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DARBOUX INTEGRABLE DIFFERENTIAL-DIFFERENCE

EQUATIONS ADMITTING A FIRST-ORDER INTEGRAL

S.YA. STARTSEV

Abstract We classify Liouville type differential-difference equations possessing a first-
order integral in one of the characteristics. It is shown that in this way we obtain the
complete description of first order difference substitutions applicable to wide classes of
differential-difference evolution equations. The classification also allows us to obtain the
complete list of Darboux integrable differential-difference equations possessing a second-
order integral in one of the characteristics and a non-point invertible transformation in the
same characteristic.

Keywords: Darboux integrability, differential-difference equations, difference substitu-
tions.

1. Introduction and main definitions

The present paper is devoted to the study of certain special subclasses of the chains of
differential equations

(ui+1)x = F (x, ui, ui+1, (ui)x),

where the unknown function u depends on an integer i and a real variable x. For the sake of
brevity in what follows we omit the subscript i in all the formulas, and, in particular, we write
the aforementioned chain as

(u1)x = F (x, u, u1, ux). (1.1)

We assume Fux 6= 0, and therefore equation (1.1) can be written as

(u−1)x = F̃ (x, u, u−1, ux). (1.2)

The derivatives u
(n)
m := ∂nui+m/∂x

n of the shifts of u for each non-zero m ∈ Z and n ∈ N
can be thus expressed due to the equations (1.1) – (1.2) in terms of x and so-called dynamical
variables ul := ui+l, u

(k) := ∂kui/∂x
k. The notation g[u] indicates that the function g depends

on x and a finite number of the dynamical variables.
We let T denote the shift operator w.r.t. i by virtue of equation (1.1). This operator is defined

by the following rules: T (f(a, b, . . . )) = f(T (a), T (b), . . . ) for each function f ; T (um) = um+1;

T (u(n)) = Dn−1(F ) (i.e., the “mixed” variables u
(n)
1 are expressed in terms of the dynamical

variables due to equation (1.1)). Here

D =
∂

∂x
+ u(1) ∂

∂u
+

∞∑
k=1

(
u(k+1) ∂

∂u(k)
+ T k−1(F )

∂

∂uk

+ T 1−k(F̃ )
∂

∂u−k

)
,

i.e., D designates the operator of the total derivative w.r.t. x by virtue of equations (1.1) – (1.2).
The inverse shift operator T−1 is defined in a similar way.
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Definition 1. Equation (1.1) is called Darboux integrable if there exist the functions I[u]
and X[u] each of those depends at least on one of the dynamical variables so that the relations
D(I) = 0 and T (X) = X hold true. In this case the functions I[u] and X[u] are called i-integral
and x-integral of equation (1.1).

It is easy to check (see, for instance, [1]), that an i-integral must be independent of the
derivatives of u, and an x-integral of the shifts of u. Thus, i- and x-integrals should read as
I(x, uk, uk+1, . . . , um) and X(x, u, u(1), . . . , u(n)), respectively. The numbers m − k and n are
called an order of the corresponding integral. We observe that in the present paper (in contrast
to, for instance, [2]) we do not deal with the case of the integrals depending explicitly on the
discrete variable i.

Equation (1.1) can be regarded as a differential-difference analogue of the partial differential
equation

uxy = F (x, y, u, ux, uy). (1.3)

The definition of the Darboux integrability was introduced first exactly for this partial differ-
ential equation, and in the work [3] the complete classification of Darboux integrable equations
of the form (1.3) was made. At present for equations (1.1) such classification is absent and only
partial examples are known (see, for instance, [4]) as well as the results on the classification of
the chains of special form [5]. This is why the problem on the classification of one or another
cases of equation (1.1) looks reasonable and these cases can be then naturally involved into a
future classification as its part. In the paper as such partial cases we consider the equation

(u1)x = a(u, u1)ux, (1.4)

and also the equations

φ(x, u1, (u1)x) = φ(x, u, ux). (1.5)

It is easy to see that for each a equation (1.4) possesses a first order i-integral; it is any
function I(u, u1) satisfying the equation Iu + aIu1 = 0. The opposite holds as well: equation
(1.1) possesses an i-integral like I(u, u1) if and only if it reads as (1.4). It is also obvious that
equation (1.1) possesses an x-integral φ(x, u, ux) if and only if it can be written as (1.5).

Since equations (1.4) and (1.5) always possess an integral in one of the characteristic, the
classification of Darboux integrable equations of the mentioned types is reduced to obtaining
necessary and sufficient conditions of the existence their integrals in the other characteristic.
Such condition are obtained in the present paper. We note that this result does not pretend to
give an exhausting description of all equations (1.1) possessing first order integrals, since the
equations possessing first order i-integral are not restricted by equations (1.4) (in the case of an
explicit dependence of this integral on x), and, which is less obvious, equation (1.1) can possesses
a first order x-integral depending explicitly on i (despite the absence of such dependence in
(1.1)), and this is why the equation corresponding to such integral is not necessary of the form
(1.5) (for pure discrete analogues of equation (1.3) the examples of such kind are contained in
the work [6] and it is easy to see that they are applicable to the case of equations (1.1)).

In what follows we shall make use of the following

Definition 2. The equation ut = f [u] is called a symmetry of equation (1.1) if the relation
L(f) = 0 holds, where

L = TD − FuxD − Fu1T − Fu. (1.6)

It should be noted that Darboux integrable equations have a rich set of the symmetries: if
equation (1.1) possesses an i-integral I and an x-integral X, then according to [4] there exist
operators R =

∑r
k=0 λk[u]T

k and S =
∑σ

k=0 µk[u]D
k, such that

ut = R(ξ(I, T (I), T 2(I), . . . )), (1.7)

ut = S(η(x,X,D(X), D2(X), . . . ))
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are symmetries of this equation for each functions ξ and η depending on a finite number of the
arguments. In Section 3 we show that, as in the case of equation (1.3), for each symmetry ut =
f [u] of equation (1.1) the integral of minimal order Ω[u] defines a substitution v = Ω[u] mapping
the solutions of this symmetry into those of some equation of the form vt = g[v]. It allows us
to employ the results of the previously made classification of the differential substitutions [7] in
the classification of equations (1.5), and also to show that the classification of equations (1.4)
gives us the complete description of the substitutions v = I(u, u1) admitted by the families of
equations (1.7) depending on an arbitrary function.

In the paper we also treat the equations defined by the relations

T (ϕ(x, u, ux)) = ψ(x, u, ux), ϕuψux − ψuϕux 6= 0, (1.8)

and
D(p(u, u1)) = q(u, u1), puqu1 − qupu1 6= 0. (1.9)

From the results of the classification of equations (1.4) and (1.5) in Section 5 we obtain a
complete list of Darboux integrable equations (1.8) possessing second order x-integral and
also a list of Darboux integrable equations (1.9) possessing second order i-integral independent
explicitly on x. We note that equations (1.8) and (1.9) can be regarded as differential-difference
analogues of equations (1.3) linear in one of the derivatives, i.e., of the equations

Dy(ϕ(x, u, ux)) = ψ(x, u, ux) and Dx(p(u, uy)) = q(u, uy), (1.10)

where by Dx and Dy we denote the total derivatives w.r.t. x and y, respectively. Id est, the
equations found in Section 5 can be regarded as the closest differential-difference analogues of
the Liouville equation uxy = eu, since this equation is of the form (1.10) and possesses second
order integrals.

2. Auxiliary statements: Laplace invariants, symmetries and integrals

While analyzing equations (1.1) possessing integrals, the Laplace invariants of these equations
are quite often of use. We remind that K0 = Fu +FuxFu1−D(Fux) and H0 = Fu +FuxT

−1(Fu1)
are called main Laplace invariants of equation (1.1). These invariants are the residues of dividing
of operator (1.6) by T − Fux and D − T−1(Fu1), respectively:

L = (D − Fu1)(T − Fux)−K0 = (T − Fux)(D − T−1(Fu1))−H0.

It is easy to check that if H0 6= 0, then the formula

(D − b1)L = L1(D − T−1(Fu1))

holds true, where

L1 = (D − b1)(T − Fux)−H0, b1 = T−1(Fu1) +D(H0)/H0.

The above described procedure of passing from the operator L0 = L to the operator L1 is called
a Laplace x-transformation. It is clear that it can be applied to an arbitrary operator of the
form TD− a[u]D− b[u]T − c[u] (in order to do it, it is sufficient to replace Fux , Fu1 , and Fu by
a, b, and c in the above formulas). In particular, we can write L1 as

L1 = (T − Fux)(D − T−1(b1))−H1, H1 = H0 + Fux(T
−1(b1)− b1) +D(Fux)

and apply the Laplace x-transformation to L1, and so forth. A multiple application of the
Laplace x-transformation gives us the sequence of the operators,

Lj = (T − Fux)(D − T−1(bj))−Hj, j > 0,

where bj, Hj are determined by the recurrent formulas

bj = T−1(bj−1) +D(Hj−1)/Hj−1, b0 = Fu1 ,

Hj = Hj−1 + Fux(T
−1(bj)− bj) +D(Fux).
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At that, for all j > 0 the formula

(D − bj)Lj−1 = Lj(D − T−1(bj−1)) (2.1)

holds.
In the same way one can define a Laplace i-transformation. The iterations of the i-

transformation generate the sequence of operators

L−j = (D − T j(Fu1))(T − aj)−Kj, j > 0,

where aj, Kj are determined by the recurrent formulas

aj = aj−1T (Kj−1)/Kj−1, a0 = Fux ,

Kj = T (Kj−1)−D(aj) + aj(T
j(Fu1)− T j−1(Fu1)).

Here the analogue of formula (2.1) is the relation

(T − aj)L1−j = L−j(T − aj−1). (2.2)

The functions Hj and Kj are called respectively Laplace x- and i-invariants of equation
(1.1). It was proven in the work [4] that the validity of the condition Hj = 0 (Kj = 0) for some
j < m is necessary for equation (1.1) to have mth order x-integral (i-integral). For the case of
partial differential equation (1.3) it was proven in the works [8], [9] that the ending up by zero
of the sequence of the Laplace invariants is not only necessary but also sufficient for it to have
integrals. For differential-difference equation (1.1) a similar statement is absent. But it is not
difficult to prove the following formal analogue of this statement.

Lemma 1. Let a Laplace x-invariant Hm of equation (1.1) vanishes for some m ≥ 0 and
there exists a non-zero function θ[u] such that T (θ) = F−1

ux
θ. Then the differential operator

θBm, where Bj are defined by the recurrent formula

B0 = D − T−1(Fu1), Bj = (D − T−1(bj))Bj−1, j > 0, (2.3)

maps the kernel of operator (1.6) into that of the operator T − 1.

In other words, the operator θBm maps right hand side of each symmetry of equation (1.1)
into ker(T − 1).

Proof. A direct implication of formula (2.1) is the relation

LmBm−1 = (D − bm) . . . (D − b1)L.

Bearing in mind that Hm = 0, we get

(T − Fux)Bm = (D − bm) . . . (D − b1)L. (2.4)

Since T (θ) = F−1
ux
θ, we have (T−1)θ = θ(F−1

ux
T−1) = θF−1

ux
(T−Fux). Hence, having multiplied

both sides of (2.4) by θF−1
ux

, we arrive at the relation

(T − 1)θBm = θF−1
ux

(D − bm) . . . (D − b1)L,

which proves the lemma.

In the same way one can prove

Lemma 2. Let a Laplace i-invariant Km of equation (1.1) vanishes for some m ≥ 0 and
there exists a non-zero function τ [u] such that D(τ) + Fu1τ = 0. Then the difference operator
Tm(τ)Am, where Aj are defined by the recurrent formula

A0 = T − Fux , Aj = (T − aj)Aj−1, j > 0,

maps the kernel of operator (1.6) into that of the operator D.
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If equation (1.1) possesses a symmetry ut = f [u], then the assumptions of the above lemmas
do not guarantee that this equation necessarily has integrals, since in general the expressions
θBm(f) and Tm(τ)Am(f) theoretically can be independent of the dynamical variables or even
vanishes. Nevertheless, under additional conditions these lemmas can be employed for the proof
of the integrals existence.

Corollary 1. Let ut = f [u] be a symmetry of equation (1.1) such that fu(n) 6= 0, n > 0
and fu(j) = 0 for all j > n. If this equation satisfies the condition Hm = 0 and there exists a
non-zero function θ[u] such that T (θ) = F−1

ux
θ and θu(l) = 0 for any l > (m + n), then θBm(f)

is an x-integral of equation (1.1).

Proof. By induction in j it is easy to make sure that bj and Hj can not depend on u(r) for each
r > (j + 1). This is why (θBm(f))u(m+n+1) = θfu(n) 6= 0, i.e., θBm(f) depends on u(m+n+1) and,
by Lemma 1, it lies in ker(T − 1). Therefore, θBm(f) is an x-integral.

In the same way one can prove a similar statement for i-integrals.

Corollary 2. Let ut = f [u] be a symmetry of equations (1.1) such that fun 6= 0, n > 0 and
fuj

= 0 for all j > n. If this equation satisfies the condition Km = 0 and there exists a non-zero
function τ [u] such that D(τ) + Fu1τ = 0 and τul

= 0 for any l > n, then Tm(τ)Am(f) is an
i-integral of equation (1.1).

It is easy to observe that for each a equation (1.4) possesses the symmetry ut = ux and
T (u−1

x ) = a−1u−1
x . Taking into account that a = Fux , by Corollary 1 we obtain

Proposition 1. Let equation (1.4) satisfies the condition Hm = 0 for some m ≥ 0. Then
this equation has an x-integral.

Theorem 1. Suppose for equation (1.1) there exists the operator R =
∑r

k=0 λk[u]T
k, λr 6= 0

such that ut = R(I) is the symmetry of equation (1.1) for each I ∈ kerD. Then Hm = 0 for
some nonnegative m ≤ r.

Proof. Collecting the coefficients at the like powers of T in the relation L(R(I)) = 0, we obtain
that a necessary condition of its validity for each I ∈ kerD is the chain of the relations

T (B0(λr)) = 0,

T (B0(λj−1))− FuxB0(λj)−H0λj = 0, j = 1, r,

FuxB0(λ0) +H0λ0 = 0,

where by B0 we denote the operator D−T−1(Fu1). For the following reasonings it is convenient
to rewrite this chain as

B0(λr) = 0, (2.5)

T (B0(λj−1 − λj)) + L(λj) = 0, j = 1, r, (2.6)

T (B0(λ0))− L(λ0) = 0. (2.7)

Applying the operator (D − br−j+1)(D − br−j) . . . (D − b1) to the second relation of this chain
and taking into consideration (2.1), we obtain

T (Br−j+1(λj−1 − λj)) + Lr−j+1 (Br−j(λj)) = 0, j = 1, r,

where Bj are defined by formulas (2.3). In view of the last relation we see that if Br−j(λj) = 0,
then Br−j+1(λj−1) vanishes as well. Since B0(λr) = 0 by (2.5), we thus obtain that Br−j(λj) = 0
for all j from r to 0 and hence

Lr−j (Br−j−1(λj)) = (T − Fux) (Br−j(λj))−Hr−jBr−j−1(λj) = −Hr−jBr−j−1(λj). (2.8)
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We apply now the operator (D − br) . . . (D − b1) to relation (2.7), and the operator (D −
br−j) . . . (D− b1) to relation (2.6) for j < r (for j = r we just rewrite (2.6) with (2.5) taken into
account). Taking (2.8) into account and introducing the notations Λj = Br−j−1(λj) for j < r
and Λr = λr, we arrive at the chain of the relations

Hr−jΛj = T (Λj−1), j = 1, r,

HrΛ0 = 0.

It can hold true only if Hm = 0 for some m ≤ r (since otherwise Λj = 0 for all j = 0, r that
contradicts the assumption λr 6= 0 of the theorem).

The proven theorem and Proposition 1 yield

Corollary 3. Suppose that for equation (1.4) there exists an operator R =
∑r

k=0 λk[u]T
k,

λr 6= 0, such that ut = R(I) is a symmetry of equation (1.4) for each I ∈ kerD. Then this
equation has a x-integral, and it is Darboux integrable.

We note that the arguments employed for constructing x-integrals in the proof of Lemma 1,
Corollary 1 and Proposition 1 yield an x-integral with no explicit dependence on the discrete
variable i. This is why our assumption on the independence of the integrals of the variable i
under the assumptions of Corollary 3 is not restrictive.

3. Substitutions and integrals

In this section we consider the partial differential evolution equation

ut = f(x, u, u(1), . . . , u(n)), (3.1)

and also the chain of differential-difference equations

ut = g(x, uk, uk+1, . . . , un). (3.2)

We observe that the equation ut = q[u] defines the differentiation ∂q by virtue of this equation
on the functions of the dynamical variables, which is defined by the formula ∂q(h[u]) = h∗(q),
where by h∗ the linearization operator

h∗ =
+∞∑

j=−∞

∂h

∂uj

T j +
+∞∑
j=1

∂h

∂u(j)
Dj

is indicated.

Definition 3. We say that equation (3.1) admits the differential substitution

v = φ(x, u, u(1), . . . , u(m)) (3.3)

into the equation vt = f̂(x, v, v(1), . . . , v(n)) if φu(m) 6= 0, m ≥ 1 and the relation 1

∂f (φ) = f̂(x, φ,D(φ), . . . , Dn(φ))

holds true.
If there exist differential operators

S =
σ∑

j=0

µj(x, u, u
(1), . . . , u(l))Dj, Ŝ =

σ+m∑
j=0

µ̂j(x, v, v
(1), . . . , v(l̂))Dj

such that µσ 6= 0, and for each function η depending on a finite number of the argu-
ments the equation ut = S(η(x, φ,D(φ), . . . )) admits substitution (3.3) into the equation

vt = Ŝ(η(x, v, v(1), . . . )), we call (3.3) a Miura type substitution.

1This relation means that v = φ(x, u, u(1), . . . , u(m)) is a solution to equation vt = f̂ for each solution of
equation (3.1).
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Definition 4. We say that equation (3.2) admits the difference substitution

v = φ(x, ul, ul+1, . . . , um) (3.4)

into the equation vt = ĝ(x, vk, vk+1, . . . , vn) if the function φ depends on at least two dynamical
variables and the relation

∂g(φ) = ĝ(x, T k(φ), T k+1(φ), . . . , T n(φ))

holds.
We call (3.4) a Miura type substitution if there exist operators

R =
r∑

j=0

λj(x, u%, u%+1, . . . , us)T
j, R̂ =

r+m∑
j=l

λ̂j(x, v%̂, v%̂+1, . . . , vŝ)T
j (3.5)

such that λr 6= 0, and for each function η depending on a finite number of the arguments and
each integer δ the equation ut = R(η(T δ(φ), T δ+1(φ), . . . )) admits substitution (3.4) into the

equation vt = R̂(η(vδ, vδ+1, . . . )).

Examples of usage of difference substitutions, some of their properties, and the ways of
constructing can be found, for instance, in [10,11,12].

We note that in the definitions 3 and 4 the operator D is applied to the functions independent
on the shifts of u and v, and the operator T is applied to the functions independent on the
derivatives of u and v. This means that in these definitions there is no use of equation (1.1)
determining the operators D and T on the complete set of dynamical variables. However,
as it will be shown later, the integrals of equations (1.1) can be interpreted as substitutions
for equations (3.1) and (3.2); the appropriate arguing for equations (1.3) from the work [3] is
transferred to the case of differential-difference equations with almost no changes.

Indeed, by straightforward calculations one check easily that the differentiation ∂f commutes
with the operators D and T if ut = f [u] is the symmetry of equation (1.1). This is why the
differentiation ∂f maps each x- and i-integral of equation (1.1) again to some x- and i-integral,
respectively. On the other hand, in the work [2] it was proven that for equation (1.1) with
i-integral I of minimal order (x-integral X of minimal order) any other i-integral (x-integral)
of this equation is the function of I and a finite number of the arguments T j(I), j ∈ Z (a
function of the variable x, the minimal integral X, and a finite number of the arguments
Dj(X), j ∈ N)1. Applying this statement to the integrals ∂f (X) and ∂f (I), we obtain that

there exist the functions f̂ and ĝ such that

∂f (X) = f̂(x,X,D(X), . . . , Dn(X)), ∂f (I) = ĝ(T k(I), T k+1(I), . . . , T n(I)).

Thus, we have proven

Theorem 2. Assume equation (1.1) possesses a symmetry (3.1) (a symmetry (3.2)) and
x-integrals (i-integrals). Denote the x-integral (i-integral) of minimal order by X (by I).
Then equation (3.1) (equation (3.2)) is related by the substitution v = X(x, u, u(1), . . . , u(m))

(v = I(x, ul, ul+1, . . . , um)) with some equation of the form vt = f̂(x, v, v(1), . . . , v(n)) (vt =
ĝ(vk, vk+1, . . . , vn)).

Corollary 4. Suppose equation (1.1) is Darboux integrable, and X and I are respec-
tively its x- and i-integrals of minimal order. Then v = X(x, u, u(1), . . . , u(m)) and w =
I(x, ul, ul+1, . . . , um) are Miura type substitutions.

1In the work [2] this statement was formulated for the integrals with an explicit dependence on the discrete
variable i. However, it is easy to check that the proof is transferred with no problems to the case of the integrals
with no explicit dependence on i under the assumption that the integral of minimal order is also chosen among
the integrals with no explicit dependence on i.
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Proof. According to [4], for each Darboux integrable equation (1.1) there exists operators S =∑σ
j=0 µj[u]D

j and R =
∑r

j=0 λj[u]T
j such that ut = S(Ω) and ut = R(Θ) are symmetries of this

equations for any x-integral Ω and any i-integral Θ. It was shown in the proof of Theorem 1
in the work [1] that the coefficients µj can not depend on the shifts of u, and the coefficients
λj can not depend on the derivatives of u. Bearing in mind that each function of the form
η(x,X,D(X), . . . ) is an x-integral, and each function of the form ξ(T δ(I), T δ+1(I), . . . ) is an
i-integral, by Theorem 2 we obtain that any two equations

ut = S(η(x,X,D(X), . . . )), ut = R(ξ(T δ(I), T δ+1(I), . . . ))

admit the subsitutions v = X(x, u, u(1), . . . , u(m)) and w = I(x, ul, ul+1, . . . , um), respectively.

Theorem 3. Equation (3.2) admits the substitution v = I(x, u, u1) into the equation vt =
ĝ(vk, vk+1, . . . , vn) if and only if (3.2) is the symmetry of the equation

(u1)x = − Iu
Iu1

ux −
Ix
Iu1

. (3.6)

Proof. It is not difficult to see that I is an i-integral of minimal order for equation (3.6). This
is why if (3.2) is a symmetry of this equation, then v = I(x, u, u1) is the substitution due to
Theorem 2.

Vice-versa, if v = I(x, u, u1) is a substitution, then

Iu1T (g) + Iug = ĝ(T k(I), T k+1(I), . . . , T n(I))

by the definition of a substitution. As one can check by straightforward calculations, in
the case of the equation (3.6) the operator L defined by formula (1.6) satisfies the formula
L = I−1

u1
D(Iu1T + Iu), and hence L(g) = I−1

u1
D(ĝ) = 0.

In the same fashion one can prove that (3.1) admits the substitution v = φ(x, u, ux) if and
only if (3.1) is a symmetry of equation (1.5). Before it was shown in the work [13] that (3.1)
admits the substitution v = φ(x, u, ux) if and only if (3.1) is a symmetry of the equation
uxy = −φuuy/φux . Theorem 3 can be regarded as a difference analogue of this statement. We
observe that the absence of an explicit dependence on x in the equation vt = ĝ(vk, vk+1, . . . , vn)
is essential for this theorem.

Corollaries 3 and 4 together with Theorem 3 lead us to

Corollary 5. The formula v = I(u, u1) defines a Miura type substitution with the indepen-

dent of x coefficients λ̂j of the corresponding operator R̂ in formula (3.5) if and only if the
equation (u1)x = − Iu

Iu1
ux is Darboux integrable.

Thus, the classification of Darboux integrable equations (1.4) gives us at the same time the
complete description of Miura type difference substitutions v = I(u, u1) for equations (3.2)
with the right hand side independent of x, and to classify Darboux integrable equations (1.5)
we can employ the previously obtained results on the classification of Miura type differential
substitutions.

4. Darboux integrable equations with first order integrals

Theorem 4. Equation (1.5) is Darboux integrable if and only if by a change of variables
ũ = c(x, u) it is related with the equation

φ̃(x, ũ1, (ũ1)x) = φ̃(x, ũ, ũx), (4.1)

where φ̃(x, ũ, ũx) satisfy the relation

ũx = α(x, φ̃)ũ2 + β(x, φ̃)ũ+ γ(x, φ̃). (4.2)
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For each functions α, β, and γ

I =
(ũ2 − ũ)(ũ3 − ũ1)

(ũ3 − ũ)(ũ2 − ũ1)

is an i-integral of equation (4.1).

Proof. If equation (1.5) is Darboux integrable, then v = φ(x, u, ux) is Miura type substitution by
Corollary 4. But it was shown in [7] that each such Miura type substitution is a superposition of

a point transformation ũ = c(x, u) and the substitution v = φ̃(x, ũ, ũx), where φ̃ is determined
by relation (4.2). Applying T j to both sides of this relation and taking into consideration (4.1),
we obtain

(ũj)x = α(x, φ̃)ũ2
j + β(x, φ̃)ũj + γ(x, φ̃).

This is why for all integer k and n the formula

D(ũk − ũn) = α(ũ2
k − ũ2

n) + β(ũk − ũn) = (α(ũk + ũn) + β) (ũk − ũn)

holds true. Employing this formula, we obtain

D(I) = (α(ũ+ ũ1 + ũ2 + ũ3) + 2β) I − (α(ũ+ ũ1 + ũ2 + ũ3) + 2β) I = 0.

Thus, condition (4.2) is not only necessary but also is sufficient for Darboux integrability of
equation (4.1).

The classification of equations (1.4) also rests upon the work [7]; the following arguments
reproduce almost word-by-word those from the mentioned work.

Lemma 3. Equation (1.4) is Darboux integrable if and only if there exists a function G(u)
such that

X =
u(3)

u(1)
− 3

2

(
u(2)

u(1)

)2

+G(u)
(
u(1)
)2

(4.3)

is an x-integral of this equation.

Proof. Denote by Q the x-integral of minimal order for equation (1.4), and its order by n. By
straightforward calculations it is easy to make sure that ut = Ωux is a symmetry of equation
(1.4) for each x-integral Ω. This is why the differentiation ∂f , where f = Ωux, commutes with
the operator T , and ∂f (Q) = Q∗(f) is also an x-integral. Thus, we obtain that the operator
Q∗ ◦ ux =

∑n
j=0 zjD

j, where

zj =
n∑

k=j

Cj
kQu(k)u(k+1−j), (4.4)

maps each x-integral again to an x-integral. And this is possible only in the case when all the
coefficients zj of this operator lie in the kernel of the operator T − 1.

Let n > 1. Then according to [2] we can choose the integral Q so that it depends linearly on
u(n). In view of formula (4.4) it means that the order of zn is less than n and, therefore, zn can
not be an integral and is a function depending just on x. Since we can multiply Q by arbitrary
non-zero functions of x, without loss of generality we can assume that zn = uxQu(n) = 1. It
yields that Qu(k) is independent of u(n) for k = 2, n, and by formula (4.4) zj is also independent
of u(n) for j = 2, n. The latter means that zj = ξj(x) as j > 1. Finding now Qu(j) from (4.4),
we obtain

Qu(j) =

(
ξj(x)−

n∑
k=j+1

Cj
kQu(k)u(k+1−j)

)
u−1

x , 1 < j < n. (4.5)

Taking into account Qu(n) = u−1
x and consequently finding Qu(n−1) , Qu(n−2) , . . . by formula (4.5),

we obtain that Qu(j) is independent of u(l) for all l > n− j + 1 and j > 1.
Let us prove now that n ≤ 3. In order to do it we suppose the opposite and consider

separately the case of even and odd n > 3.
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Let n = 2m and m > 1. In this case formula (4.5) gives

Qu(m+1) = −Cm+1
n u(m)u−2

x + g(x, u, ux, . . . , u
(m−1)),

Qu(m) = −Cm
n u

(m+1)u−2
x + h(x, u, ux, . . . , u

(m)),
Qu(m)u(m+1) = −Cm+1

n u−2
x = −Cm

n u
−2
x .

But it is not difficult to check that the identity Cm+1
n = Cm

n can hold true only for odd n.
In the same way, as n = 2m− 1 and m > 2 we have

Qu(m+1) = −Cm+1
n u(m−1)u−2

x + g(x, u, ux, . . . , u
(m−2)),

Qu(m−1) = −Cm−1
n u(m+1)u−2

x + h(x, u, ux, . . . , u
(m)),

Qu(m−1)u(m+1) = −Cm+1
n u−2

x = −Cm−1
n u−2

x ,

while at the same time Cm+1
n = Cm−1

n is valid only for even n.
Thus, n ≤ 3, and to complete the proof it remains to treat independently the cases n = 1, 2,

and 3.
For n = 3, as it was shown above, Q = u(3)

u(1) + g(x, u, u(1), u(2)). In view of this, the formulas

for the coefficients zj of the operator Q∗ ◦ u(1) become

z0 = D(Q)− gx,

z1 = 2
u(3)

u(1)
+ 2u(2)gu(2) + u(1)gu(1) ,

z2 = 3
u(2)

u(1)
+ u(1)gu(2) .

The relation z2 = ξ(x) gives us

g = −3

2

(
u(2)

u(1)

)2

+ ξ
u(2)

u(1)
+ h(x, u, u(1)).

Substituting the found g into the expression for z1 and z0, we obtain

z1 = 2Q− 2h+ u(1)hu(1) − ξ
u(2)

u(1)
⇒ (T − 1)

(
2h− u(1)hu(1) + ξ

u(2)

u(1)

)
= 0 ⇒

⇒ ξ = 0, 2h− u(1)hu(1) = η(x);

z0 = D(Q)− hx ⇒ (T − 1)(hx) = 0 ⇒ hx = ζ ′(x) ⇒ h = ζ(x) + ĥ(u, u(1)).

Finally we arrive at the equation u(1)ĥu(1) = 2ĥ+2ζ(x)+ η(x), which implies 2ζ(x) + η(x) = c,

ĥ = G(u)
(
u(1)
)2 − c/2. Thus, as n = 3, equation (1.4) should possesses an integral (4.3).

For n = 2 similar arguments imply that among all integrals of the minimal order there should

be an the integral Q = u(2)

u(1) + C(u)u(1). But then D(Q)−Q2/2 reads as (4.3).
If an x-integral is of the first order, then in accordance with [4] the Laplace invariant

H0 = auux + aT−1(au1ux) of equation (1.4) must vanish. Applying T−1 to both sides of (1.4),
we obtain T−1(ux) = ux/T

−1(a). In view of this,

H0 = ux

(
au + aT−1

(au1

a

))
= 0.

Differentiating the last relation w.r.t. u−1, we obtain (ln(a))u1u = 0 and, therefore, a =
ξ(u1)η(u). Substituting it into the expression for H0, we get

η′(u)ξ(u) + η(u)ξ′(u) = 0 ⇒ ξ(u) =
c

η(u)
, a = c

η(u)

η(u1)
.

Thus, for any equation (1.4) possessing a first order x-integral the relation D(ζ(u1)−cζ(u)) = 0
holds true, where ζ ′(u) = η(u). But in this case (1.4) possesses the integral

X =
D3(ζ(u))

D(ζ(u))
− 3

2

(
D2(ζ(u))

D(ζ(u))

)2

,
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which, as one can check easily, reads as (4.3).

Theorem 5. The equation (ũ1)x = ã(ũ, ũ1) ũx is Darboux integrable if and only if by the
change of variables ũ = ξ(u) it is obtained from the equation

(u1)x = − Iu(u, u1)

Iu1(u, u1)
ux,

where for I there exist functions α, β, and γ such that

u1 = α(I) +
β(I)

γ(I)− u
, β 6= 0. (4.6)

Proof. By Lemma 3, the equation (ũ1)x = ã(ũ, ũ1) ũx is Darboux integrable if and only if it has
an x-integral of the form

X̃ =
ũ(3)

ũ(1)
− 3

2

(
ũ(2)

ũ(1)

)2

+G(ũ)
(
ũ(1)
)2
.

Under the change of variables ũ = ξ(u), this integral becomes the integral

X =
u(3)

u(1)
− 3

2

(
u(2)

u(1)

)2

+

(
ξ′′′(u)

ξ′(u)
− 3

2

(
ξ′′(u)

ξ′(u)

)2

+G(ξ(u))(ξ′(u))2

)(
u(1)
)2
,

and we can choose ξ so that the coefficient at (u(1))2 vanishes. For such choice of ξ the equation
(u1)x = a(u, u1)ux obtained under the change of variables ũ = ξ(u) possesses the x-integral

X =
u(3)

u(1)
− 3

2

(
u(2)

u(1)

)2

. (4.7)

Denote an i-integral of this equation by I(u, u1). Since I, u, and u1 are functionally dependent,
we can express u1 as u1 = θ(u, I). Successively differentiating this expression, we obtain

D(u1) = θuu
(1), D2(u1) = θuu

(
u(1)
)2

+ θuu
(2),

D3(u1) = θuuu

(
u(1)
)3

+ 3θuuu
(1)u(2) + θuu

(3).

These formulas and (4.7) imply that

T (X) = X +

(
θuuu

θu

− 3

2

(
θuu

θu

)2
)(

u(1)
)2 ⇒

(
θuu

θu

)
u

=
1

2

(
θuu

θu

)2

.

The solution of the last equation gives us formula (4.6).

5. Equations with second order integrals admitting non-point invertible
transformations

Suppose the equation (1.1) can be written as

ϕ(x, u1, (u1)x) = ψ(x, u, ux), (5.1)

where the functions ϕ(x, y, z), ψ(x, y, z) satisfy the condition ϕyψz − ϕzψy 6= 0. Then we can
rewrite (5.1) as the system

v = ϕ(x, u, ux), v1 = ψ(x, u, ux), (5.2)

express by this system u, ux in terms of v, v1, and obtain

u = p(x, v, v1), ux = q(x, v, v1). (5.3)

System (5.3) is equivalent to the equation

D(p(x, v, v1)) = q(x, v, v1), puqu1 − qupu1 6= 0. (5.4)
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Thus, the substitution v = ϕ(x, u, ux) maps solutions of equation (5.1) into those of (5.4), and
the transformation u = p(x, v, v1) maps the solutions of equation (5.4) back to solutions of
(5.1). The described transformations were suggested in the work [10], and it was shown in the
work [14] that the equations (1.1) admitting invertible non-point transformations are exhausted
by the equations of the form (5.1) and (5.4).

Lemma 4. A Darboux integrable equation (5.1) possessing a second order x-integral is re-
duced to the Darboux integrable equation

(v̂1)x + g(x, v̂1) = v̂x + g(x, v̂) (5.5)

by a superposition of the transformation v = ϕ(x, u, ux) and a change of variables v̂ = ĉ(x, v).

Proof. Denote by X(x, u, u(1), u(2)) an x-integral of equation (5.1). We rewrite this integral
as X = φ(x, u, ϕ(x, u, ux), D(ϕ(x, u, ux))). Since T (φ(x, u, ϕ,D(ϕ)) = φ(x, u1, ψ,D(ψ)), the
relation T (φ) = φ can hold only if φ is independent of its second argument (φu = 0). Finding
(v1)x (i.e., D(ψ)) from (5.4), we get the expression

(v1)x = a(x, v, v1)vx + b(x, v, v1). (5.6)

In view of it, the formula T (φ) = φ casts into the form

φ(x, ψ, a(x, ϕ, ψ)D(ϕ) + b(x, ϕ, ψ)) = φ(x, ϕ,D(ϕ)).

Since the functions x, ϕ, ψ, D(ϕ) are functionally independent, the last relation holds true if
and only if

φ(x, v1, a(x, v, v1)vx + b(x, v, v1)) = φ(x, v, vx) (5.7)

holds true identically for arbitrary x, v, v1, vx, i.e., when φ(x, v, vx) is an x-integral of (5.4).
In a similar way, using formula (5.3) and substituting p(x, ϕ, T (ϕ)) instead of u in

the i-integral I(x, u, u1, . . . , um) of equation (5.1), we obtain I(x, p, p1, . . . , pm), where
pj = p(x, T j(ϕ), T j+1(ϕ)). Due to (5.4) the formula

D(I) = Ix +
m∑

j=0

Ipj
q(x, T j(ϕ), T j+1(ϕ)) = 0 (5.8)

is valid. We can write ψ as η(x, u, ϕ), and η must depend on its second argument due to the
functional independence of x, ϕ, and ψ. This is why T 2(ϕ) = T (ψ) = η(x, u1, ψ) depends on u1,
and T j(ϕ) for j > 1 does on uj−1. Thus, x, ϕ, T (ϕ), . . . , Tm+1(ϕ) are functionally independent,
and (5.8) can hold true if and only if the relation

Ix(x, p(x, v, v1), p(x, v1, v2), . . . , p(x, vm, vm+1))+

+
m∑

j=0

Ipj
(x, p(x, v, v1), . . . , p(x, vm, vm+1)) q(x, vj, vj+1) = 0

hold true identically for each x, v, v1, . . . , vm+1. And this means that the expression
I(x, p(x, v, v1), . . . , p(x, vm, vm+1)) determines an i-integral of equation (5.4). In this way, equa-
tion (5.4) is Darboux integrable.

It is easy to see that a 6= 0, since in the case a = 0 relation (5.7) can not be satisfied.
Differentiating (5.7) w.r.t. v1, we obtain

T (φv) + (av1vx + bv1)T (φvx) = 0.

Applying T−1 to both sides of the last formula, we arrive at the relation

φv +

(
T−1

(av1

a

)
vx + T−1

(
bv1 − av1

b

a

))
φvx = 0.

Since φ is independent of v−1 and v1, the coefficient at φux in the last equation can depend only
on x, v, vx, and the solution to this equation reads as φ = θ(x, ξ(x, v)vx + µ(x, v)). Thus, as
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an x-integral of equation (5.4) one can choose ξ(x, v)vx + µ(x, v), and, therefore, the equation
reads as

ξ(x, v1)(v1)x + µ(x, v1) = ξ(x, v)vx + µ(x, v).

By the change of variables v̂ = ĉ(x, v), where ĉv(x, v) = ξ(x, v), the last equation is reduced to
(5.5).

By Corollary 4 equation (5.5) is Darboux integrable only if w = v̂x +g(x, v̂) is the Miura type
substitution. But it was proven in the work [7] that each such substitution can be represented
as a composition of a point transformation ṽ = λ(x)v̂+ η(x), x̃ = τ(x) and one of the following
differential substitutions, w = ṽx̃ + ṽ2, w = ṽx̃ + eṽ, w = ṽx̃ + eṽ + e−ṽ or w = ṽx̃. Thus, by a
composition of the transformation v = ϕ(x, u, ux) and a point change of variables ṽ = c(x, v),
x̃ = τ(x) a Darboux integrable equation (5.1) possessing second order x-integral is reduced to
one of the following equations

(ṽ1)x̃ + ṽ2
1 = ṽx̃ + ṽ2, (5.9)

(ṽ1)x̃ + eṽ1 = ṽx̃ + eṽ, (5.10)

(ṽ1)x̃ + eṽ1 + e−ṽ1 = ṽx̃ + eṽ + e−ṽ (5.11)

(the case of the equation (ṽ1)x̃ = ṽx̃ does not realize, since it is impossible to obtain equation
(5.4) with q = 0 under transformation (5.2)). Thus, having made the inverse transformation
ũ = ṽ1 − ṽ of the above equations (all of them read as D(p̃(x, ṽ, ṽ1)) = q̃(x, ṽ, ṽ1) with p̃ =
ṽ1 − ṽ), we can “restore” the complete list of Darboux integrable equations (5.1) with second
order x-integrals from equations (5.9) – (5.11)1. It remains just to show that making the used
sequence of the transformations (the superposition of transformation v = ϕ(x, u, ux) for (5.1),
a point change ṽ = c(x, v), x̃ = τ(x) for (5.4), and the inverse transformation ũ = p̃(x, ṽ, ṽ1)),
we obtain the equation related with (5.1) by a point change of variables.

It is obvious that a superposition of a point change of variables ṽ = c(x, v) (which maps
equation (5.4) into the equation D(p̃(x, ṽ, ṽ1)) = q̃(x, ṽ, ṽ1)) and the invertible transformation
ũ = p̃(x, ṽ, ṽ1) is an invertible transformation. But it was shown in [14] that each invertible
transformation ũ = f(x, v, v1) of equation (5.4) is a superposition of the transformation u =
p(x, v, v1) (mapping (5.4) into (5.1)) and a point change ũ = ζ(x, u) in equation (5.1). Also by
a direct check one can make sure that if one makes the same change x̃ = τ(x) in both equations
(5.1) and (5.4) related by transformations (5.2) – (5.3), then the obtained pair of equations is
also related by the corresponding them transformations (5.2) – (5.3). Thus, the used sequence
of the transformations is equivalent to a point change of the variables ũ = ζ(x, u), x̃ = τ(x)
in equation (5.1). Having “corrected” the result of this sequence of transformations by an
appropriate point change (i.e., employing the transformation ũ = ln(ṽ1 − ṽ) for equation (5.9)
instead of ũ = ṽ1 − ṽ, ũ = ln(eṽ1−ṽ − 1) for (5.10), and ũ = eṽ1−ṽ for (5.11)), we arrive at the
following statement.

Theorem 6. Up to a change of variables ũ = ζ(x, u), x̃ = τ(x), Darboux integrable equations
(5.1) possessing second order x-integral are exhausted by the following equations (they are given
together with their x- and i-integrals):

(u1 − u)x = eu1 + eu, X = 2uxx − u2
x − e2u, I = (1 + eu1−u2)(1 + eu1−u);

(u1)x = (eu1 + 1)ux, X =
uxx

ux

− ux, I = eu + eu−u1 ;

T (ϕ) = uϕ, X =
1 +D(ϕ)

ϕ
+ ϕ, I =

(u1u− 1)(u2u1 − 1)

(u1 − 1)(u2u1u− 1)
,

1Moreover, in work [5] i-integrals for equations (5.9) – (5.11) were found. It allows one to recalculate the
integrals in new variables under the transformation and immediately find them for the transformed equations.
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where ϕ is a solution to the equation

uϕ2 +
ux

u− 1
ϕ− 1 = 0.

The first of the equations listed in the theorem was obtained in the work [4], the second is a
particular case of the equation

(w1)x = w1wx

√
δw2

1 + εw1 + δ

δw2 + εw + δ
(5.12)

found in the work [14] (as ε = −2δ, it is related with (5.12) by the point change u = ln(w−1)).
The third equation is likely new.

Lemma 5. By the superposition of the transformation ṽ = p(u, u1) and a point change of
variables v = c(ṽ), a Darboux integrable equation (1.9) possessing an i-integral Ω(u, u1, u2) is
reduced to the equation

(v1)x =
λv1 + µ

v(v − λ)
vx. (5.13)

We observe that equation (5.13) is just another expression of equation (5.12), since (5.12) is re-
lated with (5.13) as δ = λ2 and ε = 2λ2+4µ by the change of variables w = (λv + µ)/(v2 − λv).

Proof. Arguing as in the proof of Lemma 4, we obtain that transformation ṽ = p(u, u1) maps
the equation into a Darboux integrable equation possessing first order i-integral Ĩ(ṽ, ṽ1). This
is why the transformed equation reads as (ṽ1)x = a(ṽ, ṽ1)ṽx and by Theorem 5 a point change
v = c(ṽ) maps it into the equation (v1)x = − Iv

Iv1
vx, where I(v, v1) is determined by relation

(4.6).
On the other hand, the result of the transformation v = c(p(u, u1)) should read as

ϕ(v1, (v1)x) = ψ(v, vx), and the right hand side F (v, v1, vx) in the expression of this equa-
tion in the form of (1.1) should satisfy the condition (Fv/Fvx)v1 = 0. For the equation we are
interesting in, this condition is written as (ln(Iv/Iv1))vv1

= 0. We rewrite this condition in terms
of the function θ(v, z) related with the integral I by the identity v1 = θ(v, I). Differentiating
the last identity w.r.t. v and v1 yields Iv = −θv/θz and Iv1 = θ−1

z , respectively. This is why(
ln

(
Iv
Iv1

))
vv1

= (ln(θv))vv1
=

(
θvv + θvzIv

θv

)
v1

=

(
θvv

θv

− θzv

θz

)
z

Iv1 = 0.

Thus, θ should satisfy the relation
(
ln
(

θv

θz

))
vz

= 0. Substituting there the right hand side of

the formula (4.6) for θ, we obtain

(α′′β′ − α′β′′)(γ − v)2 + 2β(α′γ′′ − α′′γ′)(γ − v) + β(β′γ′′ − β′′γ′ − 2α′(γ′)2) = 0.

This identity can hold true only in one of the following three cases:
1) α′ 6= 0, β′ = λα′, γ′ = 0;

2) α′ = 0, β′ 6= 0, γ′ = λ̃β′;
3) α′ = 0, β′ = 0.

Finding I from relation (4.6) in each of theses three cases, we can write down the corresponding
equations (v1)x = − Iv

Iv1
vx. By appropriate shifts and scales of the variable v we remove there

unnecessary constants and obtain the following list of equations:

(v1)x =
λv1 + µ

v(v − λ)
vx, |λ|+ |µ| 6= 0; (v1)x =

(λ̃v1 − 1)v1

v − µ̃
vx; (v1)x = v2

1vx.

As λ = 0, µ = 1, by the change of variables v → v−1 the first equation is mapped into the
third equation, and as λ 6= 0, it is mapped into the second equations with λ̃ = −µ/λ and
µ̃ = λ−1. This is why we can exclude the first equation from the consideration, and for the
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second equation we can consider just the case µ̃ = 0. Substituting λ̃−1 + (v − λ̃)−1 into the

second equation instead of v, as µ̃ = 0 and λ̃ 6= 0, we arrive at equation (5.13) with µ = 0 and

λ = λ̃ (the case µ̃ = λ̃ = 0 does not realize since the corresponding equation does not admit
transformations (5.2) – (5.3)).

Arguing exactly in the same way as in the proof of Theorem 6, by Lemma 5 we obtain the
following statement.

Theorem 7. Each Darboux integrable equation (1.9) possessing an i-integral Ω(u, u1, u2) is
related with the equation

(ũ1 − ũ)x = ±
√
δe2ũ1 + εeũ1+ũ + δe2ũ (5.14)

by a point change of variables ũ = ζ(u), where the constants δ and ε satisfy the condition
|δ|+ |ε| 6= 0.

Equation (5.14) was obtained before in the work [5], where it was shown that it is Darboux
integrable for all values of the constants δ and ε.
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