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LOCAL AND NONLOCAL CONSERVED VECTORS
FOR THE NONLINEAR FILTRATION EQUATION

A.A. ALEXANDROVA, N.H. IBRAGIMOV, K.V. IMAMUTDINOVA AND
V.0. LUKASHCHUK

Abstract. It is demonstrated that the nonlinear filtration equation is nonlinarly self-
adjoint. Using this property, the conserved vectors associated with Lie point and nonlocal
symmetries are constructed.
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1. INTRODUCTION

The present paper is a continuation of the Preprint [I], where we have applied the method of
nonlinear self-adjointness [2] and constructed conservation laws

Dy (CY)+ D, (C*) =0 (1.1)
for the nonlinear heat and filtration equations associated with their Lie point symmetries.
In this introduction we revise and outline the results of [I] concerning the conservation laws for the
nonlinear heat conduction equation
ur = (k(u)ug)g . (1.2)
It is well known that Eq. (L2) with an arbitrary function k(u) admits the three-dimensional Lie algebra

L3 with the basis
0 0 0 0
Xi=—, Xo=—, X3=2%—+2— 1.3
e e T e (13)
and that this equation has a wider symmetry Lie algebra in the following special cases (see e.g. [3]):

if k(u) = e, the admitted Lie algebra L3 extends by the operator

Xo=x—+4+2—; 1.4
1= Yo * ou’ (14)
if k(u) =u?, where o # 0, —%, the algebra L3 extends by the operator
0 0
Xy =o0r— +2u—; 1.
4 Ux8x+u8u7 (1.5)
finally, if k(u) = u=4/3, the algebra L3 extends by two operators
0 0 0 0
Xp=-20—+3u—, X;=-a"— Pl 1.
4 :Uax—{—?)uau, 5 xax+3xuau (1.6)
Using the substitution
v=Ax+ B, A,B = const., (1.7)

found in the [2] from the equation

F* |v:<p(t,:v,u): A [ut - k(u)umm - k/(u)ui]
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that connects Eq. ([L2]) with its adjoint equation
F* = v+ k(u)vg, =0,

and applying the general procedure from [2] to the Lie point symmetries (L3)-(L6]), we have found in
[1] the following conserved vectors for the nonlinear heat equation.

In the case of the arbitrary function k(u) the symmetries Xy and X3 provide two linearly independent
conserved vectors:

Cl=wu, C?=—k(u)u, (1.8)
and
C'=zu, C?=K(u)— zk(u)u,, (1.9)
respectively, where
K'(u) = k(u).

The time-translational symmetry X leads to a trivial conserved vector (the similar result is proved in
[4], Section 1.3 for the multi-dimensional case). The conservation law (L)) for the vector (I.9)) coincides
with Eq. (II]), whereas the vector (IL9]) satisfies the conservation law (L)) in the following form:

Dy (CY) + D, (C?) = afug — (k(u)ug)s)-

In the special case k(u) = e* the additional symmetry Xy given by Eq. (L4]) does not lead to a new
conservation law. Indeed, one can verify that the conserved vector provided by this symmetry Xy is
equivalent to the conserved vector (L9) with k(u) = K (u) = e*.

In the special case k(u) = u? the additional symmetry X, given by Eq. (L) also does not lead
to a new conservation law. Indeed, the calculation shows that the conserved vector provided by this
symmetry Xy is a linear combination of the conserved vectors (LL8]) and (9] with

1
oc+1

Finally, in the case k(u) = u=*/? the conserved vector provided by the operator X, from (L6) is
a linear combination of the corresponding conserved vectors (L8) and (L.9]), whereas the operator X5
lead again to the conserved vector (L9).

Thus, the extended symmetries (L4)-(L6) do not give new conservation laws.

In the rest of the paper we dwell upon the nonlinear filtration equation

up = k(ug) Uy (1.10)

and construct the conserved vectors associated not only with its Lie point symmetries, but also with
the nonlocal symmetries found in [5]. Eq. (II0) describes, in particular, a distribution of the pressure
in a porous medium.

E(u) =u?, K(u)= ol

u

2. NONLINEAR SELF-ADJOINTNESS OF THE FILTRATION EQUATION

2.1. The general case. We will write Eq. (ILTI0) in the form

= —uy + k(ug)uz, = 0. (2.1)
Its adjoint equation has the form
F* = vy + k(ug)ver + K (uz) vtz = 0. (2.2)
Let us find a function ¢(¢, x,u) satisfying the nonlinear self-adjointness condition
F* |o—ptamy= Aue — k(ug)uzs] - (2.3)

The expanded form of Eq. (2.3) is

Equating the terms with u; in both sides of Eq. (Z4]) we obtain
A= py.
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Taking this into account and equating the terms with wu,, in both sides of Eq. (2.4 we arrive at the
equation

Pu [2k(uz) + ughk!(uz)] + 02k’ (ug) = 0. (2.5)
Then Eq. (2.4)) reduces to the following:

Pt + k(ul‘) [(Puuui + 200Uy + QOJ:JJ] = 0. (2.6)

In the case of an arbitrary function k(u,) the determining equations (235)-(26]) for ¢(t,z,u) are
satisfied only if ¢ = const. We can let

o=1. (2.7)

2.2. A special case. We will find now the particular form of k(u,) when Eqs. (2.5)-(2.0) are satisfied
for a non-constant function (¢, x,u). Separating the variables in Eq. (Z.5]) we have:

2k(u
) o
It follows that
if((:jf)) + u, = —a, —% = —a, a = const. (2.8)
The first equation (Z8) written in the form
de. 2k
dug Ug +a
gives
k(ug) = ﬁ , m = const. (2.9)
The solution of the second equation (Z2.8)), i.e. of the partial differential equation
a(?_gp — a_gp =0
ou  Ox ’
has the form
o =0¢(t,z), z=u+axz. (2.10)
The substitution of (2.9) and (ZI0) in Eq. (2.6) yields:
¢t +moz. = 0. (2.11)

We further simplify Eqs. ([2.9)-(2Z11) by using the equivalence transformation
U=u+ax (2.12)

of Eq. (ZJ)). Applying this transformation and denoting @ again by u we conclude that the nonlinear
filtration equation

Ut =~y Usw (2.13)

T

satisfies the nonlinear self-adjointness condition (2.3) with the function

= ¢(t,u), (2.14)
where ¢(t,u) is an arbitrary solution of the equation

¢t +m dyy = 0. (2.15)
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3. CONSTRUCTION OF CONSERVED VECTORS

The nonlinear filtration equation (LI0) admits the four-dimensional Lie algebra L4 with the basis

0 0 0 0 0 0
Xi=—=—, Xo=—, Xs=—, Xy4=2t— — - 3.1
! 200 T T e e T (3.1
The algebra Ly extends by one additional admitted operator X5 in the following cases ([3], Sect. 10.3):

if k(uy) = e"*, then

0 0
X5 = ta — QT% 3
if k(ug) =ul (n>—1,n #0), then
0 0
X5 = nta — ’U,% N
‘r e(narctanuz) .
i - >
if k(uy) 21 (n > 0), then
0 0 0
X5 nt(%—}—ua—x—x%

Let us construct the conservation laws
D, (CY) + D, (C?) =0

for the operators Xi,..., X7 using the algorithm given in [2]. Namely, writing the formal Lagrangian
in the form

L=vu — k(ug)uzy] (3.2)

we have the following expressions for the components of the conserved vectors:

Cct = W% =W,
But
oL oL oL (3.3)
2 — —_ S p—
=W [8% Dq <0um>] * DJC(W)Bum

= Wk(ug)vy — Day(W)k(ug)v,

where we should make the substitution v = ¢(t, z, u).
In the general case we have p =1 (see Eq. ([2.7))). One can verify that X;, Xy and X3 provide only
trivial conserved vectors whereas X4 yields the following conserved vector:

C'=u, C?=—K(up), (3.4)
where
K (uz) = k(ug).
In the case
k(uy) = et
the operator X5 provides the conserved vector
Cl = —x — te"uy,, C? = eUo 4 te?¥e (uix + Ugza)-
In the case
k(ug) = ul

the operator X5 yields

un+1
at n>—-1,n#0 Cl = —u, szﬁ,
n
at n=—-1 Cl=—u, C?=Inu,.

In the case

en arctan uyx

A
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the operator X5 yields the trivial conserved vector
cl=—z C?=0.

Remark 1. The conservation law for the conserved vector (34) coincides with Equation (I10).
The other conserved vectors obtained in this section can be reduced to the trivial conserved wvector.

4. (CONSERVATION LAWS IN THE SPECIAL CASE

Let us turn to Eq. (2I3). In this case (¢, x,u) given by Eq (2I4]). The symmetries of Eq.(2.13)) are

given by (B.1).
Let us begin with Consider the symmetry X3. We have W = 1, and Eqgs. (B3] give the infinite set of
conserved vectors

cl=¢, 2=y, (4.1)
Uy

involving an arbitrary solution ¢ = ¢(t,u) of Eq. (ZI5]). We have:

Dt(Cl) + Dw(C2) = ¢t + m¢uu + |:ut - UEQ uxx:| ¢u

xT

Hence, invoking Eq. (ZI3]), we obtain the conservation equation

Dt(cl) + DI(CZ) = |:ut - u_Tr; uzz:| gbu

T

Consider the symmetry X;. Eqgs.([33]) give
m m
Ol = —pu, =g+ 2pu,.
Uy u?

Since

—puy = _u_n;¢uxx =mD, <u£> — Mm@y

X X
we can write the above conserved vector in the form

1
cl=¢, C*= —u—¢t. (4.2)

This vector satisfies the conservation equation due Eq.(2I5]) because

DUC) + D2(C?) = (01 4 m6u) "5 + (w1~ Tyt ) o

X xr
For X5 we obtain
1 2 m
C" = —¢uz, C°=-—mo,+ ﬁgbux:p

T

We have
Puy = Dy [D(t, u)],
where ®(t,u) is defined by the equation

¢, = gb(t’ u)
Therefore the above conserved vector is equivalent to
Cl=0, C%=—maoy(t,u)— ¢t u). (4.3)

The conservation equation for this vector is satisfied due to Eq. (ZI5). Namely, we have:
Dt(cl) + DI(C2) = _(¢t + m¢uu)ux
For X, we obtain

C! = (u — 2tus + zuy) o,

m m
02 = _(u - 2tut - xuw)¢u + u_g(ztutm + xua:a:)Qb

Uy >
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We have

m ¢

—2topus = —2t¢—2um =D, [ 2mt— | — 2mto,,

uz Uy

and
—zpuy = —Dy(x®) + P,

where ® = ®(¢,u) has been defined in the previous case. Therefore the above conserved vector is
equivalent to

C! = ugp — 2mto, + @,

(u — zuy).

2
C? = —x® + u—m(qb + ) +

€T xT

The conservation equation for this vector is satisfied in the following form:

Dt(Cl) + Dx(C2) _ (u — TUy — i—n;um> (¢t + Mpyu)+

xT

+ (20 + ugy — 2mteyy,) <ut — u—néum> .

x
5. NONLOCAL SYMMETRIES AND CONSERVED VECTORS

The nonlinear filtration equation (LI0) has nonlocal symmetries (see [5]) in the case when the
function k(u,) has the form
E(ug) = ul! (5.1)
with 0 = 1/3 and 0 = —1/3.
In the case o = 1/3 the corresponding equation (LI0]) is written

U = u;Z/?’ Uz - (5.2)
It has the nonlocal symmetry
0 0
X = w— —u?—, 5.3
6= Yoz " ou (5:3)

where w is a nonlocal variable defined by the equations
Wy =u, wy=3 (wm)% . (5.4)
The application of the general method to the nonlocal symmetry (5.3]) gives the conserved vector
ct =u? +wu,, C?= —3uui/3 — wu;2/3um . (5.5)
The conservation law for the vector (5.5) is satisfied in the following form:

Dy(C") + D, (C?) =

(5.6)
=2u (ut — u;2/3 um> + wD, <ut — u;2/3 um) + uy (wt — 3wi§3> .
In the case 0 = —1/3 the corresponding equation (LI0) is
up = uy 3 ug, . (5.7)
It has the nonlocal symmetry
0 0
X; =2 — Tu—
7= + (w xuau),
where w solves the equations
1
Wy =u, wy=—3(Wgy) 3. (5.8)

In this case the conserved vector has the form
_4
C'=w—au—2%uy,, C?=uy? (3zu, + x2um)

and satisfies the conservation equation

4 4
3 3

ol

Dt(C’l) + Dx(CQ) = wy + 3wed — 2(Up — Uz PUgs) + (U — Uz ® Ugs )z
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Remark 2. The nonlocal conserved wvectors obtained in this section can be reduced to the trivial
conserved vector.
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