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NONLINEAR HYPERBOLIC DIFFERENTIAL EQUATIONS
RELATED WITH THE KLEIN-GORDON EQUATION BY
DIFFERENTIAL SUBSTITUTIONS

M.N. KUZNETSOVA

Abstract. We present a complete classification of nonlinear hyperbolic differential equa-
tions in two independent variables g, = f(u, u., uy) reduced to the Klein- Gordon equation
Uyy = F(v) by the substitutions of the special form v = p(u, uy).

Keywords:nonlinear hyperbolic equations, differential substitution, Klein-Gordon equa-
tion.

1. INTRODUCTION

In the present paper we consider nonlinear hyperbolic equations of the form

Uzy = fu, Uy, uy). (1.1)
The differential substitutions are widely used for studying the integrability of nonlinear dif-
ferential equations. Sometimes, by the help of differential substitutions one succeeds to get
a solution to an equation from a solution to another well-studied equation. The distinctive
feature of the integrability of an equation is the existence of the symmetries. In the paper [1],
it was proven that the nonlinear Klein-Gordon equation

Vgy = F(v) (1.2)

possesses generalized symmetries if and only if it is equivalent either to Liouville equation

Uyy = €XP U, (1.3)
or to Sine-Gordon equation
Uy = sinw, (1.4)
or to Tzitzeica equation
Uy = €Xp v + exp(—20). (1.5)

In the present paper we describe a class of nonlinear hyperbolic equations related to the
Klein-Gordon equation by differential substitutions of a special form. In order to formulate the

rigorous statements we mention the following. Since by u we denote any solution to equation
(1.1), all the mixed derivatives are expressed via

Uy Ug, Uy, Ugg, Uy, .. (1.6)

due to equation (1.1)) and its differential consequences and are excluded from all the expressions.
At that variables (1.6)) are regarded as independent ones since they can not be expressed one
via another by employing equation (1.1)) and its differential consequences.
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Definition 1. The relation

ou J"u Ou 0™ u
U—@(U,%,...,%,a—y,...,ay—m) (17)

is called a differential substitution from equation (1.1)) into the equation
Uy = G(V, Vg, V) (1.8)

if for each solution u(x,y) of equation (1.1)) function (1.7)) satisfies equation (1.8]).

Before we proceed to the detailed description of the essence of this work, we mention briefly
some publications devoted to the differential substitutions. As it is known ( [2-4]), one of the
integrability criteria for a nonlinear equations is the breaking on both sides the sequence of
Laplace invariants of its linearization. Such equations are usually referred as the equations
of Liouville type. In the works [5,|6] there were described the properties of the generalized
Laplace invariants for nonlinear equations possessing differential substitutions. Omne of the
most complete surveys devoted to the Liouville type equations is the work [7]. One should
also mention the work [8], which was devoted to nonlinear hyperbolic equations possessing
symmetries of the third order. We mention here exactly these works also because they contain
a rather great number of the examples of the differential substitutions relating pairs of nonlinear
equations.

The differential substitutions can be partial cases of Bécklund transformation (see, for in-
stance, [9]). In the paper [10] they described the pairs of nonlinear equations like (1.1)), whose
linearization are related by the first and second order Laplace transformation, and for each such
pair the corresponding Backlund transformation was constructed.

The aim of the present work is to describe all nonlinear hyperbolic equations ((1.1)) which can
be reduced by the differential substitutions

v = @(u,u,) (1.9)

to Klein-Gordon equation . In other words, the problem is to determine the functions f,
v, and F.

The complete list of the required equations and differential substitutions is given in the
second section. The third section is devoted to the proof of the main result. The last section is
devoted to a in some sense “inverse” problem, which is the description of equations being
reduced to equation by the differential substitutions

u = 1Y(v,vy) (1.10)

Moreover, for partial pairs of the equations we construct Backlund transformations relating
their solutions.

2.  CLASSIFICATION OF THE EQUATIONS BEING REDUCED TO KLEIN-(GORDON EQUATION

The main result of the work is the following statement.
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Theorem 1. Let equation (1.1) be reduced to Klein-Gordon equation (1.2) by differential
substitution (1.9). Then equations (1.1), (1.2) and substitution (1.9)) up to point transforma-
tions u — O(u), v = k(v), x = &x, y — ny, where & and n are constant cast into the form

Uy = uF' (F7 (ug)),  vay = F(v), v=F"(uy); (2.1)
Ugy = sinur/1 —u2, vy =sinv, v =u+ arcsinuy; (2.2)
Uy = €expuy/1+u2, v, =expv, v=u+In (ux + 1+ u%) ; (2.3)

_ V2 Vey = F(v), v =s(uy); (2.4)

/U/xy - S/(ux)’

¢ — Uypy (u, uy)
Uy = (,Ouj(u, Um) y Uy = 07 U= QO(U, ur);

Uzy = g (V(u, uy) — uya’ (),  vay =expv, v =a(u)+Inu;

2.5

Usy = U (Y (u, uy) — uyad! (W), Vg =0, v =a(u)+nu,;

(2.5)
(2.6)
(2.7)
Upy = U, Vgy =0V, U= ClUF Colly; (2.8)
Uy = 0(Uy), Uy =1, v =cru+ coty. (2.9)
Here ¢ is an arbitrary constant, ¢; and co are so that (c1, c2) # (0,0), the function ¢ satisfies the
condition (Yy,Vy,) # (0,0). In case (2.4) the functions s and F' are connected by the relation
s’(ux)F(s(ux)) = 1; in case (2.6) the functions v and a satisfy the identity
77Z)u + Wbuy - O/uyqu)uy = expq,
and in case (2.7)) to the identity
wu + ¢wuy - O‘/uywuy = 0;
in case (2.9) the function 0 is a solution to the ordinary differential equation §(ci + c2d’) =
Let us dwell on in detail on some of the obtained equations.
Case (2.1). As F(v) = expv, we get the equation
Uy = Uly, (210)
which is reduced by the differential substitution v = Inw, to Liouville equation (1.3)). The
third order symmetries, integrals and the general solution to equation (2.10]) can be found, for
instance, in [§].
As F(v) = sinv, we obtain the equation

Ugy = uy/1 — u2, (2.11)
being reduced by the differential substitution v = arcsin u, to Sine-Gordon equation ([1.4]). The

symmetries of equation (2.11)) are given in [3].
As F(v) = expv + exp(—2v), by point changes we arrive at the equations

Ugy = 3ub(uy). (2.12)
Here the function b is determined by the condition (2u, + b)*(u, — b) = 1. The differential
substitution v = —%ln(ux — b(ux)), reducing equation (2.12)) to Tzitzeica equation ([1.5)), is

known (see [7]).
Case (2.2). The equation u,, = sinuy/1 — u2 possesses third order symmetries [§].

Case (2.3). The integrals and general solution to the equation wu,, = expu\/1 + u2 can be
found, for instance, in [§].
Case (2.4). As F(v) = v, we obtain a known Giirses equation

Uy = 24/Uylly, (2.13)
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being reduced by the substitution v = +/2u, to Helmholtz equation v,, = v. Equation ({2.13])
possesses third order symmetries (see [§]).
As F(v) = sinv, we arrive at the S—integrable equation [§]

Ugy = \/2uy/ 1 — U2, (2.14)

being reduced by the substitution v = arccos(—u,) to Sine-Gordon equation ([1.4]).
If F(v) = expw, then the equation

Ugy = Ugr/ 2U 2.15
Yy Yy

is reduced by the transformation v = Inu, to Liouville equation ([1.3)). The symmetries, inte-
grals, and general solution for (2.15) can be found in [8].

The equation obtained as F'(v) = exp v + exp(—2v), which after point change can be written
as

Ugzy = \/%a(ux)v (216)

is also of interest. Here the function a is determined by the relation 2(a + 2u,)*(a — u,) = 27.

The differential substitution
1 2a(uyg) — 2u,
v=——In| ———
2 3

transforms the solution to equation (2.16|) to that of Tzitzeica equation ([1.5). It should be
noticed here that equation (2.16) and the last substitution are given in the work [11]. This

substitution allows one to construct generalized symmetries of equation (12.16|).
c—Uypu (u,uz)

Case (2.5). The equation u,, = as ¢ = 0 possesses z-integral W = p(u, u,); as

Souz(u?uit)
¢ # 0 it does z-integral W = ¢, Uz + ©uliy.
Case (2.6). After the change v — v + In2¢;, o — a + In2c as

Y = c; exp(—u) + ¢z exp(u) + u,, @ = u we obtain the equation
Uy = Uy (1 exp(—u) + o exp(u)), (2.17)

which is reduced by the substitution v = w +1Inu, to the Liouvill equation v,, = 2coexpv. The
symmetries, integrals, and general solution for (2.17)) can be found in [§].
Next, as a(u) = u, we arrive at the equation

” _ eXp(u) - %(U, uy)
T ()

with y-integral W = v(u, u,) — exp u.
In a general case the first equation ([2.6)) possesses y-integral

2

V_V = wuyuyy —I— ¢uuy — 7

and x-integral

Ugre 3 uix " 0/2 (u) 2
W = w —§u—%+(a(u)— B Uy,

Case (2.7). Equation ([2.7)) possesses the integrals
W ="+ uu, W=1v(uu,).

All aforementioned equations possessing the integrals are contained in the list of Liouville type
equation given in the survey [7].
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3. PROOF OF THE MAIN RESULT

In order to prove Theorem 1 we make the following transformations. We substitute function

(1.9) into equation ((1.2), taking into consideration formula (|1.1)),
(Puutis + Puuy sz ) Uy + Puf + (Pusulle + Pupu,Uzs) f+

Since the variables u, u,, u,, and u,, are independent and all the function appearing relation
(3.1) are independent of u,,., the last identity is equivalent to the following system

(3.1)

Puulg Uy + ouf + @uuzuxf + Souzfuu:v + (puzfuyf = F(@)

Integrating the first equation (3.2)) w.r.t. the variable wu,, we arrive at the system
Pully + quzf = Q/)(uv uy)v Ux% + (Spu + Souzfuy)f = F(SO) (3'3)

Thus, original problem (1.1)), (1.2)), (1.9)) is reduced to the studying of system (3.3). By the
first relation in (3.3) we determine the right hand side of equation ([1.1)),

1/1 — UyPuy
f=—2 (3.4)
(Ipux
We substitute function (3.4) into the second identity in (3.3)),
We apply the operator #;uy to both sides of relation (]3.5]
Yy (Putia) ,, = Pune (P, 1), = 0- (3.6)

Identity (3.6) is valid if one of the following conditions

Yuuy, =0,  Puu, =0, (3.7)
Vuu, = 0, (¢uyuy)uy =0, (3.8)
Pune =0, (Punua), =0, (3.9)
Vuuy Puu, 7 0 (3.10)
holds true.
We observe that if (gouxux)uz =0 and (wuyuy)uy =0, then

o =c1(u)Inu, +c3(u), ¥ =co(uw)Inuy, + cs(u).

It is easy to see that this case is partial for (3.8]), (3.10]).
Let us show now that the requirement (3.10)) leads one to condition (3.7)). Indeed, in accor-
dance with relation (3.6)) we have

(Puott),  (Yu,uy),

- . (3.11)
SDU'UAQC r(/)uuy
Since the variables u,, u, are independent, identity (3.11)) is equivalent to the system
(cpuf‘” um) U (’l/)uy uy) Uy
—— =qa(u), — =a(u).
(puuz wUUy

Let a # 0, then
(cpuxuz)ux = o(u) Py, , (@Duyuy)uy = o(u) Yy, - (3.12)
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Integrating each equation in system (3.12]), we determine the functions ¢ and 1,

o= AMu) +h(k(wug), = p(u)+ H(x(uw)uy). (3.13)
Requirement (3.10]) implies " # 0. Let us return now to formulas (1.1) and (3.4) which give
u:vy = 77Z) — uysau
spuac

or
Pug Uy + UyPu =Y.

The last relation means that D(yp) = v, where D denotes the operator of total differentiation

w.r.t. the variable y. Substituting here functions (3.13)), we obtain

D()\(u) + h(m(u)ux)> = pu(u) + H (k(u)uy).

In the last identity we make the point change

which casts it into the form
D(x(U) + nU,))

Introducing the functions ¢(U,U,) = x(U) + h(U,), ¥ (U, U,)
case to case (3.7]).

If o = 0, relations (3.12)) give

I
==
=

_l’_
=
<

6(U) + H(U,), we reduce this

¢ =h(u)Inu, +€e(u), ¥ =H(u)lnu, +d(u). (3.14)
We substitute functions (3.14)) into identity (3.5),
H
(H'Inu, +&)h+ (Hlnu, +6)— — (W' Inu, + €)H = iF(hlnuw +€).
Uy Uy

It follows H = 0 that contradicts to the condition v, # 0. Case (3.10)) is completed.
Let us proceed to the description of equations (1.1)), (1.2) and the differential substitutions
relating their solutions in cases (3.7) — (3.9). The following statement holds true.

Lemma 1. Suppose condition (3.7). Then equations (1.1), (1.2) and substitution (1.9)) up
to the point transformations u — 0(u), v — k(v), x — {x, y — ny, where & and n are constant,
cast into the form

e1 — uyq ()

Ugy = W, Uy =0, v =q(u)+ s(uy); (3.15)
_ 9" (u) _ e ,
Ugy = Uy | g(u) —uy 7 ) Uy = expu, v =Ing(u)+Inuy,; (3.16)
Uy = uF' (F (ug)),  vey = F(v), v=F"(uy); (3.17)
Upy = U, Vgy =0V, U= CLUF Colly,; (3.18)
Upy = sinuy/1 —u2, v, =sinv, v =u+ arcsinuy,; (3.19)
Ugy = Uy (01 exp(—u) + co exp(u)), Ugy = 2c2€xpv, v =u+Inuy; (3.20)
Uzy = exp(u)y/1 +u2, vy =exp(v), v=u-+In (ux ++14+ u%) ; (3.21)

\/%, Uy = F(v), v=>95(uy); (3.22)

U:cy - SI (ux)
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=0, v, =0, v=u+s(uy); (3.23)

Uy) — CUy)C
Upy = (p( v) y) 3, Upy = C3, U =cu-+ %ux. (3.24)
Cq C3

Here ¢y, co are arbitrary, and c, cs, ¢4 are non-zero constant. The functions S and p satisfy
the equations S'(u,)F (S(u.)) =1 and p'(uy) (p(uy) — cuy) = ca, respectively.

Proof. Suppose condition (3.7)), then

¢ =q(u) +s(us), ¢ =g(u)+plyy). (3.25)
We substitute functions into relation (|3.5)),
ugs' (ue)g'(w) + (g(w) + pluy))p (uy) — uyp (uy)q () = 8" (us) F(g(u) + s(us)). (3.26)

Due to the independence of u, and w,, identity (3.206]) is equivalent to the system
P (uy) (uyd' (w) — g(u) — pluy)) = Mu), ' (uy)(usg' (u) — Fq(u) + s(uy))) = Au).  (3.27)

Let us consider the case

q"(u) # 0. (3.28)
It follows from condition (3.28]) that ¢’'(u) # 0. Let
Au) = 0, (3.29)

then p(u,) = c3, where c3 is an arbitrary constant. Moreover, addressing the second identity in
(13.27), we have

F(q(u) + s(ug)) = uzg' (w). (3.30)
We differentiate the last identity w.r.t. the variables u and u,,
F'(q(u) + s(uz))q'(u) = ueg”(w),  F'(q(u) + s(uz))s'(us) = ¢'(u). (3.31)

As F’ = 0, employing relations ({3.31)), we get that ¢’(u) = 0 and F' = 0. Then ¢ = ¢; and
¢ = q(u) + s(u,), and we arrive to equations ([3.15]).
If F' # 0, then it follows from (3.31)) that
1 g"(u)
s'(us)uy — q'(u)g'(u)

=c#0.
It yields
1
s(uz) = —In(erug),  g'(u) = exp(cq(u) + cz).
We substitute the functions s and ¢’ into formula ([3.30)),
F(q(u) + s(ux)) = U, exp(cq(u) + 02) =

— exp (c (q(u) + %ln(clu) - %m cl> + 62) _

= exp <c(q(u) + s(ug)) + 3 — In cl>.
The last relation means that
F(v) =exp(cv+cy—Ine).

Hence, we arrive at the equations

1 ¢"(u) 1 1
Uzy = CUy | g(u) — e 7)) v =
Vpy = exp(cv + ¢y —1n cl).
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After the change cv + ¢ — Inc¢; — v the obtained equations become

g"(u) , 1
xy — UWx 5 =1 | T —Vgpy — .
Uy = U <cg(u) Uy o) v=Ing'(u)+Inu Cv y = €Xp v

The change cg(u) — g(u) transforms the last system to

_ 9" (u)
Ugy = Ug (Q(U) Uy 7 (w)
And, finally, the shift transformation v + In ¢ — v lead us to equations ({3.16]).
It is easy to show that the case A # 0 is not realized.
Consider now the case ¢'(u) = ¢ that implies

) ,v=Ing(u) —Inc+Inu,, vy =exp(v+Inc).

q(u) = cu+ cs. (3.32)
We substitute function (3.32)) into the last relation (3.27]),
P'(uy) (cuy — g(u) = pluy)) = A(w). (3.33)
As ¢'(u) # 0, identity (3.33) follows
P (uy) = c. (3.34)

If ¢; = 0, then by (3.33) we get A(u) = 0 and p(u,) = 2. And addressing the second identity

in (3.27), we obtain
uzg'(u) = F(cu+ s(uy) + c3).

The change s(u,) + ¢3 — s(u,) gives
uzg' (u) = F(cu+ s(uy)). (3.35)
Let ¢ = 0, then functions and relation cast into the form
b= glw)t o =), g (u) = F(s(u,)).
The change g(u) + c2 — g(u) leads to the formulas
v=g(u), ¢=su), ug(u)=F(s(u)). (3.36)

Due to the independence of the variables u, u, and the restriction ¢’(u) # 0, by the latter
identity (3.36)) we conclude that ¢'(u) = ¢4 # 0, which yields

g(u) = cqu + cs. (3.37)
We substitute function (3.37)) into the last relation in (3.36]),
F(s(ux)) = Cqlly. (3.38)

Employing relation (3.38)), we determine the function s,
s(uz) = F~ 1 (cquy).
In this way we arrive at the equations
C4U + Cy

Ugy = , U:Fflcum, Vo = F (V).
Y (F_I(C4u$))/c4 (4 ) Y ()

By the scaling transformation c,u — u and the shift of the variable u + ¢; — u we reduce the

equations to (3.17)).
Next we suppose that ¢ # 0. Differentiate identity (3.35)) w.r.t. the variables u and wu,

independently,

uzg" (u) = cF'(cu + s(uy)), (3.39)
g'(u) = 5" (uz) F' (cu + s(uy)). (3.40)



94 M.N. KUZNETSOVA

We exclude the function F” from relations and ,
g'w)
g'(u) Uy 8 (Uy)
Due to the independence of u and u,, the last identity is equivalent to the system

%%g:m Jﬁ@jzm a #0. (3.41)

Integrating equations w.r.t. the variables u, u,, respectively, we obtain
g(u) = éexp(ozu +5)+6, s(uy) = gln('yux). (3.42)
We substitute functions into (3.35),
F(cu+ s(uy)) = ug exp(au + 3) = exp (% (cu + gln(’yux) — gln fy) + 6) =

= exp (%(cu + s(uy)) —Iny + ﬁ).
The last relation means that
F(v) = exp (gv - 1n7+6) :
c

Thus, we arrive at the equation
1 « c
Uy = Ug | = exp(au + ) + 2(5 —auy |, v=cut = In(yuy),

Ugy = €XP (%v —1n7—|—6> .

The scaling and shift au — u, av/c — v give

1 o
Ugy = Uy (E eXp(u_'_ﬁ) + Ed - uy) ’
v=u+Inu,+Iny—Ina, v, =—exp(v—Iny+f).
c

After the transformations u+ 8 —Inc — u, v —Iny+ f+Ina—Inc — v the obtained equations
become

«o
Ugy = Ug (expu—l— E5—uy> ., v=1u-+Inu,, Uy = €XP V.

Therefore, we have obtained the case which partial for (3.16]).
As ¢; # 0, addressing to formulas ([3.34]), we get

p(uy) = cruy + co. (3.43)

Substituting function into (3.33), after the change g(u) + ¢ — g(u) we have
c1(cuy — g(u) — cruy) = A(uw).
Since the varibles u, u, are independent, by the last identity we conclude that ¢ = ¢; and
AMu) = —cig(u). (3.44)
We substitute function into the second relation in ,
(1) (12 (1) = Fleyu + ey + 5(u))) = —erg(u).

After the change ¢3 + s(u,) — s(u,) the last identity casts into the form

F(eiu+ s(ug)) = uzg'(u) + 3?5:)) (3.45)
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We differentiate ([3.45) w.r.t. the variables u and w, independently,
ag'(u)
s'(ug)
s"(Uz)

s (uz)

aF' (ciu+ s(ug)) = uzg” () +

Y

s (ug) F' (cru + s(ug)) = g'(u) — c1g(u)
We exclude the function F’ from relations (3.46|) and ((3.47)),

g'(w) o 8"(us)
g(u) — ugs®(ug)
since u, u, are independent, identity (3.48]) is equivalent to the system
g"(u) 2.9 C%SH(%) 2.2
= o, ——— = a7,
9(u) U5 (U2
where « is an arbitrary constant. Or
"
" 2 2 _ S (UI) 2
g (u) + Cla g(u) - 07 S’3<uz) = Q" Uyg.

95

(3.46)

(3.47)

(3.48)

(3.49)

If a =0, then g(u) = eu+ 9, s(u,) = yu, + d, ey # 0. In addition, relation (3.45)) yields

eut+9d € ed 10
F(clu—l—s(um)) = eu, + ¢ :—(01u+7ux+d)———|—i:
8 Y Y Y
€ ed 0
= —(clu + s(um)) B
Y Y Y
The last relation means that J 5
Flo)=Sp - 9490
Y Y Y
Thus, we have obtained the equations
eu+ 90 € ed c10
Ugy = , V=CU YU+ d, Vg = -V — — F —.
Y 8 Y Y

The transformations y — ey/~, u + g —u, v —d+c10/e = v imply (3.18).
If aw # 0, then by equations (3.49) the functions ¢ and s’ are determined as follows,

g(u) = Aexp(iciau) + B exp(—iciau),
s'(ug) = ;
Let 3 # 0. Integrating w.r.t. the variable u,, we determine the function s,
s(ug) = % In (z’auz +vVpB - a2ux> + 7.
Then relation can be written as
F (ciu+ s(uy)) = cexp(io(cru + s(uy))) + D exp(—ia(ciu + s(uy))).
Thus, we arrive at the formulas
S Aexp(iciau) + Bexp(—iciou)
vy = o () )
v =cu+ s(ug),
Uy = Cexpl(iaw) + D exp(—iawv),
where s satisfy and CD = ABc?3. The following cases are possible,
CD 0,

(3.50)

(3.51)

(3.52)
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C=D=0, (3.57)
C=0 D#0, (3.58)
D=0, C#0. (3.59)

Suppose identity (3.56|) holds true. Then in equations (3.51) — (3.55)), having made the
change au — u, av — v, as(u,) — s(u,), we arrive at the formulas
Uzy = (Aexp(iciu) + Bexp(—iciu))\/f — u2,
1
)7 8/<ux> = T
VB —u;
vy = Cexp(iv) + Dexp(—iv), CD = ABciB # 0.
The change u — b — u, v — a — v transforms the last system to
Uzy = (Aexp(icib) exp(iciu) + Bexp(—icib) exp(—iciu))y/B — u2,
1
§'(Us) = ———,
VB —ug
vy = Cexp(ia) exp(iv) + D exp(—ia) exp(—iv), CD = ABcf # 0.
We choose a and b so that Aexp(ic;b) = Bexp(—icib) and Cexp(ia) = D exp(—ia), then

1
—b)Ziuxy = sin(ciu)y/ B — u2,

Aexp(icy

v =ciu+ s(u,

v+a=c(u+b)+ s(uy),

1

vy = sinv, C?exp(2ia) = A® exp(2icib)ciB # 0.

v=cu+s(ug), §(ug)=

1
Cexp(ia)2i
The scaling of the variable yA exp(ic1b)2i — y leads us to the equations

1/ Buigy = sin(cyu)y/B — u2

1

v=cu+s(ug), §(ug)=

Ugy = SIN V.

Next, we make the change uc; — u, s(uz/c1) — s(u,), then

2
Uz

\/Buxy = Sin(”) B - ?7
1

1
v=u+s(uy), §(uy)=——,
B N

Ugy = SIN 0.

We introduce the notation ¢;v/b = a and after the scaling of the variables az — , y/a — y we
arrive at equations

3.19).
Assume condition i3.5f) holds true. We substitute (3.54)) into (3.55)), bearing in mind (3.53)),

c (A exp(iciau)+B exp(—z’clau)) f— aluz+ (A exp(iciou)icya— Bicia exp(—iclozu))um =0,
which implies 5 =0, A = 0. Equations (3.51]) — (3.55)) become

. . i
Uy = Blau, exp(—iciou), v=cu— o Inwu, +7, vz =0.
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By the change —iciau — u we reduce the last system to
1 l l
oy = Bi T =——u——1 x —In(—i ) zy = 0.
Uy iaexp(u)u,, v —u——lnu + s n(—icia) + 7y, Uy
Then the transformations u + In(Bia) — u, —iawv 4 In(—icia) — % + In(Bia) — v give
Uzy = exXp(U)Uy, v =u—1Inu,, vy =0. (3.60)

Thus, we have obtained the equation which are partial cases of equations (3.20]).

Suppose condition (3.58)) holds. Substituting (3.54) into (3.55)), taking into consideration
(3.53)), we arrive at the identities

Aci\/ B — a?u2 + iciau, A = 0. (3.61)

a1 By/B — a?u2 — Biciau, = D exp(—s(u,)ic). (3.62)
It follows from (3.61)) that A = 0. And also B # 0, since D # 0. We rewrite relation (3.62)),
bearing in mind (3.52)) as follows,

%cl(\/ﬁ — a®u? —iau,) = !

iy + /B — a?u?

The last identity holds only under the condition Bey3/D = 1. Thus, employing formula (3.52]),
system (3.51)) — (3.55|) can be represented as

Uzy = Bexp(—iciou)\/f — a?u2,

1
v =cCcu — — ln(—z'ozux ++/ 50— a2u§) + ¢,
e

B
Ugy = D exp(—iav), 5015 =1.
The scaling of the variable —iau — u leads us to the equations

Uzy = —taBexp(ciu)\/f + u2,

1
v:—c,l—u—,—ln(ux+ B+u2)+ec,
i o

B
Ugy = D exp(—iav), Eclﬁ =1
After the change —iav — v we obtain
Uy = —taBexp(ciu)/ B + u2,

v:clu+1n(uz—|— B—i—u%)—i—c,

Ugy = —taeD exp(v).

Ugy = BeXp(Clu> V B+ u?})
v = clu+ln(ux+ B—l—u%) + ¢,
Vyy = D exp(v).

Or

Substituting the function v into the last equation, we obtain that ¢;B = Dexp(c), and the
obtained equations cast into the form

Uy = Bexp(cu)y/f+u2, v=cu+ln (ux +06+ ui) +c¢, vy =cBexp(v—c).

The shift v — ¢ — v gives

Uz = Bexp(cu)y/f+u2, v=cu+ln (uw +B+ ui) . Ugy = 1 Bexp(v).
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The change c;u — u, the scaling of the variable az — x for a so that B¢?/a? = 1, the shift
v+ Inc; —Ina — v, and, finally, the transformation v + In B — u, v +In B — v lead us to

equations .
Let us consider now case . Equations f become
Aexp(iciou) + Bexp(—iciau)
Ty — S/(Ux) )
1

v=cu+s(ug), §Uuy)=—m—,

F-a

Uy = Cexpliaw).
We substitute the function v into the last equation,
1 (Aexp(iciau) + Bexp(—iciau)) /8 — a®u+
+icia(Aexp(iciau) — Bexp(—iciou))u, = Cexp(ia(ciu+ s(uy))).
It yields
1 Ay/B — a?u2 + iciau, A = Cexplia),
clB\/m —1ciaugB = 0.
Since § # 0, then B = 0, and therefore
Ugy = Aexp(iciou)/B — a2u,
v=cu+ % In (az’uw ++/B - a2u§> ,
Uy = Cexp(iaw).
It is reduced to the previous case.

Let us consider the case § = 0. By formula (3.51]) we get that

1
s(u,) = - In(couy).

We substitute the function s into system (3.53)) — (13.55])

Uzy = (Aexp(iciou) + Bexp(—iciau))iou,, (3.63)
1

v=cu+ o In(cou,), (3.64)

vy = Cexp(iow) + D exp(—iaw). (3.65)

We substitute function (3.64) into (3.65]), taking into consideration (3.63)),

c1 (A exp(iciau) + B exp(—iclozu))mux—l—

+ici ity (A exp(iciau) — Bexp(—iclau)) = Ccou, exp(iaciu) + exp(—iaciu).
c

2Ug

It follows that D = 0, C'co = 2c1Ai, and equations (3.63)—(3.65)) can be represented as

Uzy = (Aexp(iciou) + Bexp(—iciau))iou,,

v =cu+ — In(cauy),
e

2c1Ai
=
We apply the change of the variables iav — v, uciiae — wu and after the shift
v —In(c2) + In(ciia) — v we arrive at the equations like (3.20)),

Ugy = (A exp(u) + BeXP(_U))Ua:a v=u+Inu,, v, =2Aexp(v).

Vgy exp(iawv).
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Suppose now that g(u) = ¢y, where ¢; is an arbitrary constant. In this case, recalling (3.32)),
we rewrite (13.27]),

P'(uy) (cuy — 1 — p(uy)) = Aw),  —s'(ux)F(cu+ s(ug)) = Mu). (3.66)
Since the variables u, u,, u, are independent, by (3.66) we conclude that A\(u) = —cp and

rewriting ,
P'(uy)(cuy — er — p(uy)) = —ca, =8 (uy) F(cu+ s(uy)) = co. (3.67)
We differentiate the second identity in w.r.t. the variable u,
s'(ug)cF' (cu + s(ug)) = 0.

Hence, c =0 or F' = 0.
Let ¢ = 0, then the second identity in (3.67) gives

s (ug) F (s(ug)) = co.

And we arrive at the equations

1+ p(uy)
ry = W (3.68)
v = s(uy), (3.69)
= F(v). (3.70)
We substitute into bearlng in mlnd -
P (uy)(er + pluy)) __©
s/ (uy) s'(uz)”
Thus, we have
Ugy = %ﬁgy), v=5(uy), vz = F(v), (3.71)
3’(ux)F(S(uz)) =cy, P'(uy (Cl + p(uy )
The change p(u,) + ¢1 — p(uy) leads us to the equation p'(u,)p(u ) 2, whose solution is

pluy) = \/2couy, + cs.

The change u — u — ¢3y/(2¢2) transforms system (3.71)) to

Uyy = — 202%, v=15(ug), Uy =F), §u)F(s(us))=co.

s'(ug)
Applying the scaling of the variable y — c¢oy, and then, having made the changes
s(ug) — cas(uy) and F(cpS) — F(S), we arrive at equations (3.22).
Let ¢ # 0, then F = c3, where c3 is an arbitrary constant. The second relation in (|3.67)
yields
§'(ug)es = co.
If here c5 = 0, then ¢3 = 0 and it follows from the first relation in that

p’(uy) (Cuy —C - p(uy)) =0.
It implies p(u,) = cu, — c;. We get
Uy =0, v=rcu+s(uy), vy =0.

The scaling of the variable cu — u and the change s(u,/c) — s(u,) leads us to the equations
(13.23). If c3 # 0, then F' = ¢3 # 0, and we obtain

_a+f p(uy) — cuy
o s'(ug)

€2

s'(uz) =2, pluy) (cuy — 1 = pluy)) = —ca.

, v =cu+ s(uy)



100 M.N. KUZNETSOVA

c1 + pluy,) — cuy)cs c
uzy —= ( ( Z) y) , V= cu + c_2um + 047 ”ny = 03,
2 3
p/(uy)(cuy —C — p(uy)) = —Co.
The shift p + ¢; — p, v — ¢4 — v lead us to equations (3.24]). Lemma is proven.
Thus, case (3.7)) is studied completely. Let us consider condition (3.8). The following state-

ment holds true.

Lemma 2. Suppose condition (3.8) and @y, # 0. Then equations (1.1)), (1.2)), (1.9) become
a(u)F’ (Ffl (uw/(u))) — o (u)uyu,

Uy = () , Uy =F(v), v=(F(uc/(w))). (3.72)
¢ — Uypy (U, uy)
Uy = () Uy =0, v =p(u,uy). (3.73)
Proof. Assume (3.8]). Then it is easy to see that
Y = a(u) + clnu,. (3.74)

After the substitution of function (3.74) into relation (3.5]), the latter can be represented as

C
uzgpu;ca/(u) + (a(u) +cln Uy) u_ — CPy = SOUQ:F(SO)
Yy

Since the functions appearing in the obtained identity are independent of the variable u,, the
coefficient at the expression Inu, should vanish, i.e., ¢ = 0, and therefore,

Uy (u) = F(p(u,uy)).
From this relation we determine the function ¢, defining the required differential substitution
¢ =F ! (uza' (u)).
As o/ # 0, we arrive at equations . If o/ =0, then F = 0, and we obtain equations (3.73)).
The lemma is proven.

And finally, to complete the classification, it is required to study case (3.9). The following
statement is valid.

Lemma 3. Suppose condition (3.9) and ., # 0. Then by the point change v — k(v)
equations (1.1), (1.2), (1.9) are reduced to the equations

Usy = g (V(u, uy) — uya (u)), vy =crexpuv, v =a(u)+Inu, (3.75)

respectively. Here ¢y is an arbitrary constant, and the functions i are o are related by the
identity ¥y + Yy, — 'uythy, = crexpa.

Proof. Suppose condition (3.9) holds, then
v = a(u) + clnu,. (3.76)

Here ¢ # 0, since we consider only the substitutions so that ¢, # 0. We substitute function
(3.76)) into relation (3.5)), then the latter can be written as

W (u, ty) 4+ P (u, ty )y, (U, ty) — uyad (w) iy, (U, uy) = u—iF(a(u) +cln ux) (3.77)

Due to the independence of the variables u, and u,, (3.77)) is equivalent to the system

F(a(u) + clnu,) = %ugﬁ(u), (3.78)
Pu(u, uy) + P (u, ty) P, (0, y) = o (w)uythy, (u, uy) = 5(w).
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We apply the operator % to both sides of relation ([3.78|),

F'(a(u) + clnuy,) - - V(U) (3.79)

Uy c

Now bearing in mind the first equation in (3.78)), we rewrite (3.79)) as
1
F'(a(u) + clnu,) = =F(a(u) + clnw,). (3.80)
c

Employing relation ([3.80]), we conclude that ¢F'(v) — F(v) = 0. Integrating the last equation,
we determine the function F' defining the right hand side of Klein-Gordon equation (|1.2]),

F(v) = coexp(v/c).

Substituting the function F into relation (3.78)), we obtain that y(u) = ccs exp(a(u)/c).
Thus, we arrive at the equations

Uzy = u_;(¢<u7 uy) — uyo/(u)), v=a(u)+clnu,, vy =czexp(v/c),

cy + PPy, — a'uyth,, = cey exp(a/c).

The change ¥/c — ¢, a/c — a, v/c — v, and then ¢y /c — ¢; transform the obtained equations

to (3.75). The lemma is proven.
The proof of Theorem 1 follows from Lemmas 1-3.

4. DIFFERENTIAL SUBSTITUTIONS u = (v, vy)

As it was said above, in this section we deal with a problem “inverse” in a sense to that in
the first part of the work. Our aim to find all the equations ([1.2]) being reduced to equation
(1.1) by differential substitutions ([1.10]). The following statement holds true.

Theorem 2. Assume Klein-Gordon equation (1.2]) is reduced to equation (L.1)) by differ-
ential substitutions (1.10). Then equations (1.2)), (1.1) and substitution (1.10) up to point

transformation v — k(v), u — 0(u), r — &x, y — ny, where & and n are constant, are of the
form

Uy = F(0), gy =F (F ' (ug))u, u=ny; (4.1)

y Il i ) PR,
Ty ) Ty w,(wfl(u)) ) —"éb( y); (42)

Vzy = 0, Ugy = 0, u=cv+ M(Uy);
Ugy =0,  Upy = —uzexpu, u=Inv, —Inv;

Ugy =V, Ugy = U, U= CLU + CoUy;

Uy =1, Uy =1, u=0v+cu, (4.6)
Here c is an arbitrary constant, ¢, and ¢y are so that (c1,ce) # (0,0).

The scheme of the proof. We substitute function (|1.10) into relation ([1.1]), bearing in mind

(1.2),
(¢vvvy + ¢vvyvyy)vx + ¢qu + (ﬂ)vyvvy + ¢vayvyy)F + 1/1Uy F,Uy =
= [, e + Vo, Fy o0y + 1 vy).

We denote the first, second, and third argument of the function f by a, b, and ¢, respectively.
We apply the operator ayy to both sides of identity (4.7)),

ov
wvvyvz + wvyva = fcwvy' (48)

(4.7)
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We apply the operator 5~ to both sides of identity (4.8 . fcc¢2 = 0. If ¢, = 0, then instead
of a differential subst1tut1on we obtain a point change u = ¥ (v). Thus,

fla,b,¢) = ala,b)c+ ((a,b). (4.9)
We substitute function (4.9) into relation (4.8)),
You, Vo + Vu,0,F = (), Yot + 1o, F(0)) 0. (4.10)

By identity becomes
(Voo¥z + Vou, F) vy + 0o F + 1y, F'v,
= a(v, wvvx + o, F) vy + B4, Puvy + Py, F )

Therefore, problem . . is reduced to studying relations (4.10 - We apply
the operator 2 T to identities , -7

(4.11)

abbwzwvy =0, apiyvy + Buwii = 0. (4.12)

Identities are satisfied if one of the conditions
), =0, (4.13)
Yy 7& 0, aw=0, Bw=0. (4.14)

holds true. The study of conditions - ) leads us to equations (4.1} .

Employing the Theorem 1 and 2 for certam pair of equations, it is p0551ble to construct

Backlund transformations. For instance, the equations u,, = —u, exp u, vy, = 0 are related by
the Bécklund transformation v = Inu, — u, u = In(v,/v). Next, the equations
Usy = F'(F~ (ug))u, vy = F(v) (4.15)

are related by the Backlund transformation
v=F"u,), u=uv,

In accordance with the work [10], the linearization of equations (4.15)) are related by the first
order Laplace transformation. As an example, we adduce the equations

= (A= Bnb" Hug))u, vy =Iv—p0", n>0, (4.16)
where A and [ are arbitrary constants, and the function b satisfies the equation
Ab(uy) — Bb™(uz) = u,. The Backlund transformation relating the solutions to equations
reads as

u=1vy, v=>b(uy).
It should be noticed that the second of equations is a version [12] of so-called ¢?* equation
in the elementary particles physics. The ¢* equation and the corresponding Biacklund trans-
formation are obtained for n = 3. This model is important in the solid state physics and in the
high energy particles physics [13].
Next, we obtain the equations

1 b(uy : L.
Uyy = £ | cosb(uy) + — cos () u, Uy =% sinv+ -sin Y , (4.17)
4 2 2 2
where the function b satisfies the relation £ (sin b(uy) + 1 sin 6(7“2”””) = u,. The Bécklund trans-

formation is given by the formulas v = v,, v = b(ux) The second of equations is
the double Sine-Gordon equation, with the plus sign having application in nonlinear optics,
and with the minus sign being used in nonlinear optics and for studying B-phase of liquid
helium [13].

The author is grateful to her supervisor Zhiber A.V. for the formulation of the problem and
attention to the work.
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