|*. (10)
The estimate takes the form

L [ 1O @P @R ) du(z) >

O\

> kp(kp — 1) / FO (@) Pd (2)w(d (=) lgrad d.(=)Pdy(2)
C\M
due to Lemma B. When k£ = 0, the third line of the formula provides the estimate

B[ 1O @P A @R e ) du(z) >

O\

/ P9 ()P (2)w(de(2))|grad de(=) Pdu(z).
C\M

Let us tend € to zero, then due to the continuous differentiability of the function d(z, OM),
we have

dd.(z) R dd(z,0M)  0d.(z) . dd(z,0M)

M.
Ox or oy oy z€C

Consequently,
1im0|gradd (2)|? = |grad d(z,0M)|?
e—

and taking into account Lemma A, we obtain the following estimate within the limit:

C(k,p, ) / [FO P25 () P2 (2)w(d(2))dpul2) >

C\I7
> / 0 () P (2)w(d(=)) du(2),
o\M
where )
L for k =0,
Ch,p,a) =1 2
— = fork>0.
plkp—1) 7

Let us choose a sequence of convex polygons M,,, such that:

M, C B(2Ro), G C My, My C M,, (| M,=G.

n=1
Since the last inequality with one and the same constant holds for each of these polygons, then
we obtain within the limit that:

J 1O @ P ) dnt:) <

C(k,p, @) / [FB )P0 () P2 (2)w(d(2) ) dp(2).
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Let us apply the Holder inequality with the indexes 17%2 and £ to the right-hand side integral.

/ PO P2 6D () 2d (2w (d(2) (=) =

- / £ ()P 2d5 0 (2)w "5 (d(2)) [FED (2) P2 (2)ws (d(2))dp(z) <

p—2

P

( / F9 ()P (2) (d(Z))du(Z)> <
x ( / f(’““’(Z)pd(’““)p(z)w(d(Z))du(Z))

/ 1O ()P (2)uw(d(2) )dpu(2) <

ASEIN)

Finally we obtain

p—2

P

C(k,p, o (/f’“) (2)[Pd™(2) (())du(Z)) x

x ( / f<k+1><z>pd<k+l>p<z>w<d<z>>du<z>>

The reduction of the left-hand and the right-hand sides to the factor

p—2

( / f(’“)(z)lpd’“”(Z)w(d(Z))du(z))

2
P

(/ f “‘”(z)pd’fp(z)w(d(z))du(z)) <
C(k,p, a (/ |f (k1) ‘pd (k107 (4 )y (d(z))du(z))

results in the inequality

LSAIN]

or
[ 159G PEr @) dut) <
D
< CH(hp.a) [ 170G PP (uld(:)dulz).
D
Considering k =n—1, ..., k=2, k=1, k = 0 sequentially we obtain the inequality

[1sGPutdc)au) <
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m%w/mewwmwmww

Let us now prove the right-hand side inequality of Theorem 1, applying Theorem C. Let
P={Q1,Qs,...,Qk, ...} be the specified above set of squares, G = | J Qy, then
k

/|f 2)[Pd™ (2)w(d(z))du(z) =Z/If(”)(Z)|pd”p(2)w(d(2))dﬂ(2) <
FQy

< 3 max(| £ )P () diam? (@) <
<A max]| /) (2)FaH(ud(2) <
k

<CQZ|f(n) )P (i )w(d (),

where z, € Q.
Let us assume now ()} is a square that has a general centre with (); and it is increased by
1 + e-times, where 0 < € < 0.25. Let us us the notation

Bi(zx) = {z : |z — z| <1}, where 0 < k < dist(Qy, 0Q})/2.

Since
(n) _ l' f(z)dz
" (z) = 97 / = Zk)n+1,then
OBr(zk)
11
17 (20)| = == max [£(2)] < e | F(Z)],

270 ™ 9B, (21 d”( 0G)
where Z; € 0B,.(z). It is known due to the squares construction that

diam(Qy) < d(zx, 0G), diam(Qy) < d(Zx, 0G),
but

diam(Qy) < diam(Q}) < Zdiam(@k),
therefore
d(Z, 0G) =< d(z, 0G).
Moreover, from the conditions imposed on the function w we obtain the equivalence
Ayw(d(Z, 0G)) < w(d(z, 0R)) < Ayw(d(3, 0G)).

Indeed, assume that A7, <ty < Aty, then Im € Z : 2™ < A < 2™, and 27, <t < 2™,
Since t?w(t) is increasing, then

tHw(t) < 22MGw(2™t,) < 225 M w(ts) < 27M(274)? M w(ty) =
= w(t;) < 2" B™w(ty).
Likewise, taking into account that t; < 2™t = w(ty) < 21™B™w(ty), i.e.
274 BT (L) < w(ty) < 2 BMw(ty).

Consequently, if t; < to = w(t;) < w(ts).
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I (u(d(a)

Z|f(") )PA™ 2 (2 )w(d(21)) <032|f(5k)p
<> G Pd(Z)w( C5Z\f ) [Pd® () w(d(Z)).

Let us take 7 : 0 < 19 < dist(Qy, 0Q5)/2. It is 0bV1ouS that B,,(Zx) C Q5. Taking into account
that | f(2)|P as subharmonic for all values p: 0 < p < oo, we have

FEF <o [ EPE) < 5 [P
Qx

%
3
~—~
A

&N
N—
/

T
BTO (Ek)

Then,

PP (5, 0C) < ¢ / FEPdu(2),
Q%

|f (Z)IPd? (2, 0G)w(d(Z, 0G)) < Cs/|f(2)|p1U(d(5kaaG))du(Z)-
Qi
Since d(Zx,0G) and d(z,0G) are equivalent in the area of @}, and hence w(d(Z,0G)) and
w(d(z,0@Q)) are also equivalent we obtain the inequality

| (Z)Pd®(Zh, 0G)w(d(Zk, 0G)) < / |/ (2)[Pw(d(z,0G))du(z).
Qi
Taking into account that we can single out a finite subsystem covering the domain G from the
system {Q;}, we have

/ £GP (uld)du(z) < S [ 17 Pz 06))dulz) <

<en / () Pwld(z 0G))du(2).

The theorem has been proved.
Remark: The upper estimate in Theorem 1 is obtained for arbitrary domains.
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