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PERFECT CUBOIDS AND
IRREDUCIBLE POLYNOMIALS

R.A. SHARIPOV

Abstract. The problem of constructing a perfect cuboid is related to a certain class of
univariate polynomials with three integer parameters a, b, and u. Their irreducibility over
the ring of integers under certain restrictions for a, b, and v would mean the non-existence
of perfect cuboids. This irreducibility is conjectured and then verified numerically for
approximately 10 000 instances of a, b, and w.
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1. INTRODUCTION

An Euler cuboid is a rectangular parallelepiped whose edges and face diagonals are of integer
length. A perfect cuboid is an Euler cuboid whose space diagonal is also of integer length.
Cuboids with integer edges and face diagonals were known before Euler (see [1] and [2]). How-
ever, thanks to Leonhard Euler (see [3]) the problem of integer cuboids obtained a status, while
such cuboids themselves were named after him.

As for perfect cuboids, none of them is known so far. The problem of finding perfect cuboids
or proving of their non-existence is an unsolved mathematical problem. It has the long history
presented in papers [4-34].

In paper [35] the problem of constructing a perfect cuboid was reduced to the following 12th
order Diophantine equation of the variables a, b, ¢ and w:

utat bt 4 6at u? bt 2 —2ut a* VP — 2ut a0t P+ 4P bt a®
+dat PPt — 120t P VPt Futat  Fut bt Fat bt
+6a*u®®+6urb*® —8a?b?utc® —2uta® ® —2utb? - (1.1)
—2a* P - 20 * S+t E A+ at B+ 4P U B

+42 P B - 1202 B +6uPc® — 2420 — 2020 - 2 = 0.
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More precisely, the result of paper [35] is formulated in the form of the following theorem.

Theorem 1.1. A perfect cuboid does exist if and only if the Diophantine equation (1.1) has
got a solution, such that a, b, ¢, u are four positive integer numbers, satisfying the inequalities

a<c,b<c,u<ec, (a+c)(b+c)>2c,

A more simple equation associated with perfect cuboids was derived in [I§] (see also [27]).
But our aim in the present paper is to study the equation (1.1)) (it is new) and to obtain the
results declared in the abstract.

2. RATIONAL CUBOIDS

A rational cuboid is a rectangular parallelepiped whose edges lengths are expressed by rational
numbers. If the lengths of face diagonals are also rational, we have a rational Euler cuboid.
Finally, if the length of the space diagonal is also a rational number, we obtain a perfect cuboid.
It is easy to see, that every rational Euler cuboid can be transformed into an Euler cuboid with
integer edges and face diagonals. In the case of a perfect cuboid (either integer or rational) any
such cuboid can be transformed into a rational perfect cuboid with the unit space diagonal (see
[35]). Conversely, any rational perfect cuboid with a unit space diagonal can be transformed
into a perfect cuboid with integer edges and diagonals. Therefore, speaking of rational perfect
cuboids, below, by default, we assume their space diagonals to be unit.

3. FORMULAE FOR EDGES AND FACE DIAGONALS

Note, that the equation (|I.1)) is uniform with respect to variables a, b, ¢ and, u. Since ¢ > 0
in Theorem [I.1], we can introduce the variables

b
a:g, 8 =-, v="2 (3.1)
c c c
In the variables (3.1)) the equation (|1.1)) is written in the following form:
viat f 4 (6t 0P Bt —2vt ot B2 — 20t a? BY) 4 (40P B o+
+4a*v? B2 — 120 ? B2 vt ot F ot B+t BY) + (6t 0?4 607 B — (32)

—8a?pB*v? —2vta? — 20! % — 20t % - 28 a?) + (v + B+
+at+4a” P +45207 - 12820 + (607 —2a* —25%) +1=0.
Note, that the variables a, b, ¢, and u in (|1.1)) are neither edges, nor diagonals of a perfect
cuboid, they are just parameters. According to the formulae (3.1)), the rational parameters a,
B, and v in (3.2]) are expressed through them. And the edges and face diagonals of a perfect

cuboid are expressed by «, 8, and v. Let us denote the edges of such a cuboid by x1, x5, and
x3, and denote its face diagonals by dy, ds, and dj:

(21)* + (22)* = (d3)% (22)” + (23)° = (1)} (23)" + (21)" = (do)* (3.3)
Then x; and d; are expressed through the parameter v:
20 1 —v?
A IR dy 1+ 02 (3.4)

Let us denote the following auxiliary parameter by z:

1+0v3)(1-p5%)(1 2
L1+ (A-F)(A+a%) (3.5)

2(145%) (1 — a?0v?)

Then the edges xo and x3 are expressed by the formulae
22 (1 —v?) (1 —02)(1— 2%

(1 +0%) (1+22)’ e

(3.6)

To =
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and the face diagonals dy and d3 are given by the following formulae:

(14 0?) (1 +2?) +22(1 —v?)
(14 0v?) (14 22)

2 (v 22+ 1)
(14 v?) (1+22) “

dy =

B,
(3.7)

ds =

The formulae (3.4), (3.5)), (3.6), and (3.7) are taken from [35]. They can be verified by direct

calculations. Indeed, the second equality (3.3) transforms into an identity due to the formulae
(3.6). Moreover, the equations (3.3)), a perfect cuboid is characterized by the equalities

(z1)® + (dy)* =1, (z9)? + (do)* = 1, (z3)* + (d3)* = 1. (3.8)

They mean that the length of the cuboid space diagonal is equal to unity. The first equality

(3.8) turn to an identity due to the formulae (3.4)).
Thus, the second equality (3.3) and the first equality (3.8) transform to identities. The rest

four equalities (3.3)) and (3.8)) also transform to identities due to (3.4)), (3.5, (3.6]), and (3.7)),
59)

but subject to the equation (3.2]).

4. BACK TO INTEGER NUMBERS

The equation (1.1]) is homogeneous with respect to variables in it. Hence, due to (3.1)) and
Theorem the parameters a, b, ¢, and u in the equation (|1.1)) can be considered as four
positive mutually coprime numbers, i.e. their greatest common divisor is equal to unity:

GCD(a, b, c,u) = 1. (4.1)
Let us denote the greatest common divisor of the numbers a, b, and u by m:
GCD(a, b, u) = m. (4.2)
Then from (4.1)) and we can derive the equality
GCD(m,c) =1, (4.3)

i.e. m and ¢ are mutually coprime. Due to (4.2)) and (4.3)), the fractions a/m, b/m, and u/m are
simplified to integer numbers, and the fraction ¢/m proves to be an irreducible one provided,
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m # 1. The formulae (3.1)) can be rewritten in terms of these fractions:

b
a:a/m, 5:ﬁ, U:u/m' (4.4)
c/m c/m c/m
Relying on (4.4), we can change the variables in the following way:
a b U c
— — a, — — b, — — u, — —t. (4.5)
m m m m

After introducing a new variable t = ¢/m and renewing the variables a, b, and u, according to
(4.5)), the formula (4.4]) can be written as

b
f=- v

; , (4.6)

o =

I
=

t )
and the equation (1.1]) takes the following form:

2+ (6u* —2a® —20°) "0 + (u* +0* +a* +4a’ P+

+4bv%u? — 1207 a®) ¥ + (6a* u? + 6u* b* — 8a? b* u’—

—2ua® = 2u'b* —2a* b — 20 a®) 15 + (4uP bt a+ (4.7)
+da*u? b — 120t a® 0* + utat +ut bt 4ot bt

+(6a*u?b* — 2ut a® b* — 2ut a® V) 12 4 ut ' bt = 0.

As for the formula (4.2), for the variables a, b, and u renewed according to (4.5)) this formula

gives the following relationship:
GCD(a,b,u) = 1. (4.8)

The formula (4.8) implies that the numbers a, b, and u in and (4.7]) are mutually coprime.

Note, that the equation coincides with the original equation (|1.1)), but the variable ¢ in
it is replaced by t, while its terms are regrouped as is usually done in for polynomials of one
variable t. Now Theorem is reformulated in the following way.

Theorem 4.1. A perfect cuboid does exist if and only if for some three positive mutually
coprime numbers a, b, u polynomial equation (4.7) has got a rational solution t satisfying the
inequalities t > a, t > b, t > u, (a+1t) (b+1t) > 2.

5. FACTORING THE POLYNOMIAL EQUATION

Let us denote the polynomial in the left side of the equation (4.7) by P (t). Having done
this, we consider it as a polynomial of one variable ¢, while variables a, b, and u are considered
as parameters:

Puu(t) =t + (6u* —2a® —20*) "0+ (u* +0* +a* +4a® v+
+40%u? — 12062 a®) 1® + (6a* u? + 6> b* — 8a® b* u’—
—2uta? = 2ub* — 2a* b* — 20 a®) 1% + (4uP bt a®+ (5.1)
+4au? b — 120" a®0* + ut o’ +ut bt + a0 T+

+(6a*u? bt — 2ut a* b — 2ut a® b) 7 4+ ut o’ bt
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The polynomial (5.1)) is symmetric with respect to the parameters a and b, i. e.
Pabu(t> == Pbau(t)- (52)

To study the polynomial P,,(t) we shall consider some certain cases:
(5.3)

Particular case a = b. In this particular case the polynomial P, (t) = P,..(t) is set by
formula

Poau(t) =t + (6u* — 4a*) " + (8a®u® — 10a* + u*) 13+
+(4a*u? —4a® —4u a®)t° + (8a®u? + a® — 10wt a*) '+ (5.4)
+ (6a®u? — 4u* a®) t* 4+ u* a®.
The polynomial (5.4} is reducible. It is factorized as
Paau(t> = (t2 + a2)2 Pau(t)a (55)
where the polynomial P,,(t) is given by formula

P (t) =t +6 (u* — a®)t° + (a* — 4a*u® +u) t*—
—6a*u? (u* — a®) t* +ua’.

(5.6)

The formulae (5.5)) and (5.6 are easily proved by direct calculations.
Particular case a = b = u. This case corresponds to substituting a = u into the formula
(5.6). If a = u, then the polynomial P,,(t) = P,,(t) is reducible:

Pou(t) = (t —a)? (t +a)* (t* + a*)% (5.7)

Due to the condition of mutual coprimality (4.8) the particular case a = b = u satisfies the
conditions of Theorem only if @ = b = v = 1. And then, due to (5.5) and (5.7)), the
equation (4.7)) looks as follows:

t—12(t+1* 2+ 1) =0. (5.8)

The equation possesses two real rational solutions ¢t = —1 and ¢t = 1. But none of them
satisfies the conditions of Theorem Indeed, they both do not satisfy the inequality ¢ > a,
where a = 1.

Therefore, the subcase a = b = u of the case a = b does not give perfect cuboids. Other
subcases of the particular case a = b are described by the following conjecture.

Conjecture 5.1. For any two positive mutually coprime numbers a # u the polynomial
P..(t) from (5.6)) is irreducible in the ring of polynomials Z]t].

Particular case bu = a?. Comparing bu = a? with (4.8), it is easy to obtain the following
presentation for integer numbers a, b, and u:

a=npgq, b=p?, u=q> (5.9)

Here p and ¢ are two parameters, i. e. two positive integer numbers, satisfying the condition
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of mutual coprimality

GCD(p,q) = 1. (5.10)
Substituting into , we obtain
Py (t) =t + (6" — 29" ¢* = 2p") " + (¢ + 4p” ¢+
+5ptgt =12p° ¢ + p°) 1 = 2p° ¢ (¢ = 297 " + 4p ¢~
=20+ ")+ p' ¢t (1207 ¢ +5p ¢t + 4p° P+ )
LB (—2¢t — 2p2 @ 1 6pY) 12 4+ g2 pt2.
The polynomial P,,z22(t) in is reducible. Indeed, we have the expansion
Pogpr2(t) = (t — a) (t + a) Qpq(2), (5.12)
where ()p,(t) is the following polynomial:
Qpo(t) = 10+ (2¢% + p*) (3¢* — 2p%) 5 + (¢° + 10p ¢+
+4ptqt — 14p° ¢+ p°) 10 = p** (¢F — 14p° ¢° +4p' '+ (5.13)
+100° ¢ + ) t* = p°¢° (¢* + 20%) (=2¢° + 3p°) £ — ¢'* p"".
Due to the polynomial possesses two rational roots t = a and t = —a. Both of

these roots do not satisfy conditions of Theorem [4.1] as they do not satisfy the inequality ¢ > a.
Other roots of the polynomial (5.11]) coincide with the roots of the polynomial @,,(t) from

(5.13). The polynomial ([5.13)) is reducible for ¢ = p. In this case we have
Qup(t) = (t —a) (t +a) (* + a*)™. (5.14)

The formula is not a surprise. If ¢ = p, one can easily derive a = b = u from ([5.9)). But
this case has already been considered (see and ) From ¢ = p and from ([5.10) we
derive p=g=1landa=b=u=1.

In the case p # ¢ the polynomial is described by the following conjecture.

(5.11)

Conjecture 5.2. For any two positive mutually coprime integer numbers p # q the polyno-
mial Qp,(t) from (5.13)) is irreducible in the ring of polynomials Z]t].

Particular case au = b?. This particular case is reduced to the previous one. Indeed, from
au = b* and from (4.8)) we obtain

a=p’ b=pq, u=q, (5.15)

where p and ¢ are two positive integer numbers, satisfying the condition of mutual coprimality
(5.10). Being substituted into the formulae are equivalent to the formulae (5.9))
due to the symmetry . These formulae result in the polynomial P,2,,.2(t) coinciding with
the polynomial , and later they result in the polynomial , which has already been
considered above.

Particular case a = u. This particular case is rather simple. In this case the polynomial
Py (t) = Pupu(t) in is reducible, and the following formula holds:

Puu(t) = (2 +u*)* (t — b)* (t + b)*. (5.16)

The polynomial possesses two real rational roots t = b and t = —b. Both of them do not
satisfy the conditions of Theorem since they do not satisfy the inequality ¢ > b.
Particular case b = u. This particular case is equivalent to the previous one due to the
symmetry (5.2).
The general case, which is not covered by the particular cases considered above in , is
described by the following conjecture.
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Conjecture 5.3. For any three positive mutually coprime integer numbers a, b, u such that
none of the conditions (5.3)) is satisfied the polynomial (5.1)) is irreducible in the ring of poly-
nomials Z[t].

6. NUMERICAL TEST OF CONJECTURES

Presently no proofs of for the conjectures 5.1}, 5.2, and are available. Therefore, I have
studied them numerically. For this purpose the Maxima package of the version 5.21.1 with the
graphic shell wxMaxima 0.85 on the platform of Ubuntu 10.10 with the kernel Linux 2.5.35-24
was used.

The conjecture [5.1] was tested and proved for 1 < a < 100, and 1 < v < 100. The hypothe-
sis was proved for 1 < p < 100 and 1 < ¢ < 100. And the third hypothesis was checked
an proved for 1 <a <22, 1 <b<22and 1 < u <22 The number 22 was chosen intentionally
because

22% = 10648 ~ 10000 = 100,

This equality implies that each conjecture was tested and confirmed for approximately 10000
different combinations of numerical parameters in it. The total result of calculations sounds as
follows: the equation does not have solutions giving perfect cuboids for all values of the
numbers a, b, u less or equal to 22.

7. CONCLUSIONS

Conjecrtures [5.1] 5.2 and [5.3] are not equivalent to the condition of non-existence of perfect
cuboids. However, if they are valid, then it is sufficient to prove that perfect cuboids do not
exist. The above results of numerical tests witness in favor of these conjectures.
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