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PERIODIC SOLUTIONS OF THE TELEGRAPH EQUATION
WITH A DISCONTINUOUS NONLINEARITY

I.LF. GALIKHANOV, V.N. PAVLENKO

Abstract. We consider telegraph equations with a variable inner energy, discontinuous
by phase, and the homogeneous Dirichlet boundary condition. Question of existence of
general periodic solutions in the resonant case, when the operator created by a linear part
of the equation with the homogeneous Dirichlet boundary condition and the condition of
periodicity has a non zero kernel, and nonlinearity appearing in the equation is limited. We
obtained an existence theorem for the general periodic solution by means of the topological
method. The proof is based on the Leray-Schauder principle for convex compact mappings.
The main difference from similar results of other authors is an assumption that there are
breaks in the phase variable of the inner energy of the telegraph equation.

Keywords: nonlinear telegraph equation, discontinuous nonlinearity ,periodic solutions,
resonance problem

1. INTRODUCTION

Let © be a bounded domain in R™ with the boundary 9 of class C?,

Lu() = = ) (ay(x)us,)a, + a(z)u(z)
ij=1
be a uniformly elliptic differential operator in the domain  [I] with coefficients a;; €
CL(Q), aij(z) = aji(x), a € C*(Q), 0 < a < 1.
We consider the problem of existence of the solution of telegraph equation with discontinuous
nonlinearity

uy + Lu(x, t) + pug + g(x, t,u) = f(z,t), (x,t) € Q, (1)

satisfying homogeneous Dirichlet boundary condition
u(z,t) =0 (2)

on S = 00 x (0,27), and the condition of periodicity
u(z,0) = u(x,2m) (3)

for z € 2, where Q = Q2 x (0,27), u # 0 (considering dissipation of energy), f € L*(Q).

It is assumed, that nonlinearity g(x,t,u) satisfies the i-condition:

il is the function g : @ X R — R of Borel (mod 0) [2], that denotes existence of the set
[ C @Q xR, which projection on () has a zero measure, and Borel on () X R function, coinciding
with g(x,t,u) on (Q x R) \ [;

i2 — for almost all (z,t) € @ the section g(x,t, e) has on R discontinuities just of the first
kind and for the arbitrary u € R the following inclusion holds g(z,t,u) € [g_(x,t,u), g+ (z,t,u)],
where g_(z,t,u) = liminf, ,, g(x,t,1), g4(v,t,u) =limsup,_,, g(x,t,7n);
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i3 — (boundedness of nonlinearity) there is the function b(z,t) from L?(Q) such that for
almost all (z,t) € Q

lg(x,t,u)| < b(x,t) YueR. (4)

Let us note, that the condition i1 ensures superposition measurability g(x,¢,u) on @, that is
measurability on @ of the composition g(x,t, u(x,t)) for any function u(x,t) measurable on Q.

The differential operator L with homogeneous Dirichlet boundary condition generates in
L*(Q) a self-adjoint linear operator B with the definitional domain D(B) = H?*(Q2) N H () : Bu = Lu Yu ¢
where all the derivatives of the function u(x) are the Sobolev ones. By H™(2) (m € N) we
denote Sobolev space Wi*(Q)[1], and by H[*(£2) we denote closure of the set of continuously
differentiated finite in  functions in the metric H™(€2). The spectre o of the operator B
consists of characteristic constants of the finite order

)\0<>\1<)\2<, )\j—>OO.

[3]. Here every characteristic constant is repeated the number of times its order demands.
There is the orthonormalized basis (v;) in L?(Q) from the characteristic constants of the op-

1
mvj@:)

j=0,1,2,...; k € Z} is an orthonormalized basis. For any real-value function u € L*(Q)

erator B (Bv; = Ajv;). In the complex space L*(Q) the sequence {t;(x,t) = ekt

Y

o
u(w,t) = Y aptbi(,t), aj_x = Gk

keZ j=0

Assume D(Ag) = {u(z,t) = 3L >0 gautpn(z,t)| aj-r = @G, m,n € NU{0}} and
define the operator Ay : D(Ag) C L*(Q) — L*(Q) in the real L*(Q) by the equality Aqu =
uy + pug + Lu(x,t) for any u € D(Ap). Let us note, that the formula, which defines A,
can set the extension Ay for the linear shell of the sequence (¢j;(z,t)) in complex L?*(Q),
and for this expansion v;;(x,t) are eigenfunctions which satisfy the characteristic constants
ik = —k* + X\j 4+ ipk. In particular, this implies, that the kernel of the operator Ay (KerAy)
coincides with KerB.

Definition 1. The generalized solution of the problem - is  the function
u(z,t) € L*(Q) with values in R such that there is the function z(z,t) € [g_(x,t,u(x,t)), g4 (x, ¢, u(z,t))],
measurable almost everywhere on @, for which the following integral identity holds:

[ utatiou+ Lo~ wdodt = [ ol 0)(#(a.t) = 2(a,t)dudt Vo € Do) 6)
Q Q

Remark 1. In case, when g(z,t,u) is a caratheodory function, that is for almost all
(z,t) € @ the section g(z,t,e) is continuous on R and for any u € R the function g(e, e, u) is
measurable on @, in the definition z(z,t) = g(z,t,u(x,t)), and we come to the accepted notion
of the generalized solution of the problem (I)-(3). It is shown in [4], that if u € L?(Q) satisfies
) with r(x,t) = f(z,t)—z(z,t) € L*(Q), then u(z,t) € H}(Q) for t € [0, 27] (regularity of the
generalized solution) does hold (3)). If we assume, that the generalized solution u(z,t) € H*(Q),
then with the help of part integrating in (5) we can obtain, that uy + Lu(z,t) + pu, + 2(x,t) =
f(z,t) almost everywhere on Q.

The general result of the paper is the following theorem (it considers a resonance problem
when the equation uy + Lu(z,t) + pu, = 0 possesses in () nontrivial solution, satisfying the
conditions and , that is equivalent to null membership to the spectre o of the operator
B).
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Theorem 1. Let us assume, that 0 € o, function g(x,t,u) satisfies i - condition. Moreover,
for any function v(z) from the kernel of the operator B the Landesmann - Lazer condition holds

g, (z,tv(z)devdt + | g_(z,t)v(x)dedt > [ f(x,t)v(z)dxdt,
Jmims | /

where x,t) = liminf g(x,t,u), g_(x,t) = limsup g(x, t, u).
2+ u—>—+00 g g g

U—r—00

Then the problem (1)-(3) has a generalized solution u(z,t) € L*(Q).

The proof of Theorem 1 is reduced to the problem of existence of a fixed point in a convex
value compact mapping. The existence of a fixed point is set with the help of Leray-Schauder
principle for multivalued mappings [5].

The question of existence of periodic solutions of the telegraph equation with nonlinear in-
ternal energy has been studied by many authors. The problem (1)—(3) with caratheodory
nonlinearity g(z, ¢, u) of the linear growth, symmetric elliptic part L of the order 2m with inde-
pendent of the time coefficients was considered in the combined work of Brezis and Nirenberg
[4] (the condition (2 in this case is substituted by the membership u(z,t) to Hi*(Q2) for any

€ (0,7)). In the resonance case, when the problem Lu = 0,u € H{"(£2) has a non-nil solution,
we obtain the theorem of existence of a generalized solution under the harder constraint for
f, than the Landesmann - Lazer condition in Theorem 1. We research here regularity of the
generalized case m = 2. In particular, it is shown, that if f € L?(Q), then u(z,t) € H}(Q) for
any t € (0,7).

In the paper of I.A. Rudakov [6] the problem (I)—(3) with caratheodory nonlinearity g(z, ¢, u)
of the degree growth is considered for n = 1, Lu = —u,, with the supplementary term ru, in
the nonresonance case. We also prove the existence of the generalized solution and research its
regularity. Let us also note the papers [7],[8], in which the problem of existence of periodic solu-
tions of the nonlinear telegraph equation is studied in resonance case when n = 1, Lu = —u,,.
The general difference of the present research from the works of other authors is assumption of
discontinuities in g(x,t,u) by the phase variable u.

2. THE OPERATOR FORMULATION OF THE PROBLEM([L)—(3)

Let us denote A : D(A) C L*(Q) — L*(Q) the closure of the operator Ag. As it is shown in
4,

D(A) = {u(z,t) = Zzajl#%k T, )| aj—k = @,

k€Z j=0

ZZ\W kK)? + 12k?) < +oo},

k=0 5=0
and for any u € D(A) the value Au = >, ;> 7 pjrajibjx(r,t). The real spectre of the
operator A coincides with o(the spectre of the operator B), D(A*) = D(A) and KerA* = KerA
(A* - operator conjugated with A),
A*u = uy + Luy — prug,

for any u € D(Ay).
For A ¢ o, A € R the resolvent of the operator A

(A—X\I)~ U—Z

keZ j= O

1),

Since -—— — 0, when j + k — +00, then the operator (A — A)~! compact in L*(Q).
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Let us denote the Nemytsky operator G by the equality
Gu = gz, t,u(w, 1), Vu € L3(Q).

Whereas g(x,t,u) satisfies i1 and i3 conditions, then the operator G functions from L?*(Q) to
L*(Q), and the following estimate holds for it:

IGull < [lbll,  Vu e L*Q), (6)
here and further |||| is the norm in L?*(Q). Let us denote convexity of the operator G' by G
G u = m clecofy =Gz | ||z —ul| < e},
e<0

where clcoA is a closed convex hull of the set A C L*(Q).
Let us consider the inclusion

f— Au e G u. (7)
Its validity denotes existence of z € GPu such that
f—Au=z. (8)

As it is shown in [2], 2 € GPu is equivalent to the fact, that the function z(z,t) measurable on
@ and for almost all (z,t) € Q 2(x,t) € [9—(z,t,u), g1 (x,t,u)]. It results from the equality (8],
that u is a generalized solution of the problem —. Let us prove it. Let us denote (-, ) to be
a scalar product in L?(Q). For any ¢ € D(Ap) we have the equality (Au, @) + (z,¢) = (f,¥),
that is equivalent (u, A*p) + (z,¢) = (f,¢) Yo € D(Ap) (by definition of the adjoint operator),
and it is equivalent to the integral identity

/u(x,t)(cptt + Lu — puy)dxdt + /z(x, t)p(z, t)dedt = /fgp(x,t)dxdt,
Q Q Q

for all o € D(Ap). Assume € > 0 and [—¢,0) No = & (such ¢ exists whereas the eigenvalues of
the operator B are isolated). Let us transform the inclusion ([7)):

f—Au—cu e Gou—cu
or
(A+elu € f— G u+ eu,
the latter is equivalent to the inclusion
u€ (A+el) N f -G u+eu)=T.

Let us consider the properties of the mapping T'. Let us prove, that the values T" are convex
compact sets in L?(Q). The values G are bounded and closed in L?(Q), and the operator
(A+el)™' : L*(Q) — L*(Q) is linear and compact. Therefore the values T are convex and
precompact sets. To prove the compactness of T'u for u € L?*(Q), it is sufficient to set the closure
Tuin L*(Q). Assume the sequence (z,,) C Tu and 2, — z in L*(Q). Then there is (y,,) C G u
such that 2, = (A+¢el)Y(f —ym +eu). This results in the equality y,, = —(A+el)z,+ f +cu.
From the boundedness of the set GHMu C L*(Q) we derive existence of the subsequence (Y, ),
weakly converging to some y in L*(Q). Since (y,,,) C G u, and Gu is a closed convex set,
then y € G%u. On the strength of the closure of the linear operator (A + eI) its graph in
L*(Q) x L*(Q) is weakly closed, therefore z € D(A+el) and y = —(A+el)z + f + cu, and,
then, z = (A+¢el)"'(f — y + eu) € Tu. The closure of the set Tw in L?(Q) has been set.

Let us demonstrate semi-continuity from the top of the mapping 7" on L*(Q). Assume the
contrary and then we obtain v € L?*(Q) and the open set D D Twu in L*(Q) such that for
any m € N there is u,, € L*(Q) with |lu,, —u| < m™" and 2, € Tu,,\D. Every element
of (2,,) is presented in the form 2, = (A +&l) ' (f — v + €Um), Vm € GZ(uy). Since the
sequence (u,,) is limited in L?(Q), and the mapping G" turns bounded sets into bounded (on



78 I.F. GALIKHANOV, V.N. PAVLENKO

the strength of the estimate (€])), then the sequence (vy,) is limited in L?(Q). This implies the
existence of the weakly converging subsequence (vy,,) to some v in L*(Q). Whereas u,, — u
in L?(Q), then on the strength of the weak-strong closure GZ[9] we derive v € G"(u). Since
(A +el)™! is a linear compact operator, then (A + eI)~'v,, — (A + el)"'v. Therefore
Zmy, — (A+el) ™ (f —v+eu) € Tu C D. This implies, that since D is an open set in L*(Q),
we conclude, that z,,, belongs to D for sufficiently large £, that contradicts the choice z,,. The
semi-continuity on the top of the mapping 7" on L?*(Q) has been proved.

The multivalued operator GP turns bounded sets in L?(Q) into bounded, and the operator
(A +el)~! is rather continuous, therefore for the arbitrary sphere U from L?*(Q) its image TU
is the precompact set in L?*(Q). Therefore, the values of the multi-mapping 7' in L?*(Q) are
convex compacts, 7' is semi-continuous on the top, and any sphere U from L?(Q) is turned into
precompact set by the mapping 7.

3. PROOF OF THEOREM 1

Since the mapping T is convex-valued and compact, then to prove the existence of its fixed
point it is sufficient to state an equivalent boundedness of the set of the solutions of the family
of inclusions u € 7Tu, 0 < 7 <1 ([5], p.107). Let us assume the contrary. Then there are the
sequences (t,) C [0 1) and (u,) C L*(Q), ||un|| > n such that u, € t,Tu, for any natural n.

Assume v,, = There are z, € Tu,, such that

HunH
Au, + cu, = —t,z, + theu, + t,f, 9)
let us divide both part into ||u,||, and we obtain:

o
" Tall n” "l

There is the growing sequence (ny) of natural numbers such that v,, — v, and t,,, = ¢, (y, =y
denote the weak convergence (y,,) to y in L*(Q) ). But

Av, + ev, = + thev, + t,

tn n tn
Uy, = (A~|—5])_1( kS + o + tn,E0n,),
tn | [Junl
tn n n
Infn — 0, / — 0, ty,cv,, — tev.
]| [l

Therefore v, — (A+¢el) 'tev and v # 0. Then Av = (¢ — 1)ev. Since v is a non-nil function,
t —1<0and [—¢,0) No = & then this implies, that ¢ = 1 and Av = 0. Therefore, v belongs
to the kernel of the operator A, then KerB. Since v,, — v in L*(Q), we can suppose, that
U, — v almost everywhere on (), turning on the contrary into subsequences. Let us multiply
both parts ([9) scalar by v(x). We have for the arbitrary natural n

(Atp,v) + e(tn,v) + (thzn,v) — (tof,v) — (gun, v) =0. (10)
Since (Auy,,v) = (u,, A*v) = 0, then, if we divide both parts into ¢,, we obtain,
1—t,
( t )E(Uns v) + (20, 0) = (f,0).

This results in validity of the inequality (f,v) > (z,,,v) for sufficiently large k, since (uy,,v) =
Ntwn, || (Vngs ©)s (Uny,v) = ||v]|> = 1 and ||u,, || > ng. This implies, that

(f,v) > ligriglf(znk,v) > liminf(/ g—(z,t, up, (z,t))v(x)dedt+

k—o0
v>0

—|—/g+(a:,t,unk(x,t))v(x)d:cdt) > /g+(a:,t)v(:c)d:cdt+ /ﬁ_(:c,t)v(x)dxdt.

v<0 v>0 v<0
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During the transition to the bound to the sign of the integral we applied the Fatou-Lebesgue
lemma [10] subject to the estimate (4)) for g(z,t, u) and that for almost all (z,t) € Q u,, — +o0,

if

v(xz) > 0, and u,, — —oo, if v(x) < 0. The obtained inequality contradicts the Landesmann

- Lazer condition in Theorem 1. Theorem 1 has been proved.

8.

9.
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