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AN ALMOST EXPONENTIAL SEQUENCE OF
EXPONENTIAL POLYNOMIALS

A.S. KRIVOSHEYEV

Abstract. A special sequence of exponential polynomials, whose exponentials are divided
into relatively small groups, is studied in the article. It is proved that this sequence is
almost an exponential sequence for each convex domain of a complex plane. By means of
this result necessary and sufficient conditions for the considered sequence to be a basis in
a closed and invariant under differentiation subspace of the space of analytic functions in
a convex domain are obtained. Two methods of description of the whole class of bases in
an invariant subspace, whose elements are exponential polynomials, are given.

Keywords: exponential polynomial, invariant subspace, analytic function, convex domain,
basis.

Let D be a convex domain in C and {K},}7°; be the sequence of convex compacts, exhausting
domain D, i.e. the following holds true: 1) K, C intK,, for all p > 1 (int defined a set interior),
2) D = U, Kp. Let Hy(z) define a support function of the set M (to be exact, complex

conjugated with M set):

Hy(z) = sup Re(zw), ze€C.
weM

Then it results from the condition 1) that for any p > 1 there is a number «,, > 0 such that

Hg,(2) + ap|2| < Hg,,,(2), z€C. (1)

In paper [1] there was introduced the following notion. Sequence of functions {e,}>>_;,

analytical in the domain D, is called almost exponential, if there are numbers A, € C, m > 1,

|[Am| — oo with m — oo, for which the following two conditions hold true: 1) for any p > 1
there is a constant @ > 0 and a number s such that

sup |en (w)| < aexp(Hg,(Am)), m=1,2,...;
weK)

2) for any p > 1 there is a constant b > 0 and a number s such that

bexp(Hg,(Am)) < sup |en(w)], m=1,2,...
weEK
Note, that the definition of an almost exponential sequence is bounded to a definite convex
domain D. Therefore, it is more correct to call such a sequence almost exponential in the do-
main D. Numbers \,, € C, m > 1 are called indexes of functions {e,,}>°_,. Examples of such
almost exponential sequences can be sequences of exponents themselves, and also sequences of
exponential monomials {z" exp()\mz)}f;f{fn:l according to the condition k,,/|Am| — 0 (see [1]).
In paper [2] there was some more general sequence of functions {e,, }5°_; considered, compiled
of linear combinations of exponential monomials, which indexes are divided into so-called ”rel-
atively small groups”. Such sequences appear naturally during studying classical problems of
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functions representation from the space, which is invariant to the action of some linear oper-
ator, by means of its own and associated functions of this operator. In paper [2] there were
closed subspaces W studied, which are invariant with respect to the operator of differentiation,
in the space H (D) of functions, analytic in the convex domain D, with the topology of uniform
convergence on compact subsets from D. If W is a nontrivial (W # H(D) and W # {0})
subspace in H(D), then the spectrum of the differentiation operator in W is not more that a
countable set {\;} (see [2]). Hence, if the spectrum is infinite, then its only accumulation point
is 0o. Therefore, eigenfunctions of the differentiation operator in W are exponents with indexes
Ar. Associated functions will be, correspondingly, exponential monomials 2" exp(A;z), where
n=1,...,n; — 1 (the natural number n; can be defined as order of zero of some entire expo-
nential function, connected with the subspace W [2]). In the case, when the set {\x} is finite,
the subspace W coincides with the space of linear differential equations solutions with constant
coefficients (see, for instance, [3, chapter 4]). Then, according to the fundamental principle
of L. Euler, every solution of such an equation is a linear combination of eigenfunctions and
associated functions of the differentiation operator in W. Due to this, it is expedient to consider
only invariant subspaces W C H(D), with an infinite spectrum {\;}32,. For such subspaces
we deal with an infinite system & = {2" exp(A\x2) ,;“;Tfn;lo of eigenfunctions and associated func-
tions. If points of the spectrum are rather far from each other (see [4]), then in case of some
supplementary conditions of the spectrum {A;}%2; and natural numbers ny, k = 1,2, ..., (see
[4],[5]) in the subspace W we also deal with the fundamental principle: every function from W
is represented close due to the system &£, which absolutely and uniformly converges on compacts
from the domain D. In case of spectrum points ”sticking” such a representation is impossible
[4]. However, even in this case in the subspace W there can exist a basis, compiled from lin-
ear combinations of eigenfunctions and associated functions of a differentiation operator, the
indexes of which are divided into relatively small groups (see, for instance, [6]).

Let the sequence {\} be divided into groups U,,,, m = 1,2, .... Let us renumber the sequence
members. The points A, fallen in the group U,,, will be defined as A, ;, and their order (i.e.
the number ny) as n,,;. The first index here m coincides with the group number, and the
second index varies within the limits from 1 to M,,, where M,, is a number of the spectrum
points, fallen into the group U,,. They say, that groups U,,, m = 1,2,..., are relatively small,
if the following holds true:

Amg = Amal _
/\m,l

lim max
m—00 1<j,I<Mpm

Note, that the numbers A, ; can be replaced here by any other representatives A,, ; of groups
U,,. It immediately results from the correlation

—’ J 1l + lim [ A1 = 1.

A
lim max | m’J’ < lim max =
Am,1l m—00 | A 1]

~
m—00 1<G<Mm [App 1| — m—00 1<G<Mm

In new symbols the system of eigenfunctions and associated functions looks the following way
E={" exp()\m,lz)}i’:]\f’f:’ngl. Let N,, be a number of spectrum points, fallen into the group

Un, m=1,2,..., according to their order, i.e. N,, = Zl]\i’f Nm. Let us construct the function
system & = {emp(z)};o’zj\ﬁ’;,:l according to the system £. Assume, that

emp(2) = p=1,...,N,, m=12.... (2)

(p—1)! Im(A, 2)dA
211 / ()\ - )\m,l)p7

[A=Am,1|=1

Therein



84 A.S. KRIVOSHEYEV

L exp(2¢) (wm(C) — wm(A)) B
o / (€= N0 ¢, m=1,2,...,

I, is a contour, covering the points A, ;, [ = 1,2, ..., M,,, groups U,,, and w,,(A) is a monomial
with these zeros with the account of their order and with the leading coefficient, is equal to 1,
ie.

My,
win = [JA= )™, m=1,2,...
=1

From (2), applying the theorem of subtraction, we obtain the following equalities

My, nm,l_l

emp(2) = Z Z Copin?" €Xp(Amaz), m=12..., p=12,... Np. (3)

=1 n=0

In paper [2] according to the condition, that the sequence & is almost exponential, we obtain
necessary and sufficient conditions of € = {e,, ()} "—1 which is absolute and uniform basis
in the subspace W. Under the same condition we can find description of all possible bases in
W of the form (3), constructed on the basis of relatively small groups U,,.

In this connection there appears a problem of conditions clearing-up, when the system £ =
{emp(2)}25Nm | is an almost exponential sequence. The aim of this work is to show, that if

m=1,p=1
the equality

— N,
N=lim -—— =0 4
holds true, the sequence £ will be exponential.
It is proved (corollary from Lemma 5) in paper [2], that with A" =0 for any j > 1 there is a
constant C; and a number s > j such that

sup |emp(w)| < Cjexp Hi,(Am1), m=12,..., p=1...,Ny,.
wekK;

It means, that for the system & = {e,,,(2)}"\" "1 item 1) holds true from the almost expo-
nential sequence. Further we will show, that with A" = 0 for £ item 2) also holds true. To
prove this fact we will apply Theorem 1 from paper [2].

We will need some supplementary definitions and symbols. For a convex domain D and every
s=1,2,... we will define a Banach space of entire exponential functions

Po={f e HC) - [Iflls = S;elglf(w exp(—Hg,(A)) < oo},

and by Pp we will define an inductive limit of the spaces P,. Note (see, for instance, [3]),

that the Laplace transform L(u)(A) = (u,exp Az) sets algebraic and topological isomorphism

between the space Pp and the space H*(D) which are linear continuous functionals on H (D).
For any s = 1,2, ... we will introduce a Banach space of complex sequences

Ry ={b={bm;} : [|blls = sup(|bm ;| exp(=Hg, (Am,1))) < 00},

m’]

Therein m = 1,2,... and j = 1,..., N,,. Let R(D) be an inductive spaces limit R;. For the
entire function f(¢) we will assume
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Gm(\, f) = %/f@((g”_@(i;w;fgﬁwdg, m=12,...,

where the contour I',, and the monomial w,,(¢) are similar to the described above. This formula
defines a known interpolation polynomial of the degree not more than N,, — 1, which takes
values, coinciding with the corresponding function values f(¢) and its derivatives in points A,
together with its derivatives up to the order n,,; — 1 inclusive, i.e.

qgn)( ml7f) f(n(’ml)v l:1727"'7Mm7 n:())l)"'anm,l_l-
Let us decompose g,,,(A, f) by monomials (A — Ay, 1)7:

Np—1

(A — )\m
qu] 1), m:1,2,...

It is shown in paper [2] (Lemma 5), that for any function f from the space Pp the sequence of

numbers ¢(f) = {qu,l(f)};o’:Aﬁ']‘-:l belongs to the space R(D).
Let B(z,r) and S(z,r) define an open circle and a circumference with the center in the point
z and radius r correspondingly. To apply Theorem 1 from paper [2], as it was pointed out

above, we need to prove the following auxiliary statements.

Lemma 1. Let h(z) be a positive uniform of the first order and continuous on the complex
plane function. For any e > 0 there is 6 > 0 such that the following inequality holds true

sup h(A) < inf  A(N)+e inf |A, zeC.
AeB(z,6|z]) AEB(z,0]z]) AEB(z,0]z])

Proof. Let us fix ¢ > 0. Due to the uniform function continuity h(z) on the circle S(0,1)
there is 6 € (0,1/2) such that for any z € S(0,1) and all \,w € B(z,0) the following inequality
holds true

R(A) — h(w)] < £/2.

Hereof, considering the uniformity of the function h(z) we obtain:

sup h(A)=|z| sup Rh(N)<|z| inf (h(A)+e/2)=]z] inf AN+

AEB(202]) NEB(2/|21,0) =T NeB(z/1219) AeB(z/|z1,6)
+27 %z < inf A\ +27H(1—6)"'e  inf |\ <
AEB(z,6|z]) AEB(z,6|z])
< inf  A(A)4+e inf ||, ze€C.
AEB(z,0]z]) AEB(z,0z|)

The Lemma has been proved.

Lemma 2. Let D be a conver domain, and sequence {\,,;} be decomposed into relatively
small groups U,,. Suppose, that N, /I Am1] < 27 and |Apy11] > 2|Amal|, m = 1,2,... Then
for every sequence b = {by,;} from the space R(D) there is the function f € Pp such that
bmJ' = Qm,j—1<f); m = 1,2, ceey ] = 1, C ,Nm.

Proof. Let the sequence b = {b,, ;} belong to R(D). Then, according to the definition of
the space R(D) there is a number s such that

1blls = sup([bm.;| exp(Hx, (Am1))) < oo,
m’]
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i.e. for some constant C' > 0 the following inequalities hold true

bm ;| < Cexp(—Hg,(Am1)), m=12,..., j=1...,Np. (5)
The construction of an entire function, which existence is stated in the Lemma, will be
made in two stages. At the first stage we will construct a polynomial P, for every group U,,,
m = 1,2,..., which will satisfy the necessary upper estimate and such that ¢, ;j—1(Pn) = bm j,
j=1,...,N,. At the second stage, having improved the polynomials stated, we will ”stick”
them up to the needed entire function.
Let us proceed to the first stage. Assume

Non—1 ,
- A— A1)

Pm(/\) = E bm,j-i-l(j*',l)a m=1,2,...

J=0 '

For every m = 1,2, ... we have:

_ L[ PalQn(Q) = wn(M)
Qm()‘7pm) - %/ (C — )\)wm(g)

I
This equality defines the polynomial of the degree not more than N,,, — 1, which in the points
Am, together with its derivatives up to the order n,,; —1 inclusive, takes values, coinciding with
the corresponding polynomial values P,,(\) and its derivatives. Whereas P,,(\) also possesses
a degree not more than N, — 1, and the number of points \,,; in the group U,, subject to their
order n,,; is equal to N,,, then polynomials ¢,,(X, P,,) and P,,()\) coincide. Then it is easy to
obtain the following equalities from polynomial definitions P,,(\) and numbers ¢, ;(P,)

dc.

bm,jZQm,j—l(Pm)y m:1,2,..., ]:17,Nm (6)

Now we will find upper estimates for all polynomial modules P,,()\). According to the

condition a,, = |Ay.1|/Ny > 2™. Taking into account, that j! > j7/37 with all j > 1, and the

function 427! 1In(3z) decreases with x > 1, for all m = 1,2,... and 45 = 0,1,..., N, — 1 we
have:

1n(|/\m,1|j/j!) < 1n(3j|)‘m,1|j/jj) _ jln(3|/\m,1|/j) < Nm ln(3|/\m,1|/Nm) _ In(3a,,)
|>\m,1| b |)\m,1| |)\m,1| h |)\m,1‘ am

where £(m) — 0 with m — co. Hereof we obtain

|)‘m,1|j

!

<exp(e(m)|Amal), m=1,2,..., 7=0,...,N, — 1L
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Therefore, for all m = 1,2,... and A € B(Ay1, | Am1]|) the following estimate holds true

Np—1 Np—1 Np—1

[(A = ' Al
Z [ ,J+1’— Z |bm 1| —— ;! < exp(e(m)|Am,1]) Z b, j41-

Hereof, SubJect to (5) we obtain:

|Pn(A)] < CNpexp(Hg, (A1) +e(m)|Amal)y, m=1,2,..., A€ B\n1,|[Amal)-

Whereas N, /| Am.1| — 0, then we can consider, that for some number mg the following inequal-
ities hold true

Ny, < exp(27'ag| Amal),  m > my,
where ay is a constant from formula (1). Moreover, e(m) — 0 with m — oo. Therefore, we can
also consider, that
2¢e(m) < a5, M > my.
Consequently, from the written above and (1) we obtain:

|Pm()‘)| < OeXp(HKsO‘m,I) + CYé>‘|/\m,1|) CeXp(HKs+1 (/\ 1)),

m > mg, AGB(Am,lap\m,lD-
Increasing the constant C' > 0 if it is necessary, we can consider, that

PN < Cexp(Hg, ,(Ami)), m>1, A€ B(An1, | Amal). (7)

Let us proceed to the second stage, as a result of which there will be the needed entire
function f in the Lemma. First of all, let us note, that the series, made from inverse values of
points modules \,,; subject to their orders n,,;, converge. Indeed, we have:

oo Mm

Nom.i © 1 Unm N | Am, Nl
mZ:llz; m| ;\Amﬂ; R \Z IAm1|Z B
:mz::l 5

R > N,
b Zl:nm,lzmzz:l‘)\n%llbm’

m,1| m

where b, = minj<<ar,, |A

ma|.- Whereas groups U, are relatively small, then

_ . |)\m,l - )‘m,l + )\m,ly . ’)\m71’ - ‘)‘ml — A Al
b,, = min > min =
1SISMm |>\m,1| 1<ISMm, |>\m,1|
A A A — A i — A
= omin (1o Pz Al o P Al A = Al
1<I< M [ A1 IISMn Ay 1] 1M [ A

=1—-0(m)—1, m— 0.
Hereof, subject to the Lemma conditions we obtain:

D) DRCTIED gL S
m=1 =1 [Amal = = Amalom h ot 2o .
Convergence of this series means, that the canonical entire function ¢ of the set {1, 7}
possesses an exponential minimal type (see [7, Theorem 3.9]). This function transforms into
zero only in the points \,,; with the order n,,; and is defined by the formula
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(if some point Ay ; coincides with the origin of coordinates, then the factor (1 — A/Ax ;) in this
product should be replaced by the factor A"*i). Then according to Theorem 2.3 from paper
[7] density of the zero function set ¢(A) is equal to zero. It results from here, that this set
is a correctly distributed one (see [7, ch. I, § 6, p. 3]). Note, that due to the function type
minimality ¢()), its indicatrix of growth (see [7, ch. I, § 5, p. 4]) is uniformly is equal to zero.
Hence, according to Theorem 6.2 from paper [7] the following correlation holds true

In (M)
A—ooA¢E  |A
where F is a set of circles B(§,,1,) of a zero linear density, i.e.

!
Tli}rgo; Z r, =0. (9)
€pl<r
Note, that the set E covers the zero function set (), and the correlation (8) holds true on
its bounds. To construct a needed entire function we will require a similar cover, possessing
some supplementary property: every bounded component of the cover contains only one group
Un of zeros . We are going to start construction of such a set cover {\,,;}.
First of all we should note, that the circles B(Ay1,47 [ Amil), m = 1,2,..., do not meet
pairwise. Indeed, due to the Lemma condition |Ay,411| > 2[Ana], m = 1,2,.... Therefore, the
distance between centers of neighboring circles has the following low estimate:

=0, (8)

|)\m+1,1’ + 6|/\m,1| |>\m+1,1| _ ’/\m,l

4 4 4 4
It results from here, that these circles do not meet. Whereas the sequence of centers modules
is growing, then any two circles do not meet.

Let us now choose a growing sequence of natural numbers
m(6) < m(7) <...<m(k) <...such that the following two conditions hold true: 1) for any
k > 6 the group U,, with m > m(k) is completely in the circle B(Ay, 1, k7 [Ama]), 2) for every
k > 6 and all m = m(k),m(k) +1,...,m(k 4+ 1) — 1 there is a number 7, from the segment
[k~ (k — 1)7] such that the circle S(Ap.1, Tim|Am.1|) does not meet the set E.

The first condition will be satisfied, as groups U, are relatively small, i.e.

IAm+11 — Ama| > [Amsr 1] — [Amal > — [ Amal >

’)\m,l - )\m,l|
max ——— — 0, m — oo.
IKISMp | A1
The satisfying of the second condition is achieved by correlation (9). Indeed, the relative length

of the segment [k~ [Apal, (K — 1)7! Apma]], i-e. the value

|(k B 1)71|)‘m,1| - kill)‘m,l” o 1 1

| Am.1] k—1 k
for every fixed k& > 6 is constant when m — co. At the same time, according to (9), the relative
sum of all circles radiuses B(¢,,r,), having a nonempty meeting with the circle B(A, 1, (k —
1)~ A1), approaches to zero when m — co.
We can consider, that the first number m(6) is chosen rather large, that the following in-
equality holds true

|/\m(6) 1| |)‘m(6) 1
: 1< .
5 STy
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Then the circles B(Ap 1, 1 4 T |Am.1]), m > m(6), do not meet pairwise.

Suppose Q,, = B(Am1s Tm|Am1|), m > m(6). By its construction the set €2, completely
contains the group U,,, and its swelling €2, + B(0, 1) does not meet the set 2; + B(0,1) for
all j # m, 7 > m(6). In particular, €, + B(0,1) does not possess points of any group Uj,
j #m, j > m(6). While increasing the number, if it is needed, m(6), we can consider, that for
all m > m(6) the set €2, + B(0,1) also does not possess a single point of the group U; when
j < m(6). Then for any m < m(6) we can choose an open set €2, such that €2, completely
contains the group U,,, and sets (;, j < m(6), which do not meet pairwise and have an empty
meeting with sets Q;, + B(0,1), kK > m(6).

Let us fix an arbitrary number € € (0,1). Whereas the bound 02, of the set €, for all
m > m(6) does not possess points E, then, according to (8), there is a constant a > 0 such
that

[p(N)] = aexp(—elA]), A€ 0Q,, m=12... (10)

The function ¢(A) is a minimal exponential one. Then, due to Theorem 1.2 from paper [7],

its derivative ¢'(\) possesses the same property. Therefore, there is a constant b > 0, for which
the following inequalities hold true

lo(N)] < bexp(e|A]), A eC. (11)

@' (MI < bexp(e]A]), A eC. (12)
Let w € 09, and A € B(w,exp(—3¢|A\n1])). According to the formula for the primitive,
taking into account (12), we obtain:

A
lp(A) — p(w)| = |/<P'(§)d§| < max [¢'(§)[|A — w| < b max exp(e|¢])|A —w| <
efw, ] £e[w,\]

< bexp(e(Jw| + 1)) exp(—3e|Ama]) = bexp(e(|w| + 1 — 3| Anal))-
Hereof, due to (10) we have:

e = e(w)] = bexp(e(jw] +1 = 3[Ama])) = aexp(—e|w]) — bexp(e(|w| + 1 = 3|Ama])) =

= exp(—c¢|w|)(a — bexp(e(2lw| + 1 = 3|Ama]))-
As to the construction, for all m > m(6) the following embedding holds true €, C
B(Am1, 57 Amal). Consequently, the inequality holds true |w — A1 < 57 'An1|. Then,
from the described above we obtain:

[p(M)] = exp(—¢|w])(a — bexp(e(12[Ama|/5 +1 = 3|Am1))) =

= exp(—¢|w|)(a — bexp(e(=3|Am1|/5+1))), A€ B(w,exp(—3¢|A\n1l)),
where w € 09, and m > m(6). Choose the number my > m(6) such that for all m > my
the inequality holds true: bexp(e(—3|\1|/5+ 1)) < a/2. Taking into account, that |A —w| <
exp(—3¢|Am1]) <1 and € € (0,1), we obtain:

()] > (26)’1aexp(—€]>\\), A € B(w,exp(—3¢|Am1])), w € 0y, m > my.

According to construction, the sets €2, + B(0, exp(—3¢|Am1])), m > m(6), do not meet
pairwise and do not meet with the sets €2;, 7 < m(6). Hence, there is a constant v > 0 such
that the sets Q,, + B(0, exp(—3¢|\,1])) do not meet pairwise for all m > 1. Whereas all zeros
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of the function ¢ are in the unification | J,,-; {2, then, decreasing the needed number a > 0,
we can consider, that the following estimates hold true:

lp(\)] > (2¢) taexp(—¢|A]), A € B(w,exp(=3¢|Am1l)), w € 00, m > 1. (13)

For any m = 1,2,... we will define the function with the following properties by 3,,: 1)
fBm € C2(C),2) 0 < Bu(z) <1,2€C,3) Bu(z) =1, 2 € Qu, 4) Bul(z) =0, 2 ¢ Q. +
B(0,vexp(—3¢|Am.1])), 5) [(dBm(z)/dZ| < exp(3e|Amal), 2 € C, where the constant a > 0 does
not depend on the number m > 1 (information about such functions is presented, for instance,
in [8], Theorem 1.4.1 and Formula (1.4.2)).

Let us consider the function

B = Bu(N)Pu(N).

It is defined in all the complex plane, differs from zero only in sets €2, + B(0, v exp(—3¢| A1),
m > 1, and it coincides with the function f,,(\) P, (\) in each of these sets. Likewise, in the
set €, it coincides with the function P,,()). Therefore, due to analyticity P, (\), m > 1, the
function dB(\)/d\ differs from zero only in sets (€, + B(0, v exp(—3¢&|Am.1]))) \ Qm, m > 1, and
in each of these sets it coincides with the function P,,(\)dB,,(\)/d). According to inequality
(7) and property 5 of functions (,, we obtain the estimate:

dg(A)

d\

Due to construction the set diameter (2, approaches to zero, when m — oo. Consequently,
there is a number m; such that for all m > my the following embedding holds true

< Cexp(Hi,,,(Ami1) +3€[Amil), A€ B(Ama, [Amal), m>1 (14)

Q, + B(0,vexp(—3¢|Am1])) C B(Am1, 6| Amal), (15)
where 6 > 0 is defined by the number € > 0 in Lemma 1. According to this Lemma, we have:

HKS+1</\m,l)+3€‘)\m,l‘ < HKS+1()\)+4€|)\’, )\EB()\mJ,é")\mle, mz 1.

Therefore, due to (14) and (15), there is a constant C; > 0, for which the following inequalities
hold true

‘%&A)‘ < Crexp(Hg,, (A) +4e|A]), A€ Qy+ B(0,yexp(=3¢[Aml]), m > 1.

Hereof, taking into account (13) and everything said above about the function d3(\)/d\ we
obtain:

1 dB(\)
©(A) d\
where Cy = 2ea'C}. This implies, that

oM =

< Crexp(Hg,,, (N) +5¢[)]), AeC,

/ )P exp(—2Hx.., (A) — 11e]A)do(A) = Cs < oo,

C
where do is a planar Lebesgue measure. The function Hg_,, () is convex, and, consequently,
subharmonic. Then, as it is known (see, for instance, [9, ch. 3, § 6, p.2, Theorem 3.6.2]), in the

space of locally integrated with the square root of the function module in C there is an element
g, which (in general) satisfies the equality
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dg/d\ = v (16)
and, Moreover, the estimate

/ g2 exp(=2Hxc.., (V) — 12¢|A)do(A) = Cy < oc. (17)
C

Let us show, that it is an element of the space Pp. According to (16), the generalized
derivative f on A is equal to zero everywhere on the plane. It is well known, that it means
analyticity f in all the complex plane. Let us find the upper estimate for the entire function
module f(\). Due to the function subharmonicity |f(\)| we have:

o< [ i) <> [ swlatw)+ 3 [ le@igwldote). (19
B(\1) B(\1) B(M\1)

Applying (7), Lemma 1, and also properties of the functions $,,(A) and sets (2, as for the
function above dB(\)/dA, we obtain the inequality

|/B(w)| < C’5 eXp<HKs+1(w) + €|w|)a w e C,
where (5 is some positive constant. Then for all A € C

1
= [ 18wldo(w) < Gy sup exp(Hic., (w) + <lul) < Coexp(Hic.o (3) + 2:A).
weB(A,1
B(\1) S
In the latter inequality we again applied Lemma 1. Likewise, applying (11), we obtain:
sup |p(w)| < Crexp(2¢[A]), A eC.
weB(A,1)

Therefore, subject to the previous inequality due to (18) we have:

FOV] < Coexp(Hic, )+ 2:N) + Crexp(eADs [ lg(wldotw).  (19)
B(A\1)

To estimate the last integral we will apply the Cauchy-Bunyakovsky inequality. Due to (17),
we obtain:

/ 9(w)|do(w) <

B(\1)
1/2

/ |g(w)|? exp(—2Hk,,, (w) — 128¢|w|)do / exp(2Hk,,, (w) + 12¢|w|)do <
Al

B(A.1) B(A1)
1/2

< | Cy exp(2Hk, ., (w) + 12e|w|)do < my/Cyexp ( sup (Hg, ,(w)+ 65|w|)> <
weB(A,1)
B(A\,1)

< mCsexp(Hg,,,(A) +6¢])]), A eC,
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where Cy is some positive constant (while obtaining the last inequality we applied Lemma 1).
Thus, subject to (19) we obtain:

(NI < Ce exp(H, ., (A) + 22[A]) + CrCs exp(Hk, , (A) + 82[A]) <

< Cyexp(Hk,.,(\) +82A), AeC.
Whereas the number £ > 0 can be arbitrarily small, then, due to (1), the following estimate
will hold true

|f(/\)| < Cv9 exXp HK5+2()‘)) A € C7

which means, that the function f(\) is an element of the space Pp.
It is remained to verify the equalities

bm,j:qm,j—l(f)a m:1,2,..., jzl,...,Nm.
By definition, the numbers g, ;—1(f) are coefficients of the polynomial

L[ Q@) ~ n(Y)
)= 5 | S

decomposed on degrees A — A, ;. In the latter formula I',, is an arbitrary contour, totally
covering the group U,,. Due to construction the set €2,, contains the group U,,. Hence, as a
contour I',,, we can take the frontier 0€),, of the set €2,,. In the set €,,, and in its frontier,
0y, the function f(A) coincides with the function P, () — ¢(A)g(A). Therefore, g(\) =
(P (A) — f(N)/e(A) is a function, analytical on €, and possibly having some poles in points
of the group U,,. However, existence of at least one such pole contradicts inequality (17).
Consequently, g(A) does not possess special points in €2,,,. Then we obtain:

[ QO a1 [ PalQenl6) —wa(N)
HREA T s VP (TR mm/ N
_L () 9(Q)(wn(C) — wm(N))
27”'69/ C— Mm@

The polynomial w,,(¢) transforms to zero only in the points of the group U,,. The function
©(() also transforms to zero in these points. Therefore, ¢(()/wn,(¢) is an entire function. The
fraction wp, () — wm(A)/(C — A) is also an entire function. Hence, according to the Cauchy
theorem, the latter integral is equal to zero and we have:

)= o [ LD

A)wm(C)

_ 1 [ Bu(Qwm(C) —wm(A))
o7 (€ = ANwm (<)

m

Hereof, subject to (6) we obtain

qm,j—l(f)ZQTn,j—l(Pm):bm,ja m:]-)zv"'a ]:177Nm
The Lemma has been proved.

Theorem 3. Let D be a conver domain in C, the sequence { Ay} is divided into relatively

small groups Uy, so, that N' =0, and sequence of functions & = {em p(2) ;’;’:]\1[’7’;:1 is defined by
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formula (2). Then E is an almost exponential sequence in the domain D with the index Am,1
(to be more precise, with the indexes A js where X o= A1, j=1,... s Nom ).

Proof. As it was already said above, in paper [2] it was stated (corollary of Lemma 5), that
with A/ = 0 for the system & the following item holds true 1) from the definition of an almost
exponential sequence. Let us show, that when A = 0 for £ item 2) also holds true.

Let us assume, that item 2) is not valid. Then there is a number p such that for any

s =1,2,... there are numbers m(s) — oo, when s — 0o, and [(s), when the following inequality
holds true
5 exp (i, () > 5D lemisio ()] (20)
WEKg

Thus, we obtain the sequence of functions {en(s)(s)}52,, possessing properties (20). Whereas
|Am 1| unlimitedly grows with m —, then, proceeding to the sequence, we can consider, that
Ans)411] = 2[Am)al, s = 1,2,.... According to the condition N' = 0, i.e. N, /| A1 — 0
When m — oo. Hence, we can also assume, that Ny,s)/|Am)1| <27°, s =1,2,.... Then, due
to Lemma 2 for any sequence b = {b, ;} from the space R(D) there is the function f € Pp such
that b&j = qm(s),jfl(f); S = 1, 2, ceey ] = 1, Ce ,Nm(s).

Let W’ be a closure in the space H(D) of the linear capsule of the system of functions
{z" exp()\m(s)ﬁlz)}ji%”;f’)?;iﬂg(s)rl. Then, as it is easy to notice, W’ is closed and invariant

with respect to operator of the subspace differentiation in H (D), and functions of the system
{z" exp()\m(s),lz)}:i%ﬁ%;i’g(s)’l_l are eigenfunctions and associated functions of this operator

in W’. Due to construction the subspace W is not empty and differs from H (D). Indeed,
let z be some point in the domain D and number ¢ is such that the compact K; contains z.
Let us consider the function ¢(A) = ¢(A) exp(Az), A € C, where, like in Lemma 2, p(N) is a
function, which transforms to zero only in the points A, ; with the order np ), s =1,2,...,
J=1,..., Ny Due to (11) and the compact choice K, the following 1nequahty holds true

BOV] < bexp(elA| + Re(2)) < bexp(e|A + Hi (\), A€ C.

Whereas € > 0 can be arbitrarily small, due to (1) we obtain:

|@(A)| < bexp Hg,,,(A), XeC.

This estimate means, that the function @(\) belongs to the space Pp. Then, as it was stated
above, there is a functional © € H*(D), for which ¢(\) is the Laplace transform: @(\) =
(11, exp Aw). Differentiating the latter equality, we obtain:

0= 4,5(”)(/\,”(5),;) = (p, 2" exp(Ameyw), s=1,2,..., I=1,... My, n=0,... Ny, —1.
Consequently, the zero functional p transforms to zero in all system functions {z" exp(Am(S)Jz)}Zzﬁﬁ'ﬁzg}m(s)
and it means, by linearity and continuity on all the subspace W’. Hence, W’ cannot coincide
with the space H(D).

Therefore, all conditions of Theorem 1 from paper [2] are satisfied. According to this, exis-
tence of the pointed out entire function f € Pp for every sequence b = {b,;} from the space

m(s)

R(D) is equivalent to the system of functions {em (55 Yo =7 is an almost exponential basis
in the subspace W with indexes Ay,s),1, s = 1,2,... (to be more precise, with indexes A/ 9.7
where A 5= A1 7 =1, .., Nings) ) In particular, {€,m(s); }ocy ]m(sl) is an almost exponen-
tial sequence in the domain D with indexes Ay, s),1, s = 1,2,.... Due to property 2) for such a

sequence for the number p there is a constant ¢ > 0 and a number s(p) such that
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cexp(Hg,(Am(s),1)) < ngp lem@s) (W), s=1,2,..., j=1,...,Ny)-
WELK (p)

Whereas K is a growing sequence of compacts, this implies, that

cexp(Hg,(Am(s)1)) < Sup |eme)us)(w)], s> s(p).

’LUGKS
This inequality for all s > s(p) such that s™' < ¢, contradicts (20). Thus, our assumption, that

item 2) from the definition of an almost exponential sequence for the system £ does not hold
true, is wrong. The theorem has been proved.

Remark. The condition A/ = 0 in Theorem 3 is significant. To prove it we will consider the
following example. Let € € (0,1) and {A,,}>°_; be an unlimitedly growing sequence of positive

numbers with orders n,,, is equal to integer parts [e)\,,] of numbers e\,,, m = 1,2,.... Let
us divide the sequence {\,,}>°_; into relatively small groups U, so, that every group U, will
contain only point \,,. Then N,, =n,,, m = 1,2,..., and, therefore,
N, . EAm
Nzlim—:llm[ ]:6>0.
m—r0o0 m m—ro0 m

In this case the system of functions & = {em,p(z)}ﬁ’zj\{j’;zl is easily defined. Indeed, for all

m =1,2,... we obtain: w,,(¢) = (¢ — A\)"™. Consequently, the function

1 exp(20) (wm(€) — wm (A
im0 = o [ EREe) )
2w ) T (= Nenl0)
with every fixed z for the variable A is a polynomial of the degree not more than n,, — 1, j
derivative of which for all 7 =0,...,n,, — 1 in the point \,, coincides with the corresponding

derivative function exp(z)), calculated in the point \,,. The latter is equal to 27 exp(A,2).
By definition the function e,, ;(2) is (j — 1) derivative g,,(A, z), calculated in the point A,,.
Therefore,

em;(2) =2 texp(\n2), J=1,...,0m m=12 ...
As a domain D we will take a triangle with the vertex in the points (0,0), (—1,1) and (1, —1).
Forall s=1,2,....m=1,2,...and j =2,...,n,, we have:

SUp [em,;(w)] < sup leg,j(w)| = sup |27 exp(Ayw)| =
weKs weD weD

= sup exp((j — 1) In(—v2zx) + z\n).
x€(1,0)
By means of simple calculations we obtain, that the latter supremum is achieved in the point
2 = (1—5)/Am, and it is equal to exp((j — 1) In(v/2((j —1)/An)) +1 — ). Hereof, with j = n,,,
rather large m, and all s = 1,2,..., we obtain:

SUD [emn,, (10)] < exp(([EAn] = 1) In(V2(([EAn] = 1)/An)) + 1 = [eAn]) <

weK,

< exp(([eAm] = D) In(V2(([EAm] = 1)/An)) + 1 = [eAn]) < exp(l — [eAn]) <

< exp(2 —elp) < 9exp(—en,). (21)
Let us choose the number p so, that the following inequality holds true

Hi (1) > Hp(1) — /2 = —£/2.
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Then for all m = 1,2, ... we have:

HKp ()\m) = )\mHKp()\m/Am) = )\mHKp(l) Z —8/\m/2.
Subject to (21) it means, that item 2) from the definition of an almost exponential sequence
does not hold true for the system &.

Let W be a closure in the space H(D) of the linear capsule of the functions system
{z" exp()\mvlz)}:i%”;f,’zg ' Then, as it is easy to notice, W is closed and invariant with respect
to the operator of subspace differentiation in H (D). Further we will consider, that the subspace
W is nontrivial.

The following result follows directly from Theorem 3 and Theorem 1 in paper [2].

Theorem 4. Let D be a conver domain in C, the sequence {\,,,} is divided into relatively
small groups U, so, that N =0, and sequence of functions & = {emd(z)}f,f’:]\l[”’}zl is defined by
Formula (2). Then the followz;ng statements are equivalent:

1) the system of functions & is a basis in the space W ;
2) for every sequence b = {by, ;} from the space R(D) there is a function f € Pp such that

bm,p:qm,j—l(f), m:172>"'7j: 1a---7Nm'

We will say (see[2]), that the system of functions £ = {e,;(2)}oo/\"_, possesses a Kathe

m=1,j=1
group property, if for any number p there is a number s and a constant C', satisfying the
following condition: for every m =1,2,... and every function h,, of the form

Nm

hn(2) =Yt gem ()
j=1
the following inequality holds true
Nm,
D lam| sup [em;(2)] < C sup [hpn(2)].
j:1 Zer ZeKs

Theorem 5. Let D be a conver domain in C, sequence {\,;} is divided into relatively

small groups Uy, so, that N =0, and sequence of functions & = {em.;(2) ;’Z’:j\ﬁ’;zl is defined by
Formula (2). Then g possesses a Kathe group property.

Proof. Assume, that the system &£ does not possess a Kathe group property. Then there is
a number p such that for every s = 1,2, ... there is a number m(s) — oo, when s — oo, and

the function h, of the form

N,

m(s)

hs(z) = Z am(smem(s),j(z),
j=1

for which the following inequality holds true

Nm(s)
D laumgsys D lem ()] > s sup [hs(2). (22)
j=1 ZEKp zeKs
Whereas |\, 1| unlimitedly grows with m — oo, then, proceeding to the subsequence, we
can consider, that |Ay,s)+11] > 2[Ame) 1], s = 1,2,.... According to the condition N' = 0,

ie. Np/[Ami| — 0 when m — oo. Therefore, we can consider, that Ny, /|Ams)1] < 27%,
s =1,2,.... Then, due to Lemma 2 for every sequence b = {b ;} from the space R(D) there is
a function f € Pp such that by ; = gm(s)j-1(f), s =1,2,...,j=1,..., Nyys)-
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Let W’ be a closure in the space H(D) of a linear capsule of the system of functions
{z" exp()\m(s)jlz)}:Z%Z&sng(s)’l_l. Like in Theorem 3, all conditions of Theorem 1 from pa-

per [2] are satisfied. Then, according to this Theorem the system of functions {em(s),j}oo’Nm(s)

is an almost exponential basis in the subspace W’ with indexes A\p5)1, s =1,2,.. ..
Whereas Nyy(s)/|Am(s)a| <27°, s =1,2,..., then the series

—1 |/\m(s),1|
converge. It results from here, that, the value J(A), defined in paper [1], for the sequence

A = {\e}72,, consisting of points A1, s = 1,2,..., where every point A1 is applied in
it Np(s) times, is equal to zero. Then, according to the corollary of Theorem 3 in paper [1]

s=1,j=1

the system of functions {em(s)yj}jif;”:(? is a Kathe basis in W’. In particular, for the number p
there is a number s(p) and a constant B > 0 such that for any function g € W’ the following
inequality holds true

00, Non(s)
Z |dm(s),j| sup |€m(s),j(z)| < B sup |g(2)|7
s=1,j=1 z€Kp ZGKS(p>
where
OO,Nm<S)
9(z) = Y dmeiemei(z), €D
s=1,j=1

Whereas K is a growing sequence of compacts, it implies, that

OO,Nm(S)
> i)l s lems)i(2)] < Bsup g(2)], s > s(p).
S:Lj:l ZGKp ZGKS

This inequality for all s > s(p) such that s > B, contradicts (22). Thus, our assumption,

that the system £ does not possess a Kathe group property, is wrong. The Theorem has been
proved.

Alongside with the system € we will consider other systems of functions £ = {e;n’j(z)}fno’:]\{’j}zl.
Assume
Nm
€ i(2) = Zamﬁjvkemk(z), m=1,2,..., j=1,...,Ny. (23)
k=1

We will state, that the system & is normalized, if for all m = 1,2, ...

max |G, ikl =1 =1,...,N,,.
1<k<Nm| m,],k| ) J ) y4Vm

The following results were obtained directly from Theorems 3 and 5, and also Lemma 8 and
Theorem 2 in paper [2].
Theorem 6. Let D be a convex domain in C, sequence {\,;} is divided into relatively small

groups Uy, so, that N = 0. Then any normalized system £ = {en;(2) OmOin;:l, defined by

Formulae (23) and (2), is an almost exponential sequence in the domain D with indexes Ay, 1.
Theorem 7. Let D be a convex domain in C, sequence {\,;} is divided into relatively small

groups Uy, so, that N' =0, and the system € = {en;(2)};N"_, is defined by Formula (2). If

m=1,j=1 g
in the subspace W there is a basis of the form (23), then the system & is also a basis in W.
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Theorem 7 reduces the problem of the basis existence by relatively small groups in a subspace
W leads to verifying of the system basis € in this subspace. In conclusion, we will present
description of all possible bases in W.

For every m = 1,2,... we will define the matrix, compiled from coefficients of function
disintegration ey, ;(2) due to the system Em = {emd(z)}jy:ml by A, = (amjx). Let A, be a
nongenerated and A,} = (b, ;x) be a matrix, reciprocal to A,,. Assume

In |, ;
a(A) = lim max M
m—00 1<j,k<Nm, |)\m71|
Note, that in the case, when D is a limited convex domain, the value a(A) coincides with the
value ap(A), introduced in paper [2].
Theorem 8. Let D be a convex domain in C, sequence {\,;} is divided into relatively small

groups Uy, so, that N = 0. Suppose, that the system € = {em.;(2) ;O’:Jﬁ:l, defined by Formula

(2), is a basis in the subspace W, and the system &' = {en.i(2) colNm_ defined by Formula

m=1,j=1»
(32), is a normalized sequence. then the following statements are equivalent.

1) system ‘C;/ is the basis in W.
2) system E' possesses a Kathe group property.

If D is a limited domain, statements 1) and 2) are equivalent.

3) a(A) = 0.

P)rof)f.) Equivalency of statements 1) and 3) is proved in Theorem 3 in paper [2]. Let us
prove equivalency of 1) and 2).

Assume, that the system & is a basis in the subspace W. Whereas & is anormalized sequence,
then due to Theorem 6 it is an almost exponential basis in W with indexes A, 1 (to be more
precise, with indexes A}, ;, where A} . = A1, j = 1,..., Ny). According to nontriviality of the
subspace W there is a non-zero functional p € H*(D), which transforms to zero in all functions
from W. In particular, it concerns functions of the system {z" eXp()\m,lz)}zZ%Zf:ia ' Let

1 (A) be a Laplace transform of the functional p. Then the following equalities hold true

0 =" A\nit) = (1, 2" expApyw), m=1,2,..., I=1,...., My, n=0,... "y —1,

i.e. the function ¢ (\) vanishes in points \,,; with the order not less than n,,;, m = 1,2,...,
l=1,...,M,. Whereas 1)()\) is an entire exponential function, then due to Theorem 2.3 from
paper [7, ch. I] the density of its zero set is finite. According to the fact, that groups U,
are relatively small, the sequence A = {\;}32,, compiled from points A, 1, m = 1,2,... will
also have a finite density, and every point A, ; is applied in it V,, times. It results from here,
that, the value J(\), defined in paper [1], is equal to zero. Then, according to the corollary of
Theorem 3 in paper [1] the system of functions £ is a Kathe basis in W, i.e. for every number
p there is a number s and a constant B > 0 such that for any function g € W the following
inequality holds true

0,Nmm
> ldmsl sup ler, ;(2)] < B sup |g(=)],
el z€K, 2€K,
where
0, Nom
g(z) = Z dee;mj(z), 2z € D.
s=1,j=1

In particular, for any number m = 1,2, ... and any function h,, of the form
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Nm
hn(2) =D g0 (2)
j=1
the following inequality holds true
Z |am.| sup e, ;(2)| < B sup |hm(z)]. (24)
z€K)p z€Ks

It means, that the system &£ possesses a Kathe group property.

And, let the system &£ possess a Kathe group property. Then for every m = 1,2, ... matrix
Ay = (am k) is a nongenerated. Indeed, on the contrary, for some number m = 1,2,... there
is a set of coefficients a,, 1, . . ., @m,n,,, Which are not equal to zero simultaneously and such that

Nm
= Z U, i€y, (2) = 0.
=1

Then for every p,s = 1,2, ... we obtain:
N
Z |, 5| sup ler, ;(2)] >0 = sup |y (2)].
j=1 ZGKp z€EK

This contradicts inequality (24).
According to the condition, the system &= {em,j(z)};'f’:]\ﬁ;:l is a basis in the subspace W,
and due to Theorem 3 the system & will be an almost exponential basis in W with indexes

Am.1. Then, like in the case with the system &, for any number p there is a number s and a
constant C' > 0 such that for any function g € W the following inequality holds true

00, N,
D Idugl sup len(2)] < O sup Jg(2)], (25)
s=1,j=1 z€Kp z€EKs
where
00,Nm
Z dm,jemd(z), z€D.
s=1,j=1
Let A1 = (b k) be matrix, reciprocal to A,,, m = 1,2,.... For any function g € W we have:
00,Nm, 00,Nm,
2 dugens()= D duy Zb G
s=1,5=1 m=1,j=1
00, N, Nm 00,Nm,
= Z € i(2) Zd i, Omjk = Z dy, z€D. (26)
m=1,k=1 7j=1 m=1,k=1

Therefore, we deal with the function disintegration g(z) according to the system E'. Whereas
g(z) is an arbitrary function from the subspace W, then to set the system basis E in W it is
enough to prove, that the latter series uniformly converge on compacts in the domain D, and
the function disintegration g(z) according to the system £’ is unique.

Let us fix p > 1. We obtain:
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00,Nm 00,Nm, Npm,
> il sup leh x(2) = > sup el 1 (2)] D dinjbmjr| <
m=1,k=1 2€Kp m=1k=1*<Kp =1
00,Npm, Nm 00, N, N
< > sup el (DD dmgbmgsl = D ldmgl D bl sup le), 4 (2)].
m=1k=1*€Kp =1 m=1 k=1 =1 2€Kp

According to the condition the system & possesses a Kathe group property. Consequently, due
to (24), there is a number s and a constant B such that

Nm
Z b el sup leg, 1 (2)| < Bsup lem;(2)], m=1,2,..., j=1,...,Ny.
k=1 ZEKp ze€Ks
Hereof and from the above results, subject to (25) we obtain
00,Npm, 00,Nm
Yo d sl sup len (2 < B Y dimgl sup lem;(2)] < C sup |g(2)]-
m=1,k=1 z€Kp m=1k=1 2€K ze€K,
It means, that the series under consideration uniformly converges on compacts K,
p=1,2,.... Whereas these compacts exhaust the domain D, then we obtain the needed state-

ment. Moreover, it results from the latter estimate, that the function g(z), which is equivalent
to zero, possesses only trivial disintegration. Therefore, coefficients d, , in (26) are defined
uniquely. The Theorem has been proved.
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