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ON SOME FAMILIES OF COMPLEX LINES WHICH ARE
SUFFICIENT FOR A HOLOMORPHIC EXTENSION OF
FUNCTIONS

V.I. KUZOVATOV

Abstract. The present article is based on the result related to the holomorphic extension
of functions. Functions with the one-dimensional holomorphic extension property along
families of complex lines are discussed. Real analytic functions given on the boundary of a
bounded domain D in C™ n > 1 with the one - dimensional holomorphic extension property
along families of complex lines are considered. The existence of holomorphic extensions of
these functions to D is studied depending on the form of the domain and location of the
families of complex lines.

Keywords: real analytic function, holomorphic extension, functions with the one - dimen-
sional holomorphic extension property

1. PRELIMINARY RESULTS

The article contains some results, connected with the holomorphic extension of functions f,
given on the boundary of a bounded domain D C C", n > 1, in this domain. We will consider
functions with one-dimensional holomorphic extension property along complex lines.

Results of functions with one-dimensional holomorphic extension property are trivial on the
complex plane C. Therefore our results are significantly multidimensional.

The first result, relating to our topic, was obtained by M.L. Agranovsky and R.E. Valsky
in [I], who studied functions with the one-dimensional holomorphic extension property in a
ball. The proof was based on properties of group of the ball automorphisms.

Stout in [2], applying complex Radon transform, projected Agranovsky and Valsky theorem
on arbitrary limited domains with smooth boundary. An alternative proof of the Stout theorem
was obtained by A.M. Kytmanov (see [3]), who applied Bochner-Martinelli integral. The idea
of integral representations application (Bochner-Martinelli, Cauchy — Fantappie) proved to be
useful in study of functions with one-dimensional holomorphic extension property.

Let D be a bounded domain in C*, n > 1, with a connected smooth boundary 0D of the
class C?. Let us formulate the result of E.L. Stout [2].

We will consider complex lines of the form

lz{(G(C":Cj:zj+bjt,j:1,...,n,tE(C}, (1)

passing through the point z € C" in the direction of the vector b € CP"~! (direction b is defined
with the precision to multiplication by the complex number A # 0).

According to the Sard’s theorem, for almost all 2 € C" and almost all b € CP" ! the
meet [ N 0D corresponds to a set of the finite number of piecewise-smooth curves (excluding
the case of degeneracy, when 0D N1 = ).
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ON SOME FAMILIES OF COMPLEX LINES... 101

We will say, that the function f € C' (0D) possesses one-dimensional holomorphic extension
property along a complex line I (1N OD # (), if there is the function f; with the following
properties:

1) fie C(DNI);

2) fi = f in the set 0D N ;

3) function f; is holomorphic in internal (with respect to topology !) points of the set D N1.

Theorem 1 ([2]). If the function f € C(9D) possesses one-dimensional holomorphic ex-

tension property along complex lines of the form , then f is holomorphically extended in
D.

Some more restricted family of complex lines, sufficient for holomorphic extension, was con-
sidered by M.L. Agranovsky and A.M. Semenov [4].
Let us consider the open set V' C D and the family £y of complex lines, meeting this set.

Theorem 2 ([4]). If the function f € C (0D) possesses one-dimensional holomorphic ex-
tension property along lines from the family £y for some open set V- C D, then the function f
15 holomorphically extended in D.

Later some authors (see, for instance, papers [5] — [§]) considered different properties of
complex lines (for instance, the family of complex lines, meeting the germ of the generating
variety, passing through the germ of complex hypersurfaces and etc.), sufficient for holomorphic
extension of functions from different classes. Let us demonstrate the result from paper [7],
where it is stated, that the family of complex lines, passing through the boundary point of a
complex ball, is sufficient for holomorphic extension of real analytic functions, given on the ball
boundary.

Let B™ be a ball in C™, OB™ be a sphere, z; € 0B™ and C* denotes a class of real analytic
functions.

Theorem 3 ([7]). Let the function f € C* (0B"™) possess one-dimensional holomorphic ex-
tension property along all complex lines, passing trough zo. Then the function f holomorphically
extends in B".

2. TWO-DIMENSIONAL CASE

Let us consider a two-dimensional complex space C2, points of which we will denote as
w = (wy,ws), z = (21, 22) and etc. Let D be a bounded strictly convex domain in C? with a real
analytic function boundary 9D, i.e. D = {w|p(w) < 0}, where the function p (wy,w,) is real

_ dp 0
analytic in some surrounding of the domain closure D. With all this grad p = (0_p’ 8_p) #0
w1 Wo
on 0D. Let the following condition hold true for all the points of the boundary

dp 2 9% dp dp 0?p dp 92
(s @) Gh =27 ) 2 w5 b )+ (5 w) ghw =0 @)

wi Wy

awz awl 8w2 awlawg 8w1

We will also denote the family of complex lines, passing through the point wgy, wg € 0D by
Lo

Theorem 4. Let the function f € C* (0D) possess one-dimensional holomorphic extension
property along all complex lines from L£,,, meeting D, then the function f holomorphically
extends in D.

Remark 1. If the point wy is fized in advance, then the condition (2)) can be satisfied only
i the point wy.
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PROOF. Let us make a shift, for the point wy € 9D to pass to 0 and make an orthogonal
transform

w = Bz,
given by the matrix
op . Op
N (0) P (0)
_@ (0) Z@ (0)
821)1 8@2

This transform is nonsingular, whereas |B| # 0. In case of such a transform real analytic
property of the function p (Bz) = p(z) remains. The component-like variant of the transform
will be as follows.

ap _dp B
—%wz (0) 21 + z—%wl (0)z2 =wy
14 . Op .
o, (0) z1 + zan (0)z2 = ws

Assume z; = 11 + @9, 29 = T3 + iT4.

Lemma 1. In case of complez-linear transform of coordinates w = Bz the condition for
the function p (wy,ws), considered in the boundary point wy = 0, takes the following form

0

P (0)=0 a2*‘)<0>:a—x%<o>, 3)

8x18x2 S a_LU%

where the implicit function x4 = @ (1,22, 23), is defined by the equation p(x1,xq, x3,24) = 0,
0 S
and satisfies the conditions ¢ (0) = 0, (9_S0 (0)=0,k=1,3.
Lk
PROOF. Let us find connection between partial derivatives of functions p(z) and p (w), and
also conditions for the function p(z) . We will obtain

dp  Op Owy ~ Op 0wy  Op Owy ~ Op Owy  Op dp dp op
821 n awl 821 + 8@1 621 + 8w2 821 + 81D2 821 n (9w2 (O> (9w1 811)1 <O) 8w2'
dp  Op Owy  Op Owy = Op Owy ~ Op Owy . Jp dp . Op dp

9 9w 0% 90 0% 9w 0m 0w 0m  ow W awr T 5w Y uy

It is clear from the above calculations, that

and the value

0 =i (5 0 4 0) + 5 0) 5 0)) =i<ﬁ(0)r+ 0 )

02
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is simply imaginary.
Let us consider the partial derivative of the function p (2) of the second order.
i _ @ 0 0?p  Ow 0?p  Ow, B
0z ow,0w; 0z;  Ow 0wy 021

™

8

=N

) aw1 ?p 0wy
8w28w1 (921 6w23w2 621 N

8p p )82p _
Ows 8w28w1 - Ouy ow?)

p ,0p . Op 0%p dp . \\* Pp
= 0 -2 0 0 0)) —=.
((9@02 ( )) ow? ow, (0) Ows (0) Ow, 0w, + ow, (0) ow3
Considering the shift of coordinates made, when the boundary point w, transformed to zero,
and the condition to the boundary of the domain D, the latter equality means, that
0%p
0%

8w1 (
p 0) Pp \
3?1)2 Gwl 8w1 Ow, 0wy
0w1 (

(0) = 0.

Further for more convenience instead of function g (z), giving the boundary of the domain D,
we will write p (2). In other words,

p(z1,22) =0 (4)
with the condition
9 ) =0
821 5
8%p . ; (5)
(92%( ) - Y

0
and also with the condition, that the value 8_p (0) # 0 is simply imaginary.
22

Partial derivatives in complex variables can be expressed via derivatives in real variables as

follows:
LS YE N2
82’1 8x1 81‘2
Do _1(ow o)
822 8953 8x4

Thus, it results from the correlations of derivatives connection of complex and real variables,
and also from the system of conditions , that

9 oy=0, 2 y=0 I°
axl()_’ ax2()_a 01;3

Then we will write the second condition in the system in real variables. We will obtain
g (0 . 0
8:1:1 P= 821 821 P

O, (2 _2),
83:2 0z1 0%z

(0) = 0. (6)
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9?p o ( dp 0 0 dp  Op 0?p 0?p
922~ o (a) - (a_ - a—) (a_ N a_> =822 omon

L P +i—@+82 1o O
821821 831 (9 821821 ’
’p s, p Op\
012 Oxy (a;@) (8__8z1) (8_,21_8_21) B
_ (82 Fo_ p)_2 Pp  Pp Pp
022 azlazl 02,05 072 0210z, 023 0z

o _ 0 (00N _ (0 0N, (90 00 _
8:1718152 N 8:}61 81‘2 N 02’1 821 821 82’1
(0% 82p 02p 82p (2p D
= | =—= — — + — — =1l === |-
022 0720z 02,0z 07 022 073

Therefore, taking into account the second condition of the system and also real-analytic
property of the function p, it follows from the above results, that the conditions for func-
tion p (1, e, 3, x4) will have the form

0?p

a—ﬁ(0)=a—x5( ) Friom, (7)

Due to its pass to real coordinates, the function, giving the boundary of the domain D, takes
the form

p (.Tl, X2, T3, .754) - O
Whereas the gradient of the function p(x1,...,z4) differs from zero, due to correlations @
dp
8.734

the function, giving the boundary of the domain in some surrounding of the boundary point 0,
takes the form

(0) # 0. Then, according to the theorem of an implicit function (chapter 2, p. 26.1 from [9]),

Ty = ¢ (21,22, 73) , (8)
where
0 0 P -
a_;ic N a.f <$1,$2,x3,90(331,x2,x3)>/8—£ <x17$27x37¢(x17x27x3)>7 k = 1,3

0 _
The function ¢ satisfies the conditions ¢ (0) = 0, 8_g0 (0) =0, k =1, 3. Further, applying the
Tk

correlations @ and @, we will find conditions for the function ¢ (z1, 29, x3). For this purpose

0? —
we will consider the derivative L , 7 =1,3. We will obtain
0x,0x;
0?p
9 9. <x T, T3, (11, :U))Z il - Pp ¢ _ _Fp _ Judzy Op
81'] Qg \ TR b2 s OxyOr;  O0x0xy Ox;  OxpOr; Op  Oxj’
8334
P
0 9p 0?%p Pp Op  Pp ox? Op

8:76] Oz (xl,xg,xg,ga(xl,xg,xg)) - 0x40x; + 014014 015 B O0r40x; B @ oz
6174
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Therefore,
Pp dp  Pp Op\Op ([ DPp Op Ppdp\ Ip
o) . O0x,0xj 0ry  Ox1,0x4 05 ) O24 O0x407; Oy o3 Ox; ) Oz,
8$k8x]~ n 8p 3 ’
(6
and
9%p Op B ?p Op\ Op B 9?p  Op B 9?p Op\ Op
Pp 022 0xy  Oxp0xy Ox) ) Oy 0x40x Oxy 023 Oz ) Oy,

Oz} LAY
81'4

Taking into account conditions @ and , it is easy to see, that

0 0 0%
= —L =L . O

We will continue to prove the theorem. Further we will consider sections D, (7) of the

domain D
T T —
D, (1) = a, VT e A,,
0= (T )

passing in the direction of the vector (a,1) € C2. The domain A, of the parameter change 7
is a domain on the complex plane with a real-analytic boundary (in the surrounding of the
boundary point 0).

Disintegrating the function ¢ (z1,xs,23) in the expression in the surrounding of the
boundary point 0 into Taylor series, due to conditions for the function ¢ we will have

xy =T (x1,29,23) + 0 (\:1:’|2> ;2| =0, 2 = (21,29, 23), (9)

where T (x1, 29, x3) = cnx% + ngl‘% + 033x§ + C1ox1T9 + 137123 + Coz3Xox3 IS a positively de-
fined (according to strict convexity of the function p) quadric form. The coefficient of the
form T (z1, x9, x3) due to conditions for the function ¢ (x1, o, x3) holds true for the corre-
lations

ci2 =0, c¢11 = coo.

Let us point out a real and imaginary part of variables zi,2, and write the expressions
for x1, x9, T3, 4.
Assume 7 = u + v, a = a1 + ias. Then

T (u+1v) (a1 +iaz)  (uar —vag) + i (uag + vay)
1+ |al” 1+ |al” 1+ al” ’
T U+ v

1+ |af 14 la)*
Therefore,

ua] — vas UGy + vaq U v
i=——"~FT532 2= "5 W= "3, L4=_———3-
L+ af* 1+ af* 1+ a|*’ 1+ al”
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Let us write expressions for the quadric form T (z1, 29, x3).

2 2 2
T (SL’l, X9, .1'3) = C11T + C11To + C33T3 —+ C13X1T3 -+ Co3Tox3 —

1
=— [011 (uza% — 2uvajas + Ugag) + ¢ (uzag + 2uvaqias + vga%) +
(1+ |al”)
1
+ c33u® + 13 (v’ — wvaz) + o3 (u’as + uval)} =X
(1+ |al%)
X |:U2 (Cuag + CHCL%) ‘v (—2011UCL1GQ + 2C11UCL16L2 — C13Uas + ngual) +
1
+ (011U20J% + 611u2a§ + C33’LL2 + 013u2a1 + 023U2a2>] = —22><
(1 + |al )
X |:U2 (Cuag + clla%) +v (—Clguag + C23UCL1) +
+ (cnu2a§ + 011u2a§ + 033u2 + 013u2a1 + 023u2a2)].

Let us use the value obtained for x4 and T (1,22, 23) in the equation (9) and give similar
ones. We will obtain

v? (en1a3 + enai) + v (—ciguas + cozua — 1 — |a!2) +
+ (011u2af + cnulal + cszu® + cyzutay + 023u2a2) +o (|a|2) =0, |a] = +o0.
Choosing |a| rather large, i. e. replacing a by ta with |a| = 1, we will obtain
v? (cuath + cna%tQ) +v (—C13UCL2t + cozuaqt — 1 — |a\2 tz) +
+ (011u2aft2 + epulast® + cazu® + czutant + 023u2a2t) +o (\t|2) =0, t— +oo.

Therefore, dividing to t? and proceeding in the given expression to the limit with t — +o00, we
will obtain

v? (Cna% + 011@%) —v ‘a|2 + 011u2a% + canag =0,
c11v? \a]2 —v |a\2 + cpu? |a|2 =0,
v — v+ e = 0.

Let us write the given equality in a complex form. We will obtain

v
C11 (U2 - — + U2> = 0,
C11

9 1 1 1 9
v°— 20 +-— |-+ tu =0,

e 1 \2
T—— =|=— . 10
’ 2011 (2611 ) ( )
Hence, we have shown, that the domain A of the change of parameter 7 in the boundary
? 1
case, when |a| — 400, is a circle with the center in the point 7, = —— and radius rq = oo
C11 C11

Coefficient ¢1; > 0 according to positive definiteness of the quadric form T (x1, x5, x3). The
correlation sets the boundary dA.
It should be noted, that the tangent to the boundary of the domain D, drawn in the boundary
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point 0, is the line Im 2 = 0. It is easy to see, that, when |a| — 400, sections D, (7) become
closer to tangents of the boundary of the domain D in the boundary point 0, whereas

Im z = — 0, when |a|] — +o0.

1+ |a\2

Moreover, when |a| — +o00o of the section D, (7) are in the surrounding of the point zy = 0.
Namely, if z € D, (1)

2 2 12 2 2
T 7| la] il

1+ ]a\2

_ T
(1+1a)*  (1+]a)* 1+]af

2
|z—zo\2 = ‘

—5a
‘ 1+ al”

when |a| — +00.

Applying real-analytic property of the function p (21, 22, Z1, Z2), we will solve the equation (4]
with respect to the variable z,. Whereas p(z, z) is a real analytic function, then it is disinte-
grated into a series in the surrounding of the point (0,0) € C* = C? x C2. Let us proceed from
coordinates z to variables (, i. e. make a substitution

Z1=C, Z2=C(.
We will obtain the function p(z, (), analytic from z and ¢ with conditions
{ p(z,¢) =0,
¢ ==z
Whereas the gradient of the function p (21, 22, (1, (2) differs from zero, then the derivative of
one of the variables differs from zero, for instance, the derivative — 7é 0. Then, applying the

9C2

theorem about an implicit function for holomorphic functions (Theorem 3 from chapter 1, §4
from [10]), we will define the variable (, by the rest of variables:

G =v(21,22,G),

21 = <17

Zy = (.
Then f (21, 29, 21, 22) = f (21, 22, Z1, ¥ (21, 22, (1)) is a real analytic function, which disintegrates
into the series by variables 21, 25, (; = Z;, which converges in the neighborhood of the boundary
point (0,0). Namely,

f (21,21, 22) = E E bhka1Z122 )

=0 h+k+2m=l

where we redefined the element in power degree (giving power 2 by z3).
Choosing |a| rather large, we will consider moments N on the sections D, (7):

G 0. 8) = [ 5 (Du(r)) dr -

0Aq

/NZ Z hkm(1+|a| )h(m)k<l+7|&lz)de

=0 h+k+2m=l

Let us prove, that the coefficients by, ;. ,, = 0 for £ > 0. Let [y be the lowest power degree with
the property, that by k., 7# 0 for £ > 0 and ko is the lowest degree by Zz;, for which it holds true.
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We obtain, that G (a, N) = 0 for all N and a, in particular, for ta with |a| = 1 and ¢ — +o0.
Let us consider the limit

lim G (ta, N)th =

t——+o0

h o Nk
T

[y Y m(_ ) (—t) 9
bﬁ+“> I=lo htk+2m=l 1+ [ta]” 1+ [tal

m
T ! . N h=k_myhkl
X| —= ] t%r = lim E E bh o™ T T th ko gk x
(1+|ta|2) t%+oo o

I=lo h+k+2m=l
h k m
. 1 1 1 1 1 L
T L e | T o] e | T ] e T
t_2+|a| t_2+|a| t_2+|a|

+oo
— lim E E bh e / 7_N,7_h,7—_k7_m dr - th—i—k-‘rlo (2h+2k+2m)ahakx
t—+oo Y
I=lp h+k+2m=I AA

h+k+m+m—m

1 T
|1 = lm > > %kmz/"TNT%$deT'ﬂ”JX
— +laf? e T btk 2m=
12 -0 - A
— 2m
1 2\ 1 ala® la
xa'a" (t_Q + |a| N E bh7k7m N phykpm dT—| ||210‘ =0,
1 a
(t_2 + |a|2 h+k+2m=l SA

where JA is defined by the correlation ((10)).

We will calculate the value of the integral [ 7V7"7%7™ dr, expressing 7 as a fractional-linear

A
function from the correlation . We will obtain

2 i . i i - i N 1
= T — — T - - T — — T — T -9 -
2c11 2c11 2cn 2c11 40%1

Then
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We will substitute the value obtained for 7 into the subintegral expression. We will obtain

i k TN+h+mTk
/TNTh?kTm dr = /TN”Hmfk dr = <——> / i =
2011 ( (4 )

oA oA an |7 — ——
C11
i \* FN+htmtk
= —— — dr.
2e ( i )
onN (T — —
2611
TN+h+m+k: 1 dk—l N
_ . : +h+m+k __
/ TN T, T -
OA -
( 2011
=2mi ! lim (V+h+m k)!TN+h+m+1 =

(k—1D!r=n0 (N+h+m+1)!

1 (N+h+m+k)' Z N+h+m+1
(k—D!'(N+h+m+1)! \ 2 '

= 27

Therefore,

O\ .\ N+htmtl
/TNTthdeT: —— ) om L _(Wahamth)l (i o =
2011 (k— 1)' (N+h+m—|— 1)‘ 2611

B (_1)k L N+h+m+k+1 o N—l—h+m+k:
- 2011 k’ -1 ’

0A

Let us complete the proof of the theorem. Whereas

g bh,k,m/TNThT'kTm dr -

h+k+2m=ly OA

aha |a*™ B
a7

then, substituting into the given expression the value of the integral obtained, we will have

pf i NV N Lt kN ahak o™

Z bhgm (—1) [ =— 21 Pl bt B
o 2cn k—1 |a]2lU

htk+2m=lg

Choosing N = ky — 1, we will obtain the following correlation for coefficients by, i,

. 2ko+h+m
(2 -1
Z (_1)k0 (—22 ) 2me ( o +kh * T ) bh,ko,mah+m&k0+m =0.
C11 0 —

h+ko+2m=lg

Substituting a = ¢, we will obtain

. 2ko+h+m
§ <_1)k0 (22 ) ol (Qko +kh ’ ;n 1) bh,koymeie(h_ko) =0,
C11 0 —

h+ko+2m=lo
that means, that by xym = 0 for h + ko + 2m = ly. Thus, for £ > 1 we have by, j,, = 0 for any
power degree [.

Therefore, we have shown, that the function f is holomorphic in the surrounding of the
point 0. Due to the theorem condition, the function f holomorphically extends to the meeting
of the domain D with every complex line, passing through the boundary point 0. Consequently,
according to the Hartogs theorem about continuation (Theorem 1 from chapter 3, §11, p. 32
from [I0]) and application of a fractional-linear transform (when the boundary point passes
to an infinite one, and lines, passing through the boundary point, pass to the parallel lines)
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the function f will holomorphically extend along all the domain D C C2. These consideration
complete the proof of the theorem in the two-dimensional case. [J

3. MULTIDIMENSIONAL CASE

Let us consider n-dimensional complex space C", points of which we will define by w =
(wy,...,wy), 2= (z1,...,2,) and etc. We should remind, that the domain D is called strictly
convex, if the function p (wy, ..., w,), setting the boundary 0D of the domain D, i. e. D =
{w]p(w) < 0}, satisfies the condition

- 0%p (wo) C6+ Zn 9?*p (wo) EE+ Zn D?*p (wo)f £>0
— Jw,0w; P — 0w, 0W; P — Ow,0W; P
p,j=1 p.j=1 p.Jj=1

VE 40, u € dD.
Let D be a bounded strictly convex domain in C™ (n > 1) with a real-analytic boundary 9D,

ie. D ={w]p(w) <0}, where the function p (wy,...,w,) is real-analytic in some neighbor-
— 0 0
hood of the domain closure D. With this, grad p = (8_p’ g P ) # 0 on 0D. Further all
w1 W,

indexes p,j,r,s € {1,...,n}.
Let us assume, that for all points of the boundary the following conditions hold true:

l.p<ygr<s

op Op 0% 28p op 0% 28p dp 0?%p

4(9wp ow; Ow,Ows B ow, dw, Ow;0w; B ows Ow, Ow, 0w; B (11)
_28/) op 9% _28/) dp 9% +48p dp 9*p o
ow, Ow; OwsO0w,, Ows Ow; Ow,Ow,, ow, dws dw,0w;
2.p<y
28p 8p82p_28p op 0% _28,0 op % N
ow, Ow; Ow? ow, dw, Qw,0w; ow, dw; Ow, 0w, (12)
+2<6p>2 Pr__y
ow, ) Ow,0w,
3.p<r
(ap>232p_2ap O _Op +(8p)282p:0. (13)
ow, ) Ow? ow, Ow,, Ow, 0w, ow, ) ow?

Let us also define the family of complex lines, passing through the point wg, wy € 9D by £,,.

Lemma 2. If boundaries of all two-dimensional sections of the domain D satisfy the con-
dition , then in n dimensional case the following group of correlations - holds
true.

PRrROOF. In the equation

p(wy,...,w,) =0
we will put the following parametrization

wy = o+ Bin
wy = € + B

w, = apé + Ban.
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We will obtain a two-dimensional section, defined by vectors o = (ay,...,q,) and =
(B1,...,Bn). The group of correlations — (113) will be obtained from the fact, that the
boundary p (£,n) of the two-dimensional section should satisfy the condition in variables &
and 7 for any vectors o and S, i.e. the following condition should hold true

dp 2 9%p op 0?p dp 0?%p _
() 2oen 2260 Len 2o e+ (Len) 2en=o ay
Let us find derivatives, included in the equation . We will obtain

dp  Op Owy = Op Owy n dp Ow,

9 Owy O Bws O T Quw, OF
ap ap dp N
N al@wl * a28w2 Tt a”@wn N — 8wrar
dp  Op Owy ~ Op Ows dp Ow,
on  Ow, On +8w2 on +'”+8wn on
B 8p dp " Op
p=1
0?%p 82p 0?%p 9?p
0e2 a (al Ow; 0w, + a28w18w2 et a”@wlawn) *
9?p 0?p 0?p
+o (O‘lawzawl +a OwsOws totan 8w28wn) et
0? 0? 0?p 0?
+ o, | g 2 ot oy Qr Qg
( ow,, 0w, ow,, 0w, 8wn8wn> ~ ow, 0w,
Pp 0? 9p 9%p
8_7]2 n ﬁl <61 8w18w1 8w18w2 + 5n Bwlawn) +
9?p 0?p 0?p
P (ﬁl Dwsdwr 7 Duwgduwy +ﬁn8w28wn) o
D?p 0?p 9?p 9%
+ (61 ow,,0w +5 Ow,,0ws + 8wn8wn> N = Ow,0w; Bols
9?p 9?p 0?p 0?p
ocon ™M (ﬁ 9w 0w 2 wnaw, T 8w18wn) *
0?p 0?p 9?p
+ o <51 Ows0w, 2Owy0w, + O 8w28wn) et
9?p 9?p 9?p o~ 0
T (513 o TP Bu0w, T +5"awnawn) = 2 wow, ™

Then, taking into account the above results,
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Therefore,

i —~ dp Ip Pp
<an> 852 B Y Z 8wp aw] awrawsﬁpﬂ]arasa
dpdp 3*p z”: dp dp
8€8n8€8n | Ow, dwy, Dw,dw;

Bpﬁjarasa

op " 9p Op O
< > p]; dw, Ows 8wp8wj5pﬁjaras'

Let us substitute values of derivatives in the correlation . We will obtain, that for any
vectors a and  the following condition should be satisfied

z”: Op Op _p _ ,0p dp Pp  dp dp Pp
ow, Ow,; Ow, 0w ow, Ow, Ow,0w;  Ow, Ow, Qw,0w;

) BpBicras = 0.

p7j7T7S:1
Further we will consider the similar ones in the given sum, with the indexes
p,J,mys € {1,...,n}. We will obtain

Z(Qﬁp dp 0% _28p dp % _28p dp 9%

o ow, Ow,; Ow, 0w ow, dw, Ow;0w; ow, Ow; OwsO0w,
dp dp O?%p
+ 23wT Ows Ow,0w; Bpjarast

2
9%p dp dp  *p dp Op *p\
* Z ((811},,) Ow, Owg ow, dw, Qws0w, + dw, dw, duw? Byaras =0

Z<48p dp % _28;) dp 0% _28p dp %

o ow, Ow,; Ow, 0w, ow, Ow, Ows0w; ows Ow, Ow, 0w,
r<s
op Op 0% op Op O*p op Op 0%
_ — 2 4 j G Ctg
ow, Ow; Ows0w,  Jws dw; Ow,0w, * ow, Owy Ow,0w; Bobjorast
2 2 2
+Z(20p (9/)8/)_28/) dp  9*p _28/) dp 0%
ow, Ow; Ow? ow, dw, Ow,0w; ow, dw; Ow, 0w,

op\> 9% > 9% dp Op p
2 (8wr> Ow,0w; Bubsar + Z <3wp> ow, 0w, Qawr dw, Ow,dw,
’T'<S
2 2
dp Op 0O 49 dp Op O°p

0w, Ow, 0w, 0w, dw, dw, Ow?

Op _Op dp 0% ap\> 2\ ., 5
—9 = 0.
* Z (( ) ow? ow, Ow, Ow, 0w, * <8wr> w2 | P 0

)%%%+

p

Whereas the given equality is satisfied for any vectors a and § and there are given the
similar ones (all sums consist of different components), then the equality to zero means, that
all expressions with sum signs are equal to zero. Note, that the second and the third sums in
the latter correlation are obtained from each other by means of indexes transforms. Therefore,
we have shown the validity of the correlations — . 0
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Theorem 5. Let the function f € C* (0D) possess one-dimensional holomorphic extension
property along all the complex lines from £,,,, meeting D, then the function f holomorphically
extends in D.

Remark 2. If the point wy s fized in advance, then the condition - can be satisfied
only in the point wy.

Proor. We will make a two-dimensional section of the domain D, passing through the
boundary point wg and the point 0, being in the domain D. The function, setting the boundary
of such a two-dimensional section, will satisfy the condition (Z2)), hence the function f accord-
ing to the previous item, will holomorphically extend in the interior of such two-dimensional
sections and define the function F' in them. Whereas holomorphic extension of function f
in two-dimensional sections is given by a two-dimensional the Bochner-Martinelli integral F',
then in all two-dimensional sections holomorphic extensions coincide. These two-dimensional
sections cover all the domain D. Hence, the function F' is defined in all the domain D.

Whereas holomorphic extension of function f in two-dimensional sections is set by the
Bochner-Martinelli integral, depending real-analytically on vectors o and 3, then holomor-
phic extension of the function f is a real analytic function. Therefore, the function F' belongs
to the class C'*™ in the neighborhood of the point 0.

Whereas the two-dimensional section is defined by two complex lines, then the function F,
being holomorphic in all the two-dimensional section, will also be holomorphic on complex
lines, lying in the same section. Thus, the function F' will be holomorphic in the meeting of
the domain D with every complex line, passing through the point 0.

Thus, we have shown, that the function F' belongs to the class C* in the neighborhood of
the point 0 and is holomorphic in the meeting of the domain D with every complex line, passing
through the point 0. We are in the condition of the Forelli theorem (Theorem 4.4.5 from [I1])
and, applying this theorem, we will obtain, that the function F' will be holomorphic in some
surrounding of the point 0.

Whereas the function F'is holomorphic in some surrounding of the point 0 and in the meeting
of the domain D with every complex line, passing through the given point, then, according to
the Hartogs theorem on extension (Theorem 1 from chapter 3, §11, p. 32 from [10]) by analogy
to the previous item, it is holomorphic in al the domain D. [

4. EXAMPLES

In the given item we consider examples of domains, for which the following theorem holds
true [Bl

Example 1. D = B" is a ball with the center in the zero of the radius R, i. e. D = {( :
¢l < R} .

Example 2. Let (; = L]((;U)),

the image of the ball B" with the given mapping (if it is not singular) is a domain, for which
the following theorem holds true [5
Example 3. Let the function p, setting the domain boundary D, have the form

j=1,...,n, where L; (w), L (w) are linear functions, then

plws, ) = [wrf + . P = B2+ 3L ()

J

where L; (w) are linear functions. Then for the domain D = {w|p(w) <0} the following
conditions of the theorem hold true Bl
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Example 4. Let the function p (w, w) lineally depending on w and on w is arbitrary . Then

the domain D = {w | p (w) < 0} satisfies the theorem conditions [j|

10

11
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