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SYMMETRY PROPERTIES FOR SYSTEMS OF TWO
ORDINARY FRACTIONAL DIFFERENTIAL EQUATIONS

A.A. KASATKIN

Abstract. Lie point symmetries of two systems of ordinary fractional differential equa-
tions with the Riemann-Liouville derivatives are considered. Infinite algebra L of equiva-
lence transformation operators is constructed. It is shown that all admitted operators gen-
erate some subalgebra in L and classification of systems with respect to point symmetries
can be based on the optimal system of subalgebras. The optimal system of one-dimensional
L subalgebras and the complete normalized optimal system for its finite-dimensional part
Lg are constructed.

Keywords: fractional derivatives, symmetries, group classification,
optimal system of subalgebras

1. INTRODUCTION

During the last years the apparatus of fractional integro-differentiation [I] has been more in-
tensely used to construct mathematical models of different processes. Equations with fractional
derivatives of different types are used in modeling processes with complex non-local dependen-
cies, stochastic effects with the power distribution laws, in theory of automatic control, etc.

In papers [2], [3, 4] classical methods of group analysis of differential equations [5] are adapted
to study equations with Riemann-Liouville and Caputo fractional derivatives.

In particular, it is shown in [2], that unlike ordinary differential equations of the first order,
equations with the derivative of the order 0 < v < 1 have finite-dimensional groups of admissible
transformations.

In paper [3], equations of the form D%y(x) = f(x,y) are classified according to admitted
groups of point transformations and classes of exact solutions are constructed. The present
paper is devoted to investigation of systems of two equations of the same form

Dau<t) = f(tv uvv)7
D>u(t) = g(t,u,v)

with a fractional derivative of the Riemann-Liouville type. Equivalence transformations of the
system are determined, and the problem of finding symmetries for given functions f, g is also
solved here.

It is demonstrated that an algebra of admitted operators for the system (1)) is a certain
subalgebra in the algebra of operators L, generating equivalence transformations. Therefore, the

problem of systems classification is reduced to construction of an optimal system of subalgebras
O(L) [6l, 7.
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2. SYMMETRIES AND EQUIVALENCE TRANSFORMATIONS

The system of two differential equations with fractional derivatives

{Dau@) = f(t,u,0),

D*u(t) = g(t,u,v) (1)

is considered in the paper.
Here D is an operator of fractional Riemann-Liouville differentiation with respect to t:
t

D%u(t) = D™ (]m_au(t)) = F(ml— o) j:n / i _:L-()’]O_éll—m dr (2)

0

with0<m—1<a<m,meN ([1]).
Substitution of the variables

t=®(t,u,v), uw=V"tu,v), v="%tu,v) (3)
is an equivalence transformation for the system if the system has the same form in the new
variables: )

Du(t) = f(t,u,0),
Du(t) = g(t, u, v).
The functions f, g are new functions of the arguments £, @, . If the functions remain unal-
tered, the transformation is called an admitted transformation of the system ([1)).

One-parameter group of transformations can be described by its infinitesimal operator. For
the equivalence transformations it has the following form:

Y
)

+ v (t,u, v, f, g)2 (4)

0 0 0
X =&t u,v)=— + 0t u,v)— + ' (t,u,v) — + v*(t,u,v, f, g) 99

9
ot ou ov of

According to the results [2], the action of infinitesimal transformations
t=t+a&+ o(a), u=u-+an" + o(a), v=v+an’+o(a)
on fractional derivatives is defined by the prolongation formula:
Diu(t) = Difu(t) + aly + o(a),
where (! can be written in the form of a series

Co = D (n") — aDy(§) D (u) + g (j)

n

LD ) D) )

Determining equations for finding coefficients of the infinitesimal operator of equivalence
transformations have the following form

(Cg - Vu)|Dau:f,Dav:g = O’
(CZ; - VU)|Dau:f,Dav:g = 07
where f and g are considered to be independent variables.

By analogy to the algorithm for constructing coordinates of admitted operators, suggested
in [2 3], let us find symmetries and equivalence transformations from the following class:

§=¢@1),  €(0)=0, ©)
Nt =p"Out+p v+ t), 0" =p"Eut+p” (v +q°(t).
In this case, D*(n"),D%(n") can be represented via fractional derivatives and integrals

D "y, D* " in the prolongation formula and its analogue for (¥ by means of the gener-
alized Leibniz rule (there are no compact chain rule formulae for fractional differentiation).
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As a result, the determining equations split with respect to the variables D* "u, D* "v.
Then, solving the resulting infinite system of equations, one obtains expressions for coordinates
of the operator ({4)):

§=(C1+ Cat)t,
n" = (o — 1)Catu+ Cyu + Cyv + ¢"(t),
0" = (o — 1)Catv + Csu + Cov + ¢°(t), (7)
vt = —afCy— (a+ 1)Cotf + Csf + Cag + Dq"(t),
(¥ = —agCy — (a+ 1)Catg + Cs f + Cog + Dg"(2),

where C1, ..., Cg are arbitrary constants, and ¢*, ¢” are arbitrary functions of t.
In search of admitted operators

0 0 0
X = §(t7 uﬂv)a _I_ 77“’(]‘/‘7 u?“)% _I_ nv(t7 u7v)%7

the determining equations take the following form
(Cg - gft - T’ufu - nva)|D°‘u:f(t,u,v),D"‘v:g(t,u,v) = O’
((gz - ggt - nugu - 77Ugv)|Df"u:f(t,u,v),D"‘v:g(t,u,v) =0.

Solving them with the same restrictions on the class of symmetries @, one obtains the
coordinates &, n", n" of the same form @, but with additional conditions

((C1+ Cot)tfi + [(a — 1)Cotu + Csu + Cyv + ¢“(t)] fut
+ [(a = 1)Catv + Csu + Cgv + ¢°(t)] f» =
= Diq"(t) + (C3 — aCy — (a + 1)Cat) f + Cuyg,
(C + Cot)tg + [(a — 1)Cotu + Cyu + Cyv + q*(t)]gu+
+ [(a — 1)Cotv + Csu + Cgv + ¢°(t)] g, =
L =Dq"(t) + (Cs — aCy — (a+ 1)Cot)g + Cs f.
Thus, when the functions f(t,u,v), g(t,u,v) are given, symmetries of the system can be
found by solving the system . The admitted operators form a subalgebra in the Lie algebra

L = Lg + L, where the algebra Lg, and the infinite-dimensional algebra L., are generated by
the basis operators

(8)

0 0 0 0
X, =t— X, =1 — 1)tu— — 1)t
1 aty 2 8t+(a )uau+(a )00227
0 0 0 9)
X3—U%, X4—U%, X5—U%, Xﬁ—Ua—,
and by operators of the form
0 0
Xu — “ t —_ Xv — v t - 10
q q ()au’ q q ( )87]7 ( )

respectively.

Note, that in the our case all possible symmetries of the system can be obtained from the
algebra L, generating equivalence transformations. Meanwhile, if two systems of the type (1)
are connected by an equivalence transformation, then their operators can be obtained from each
other by the same transformation (by substitution of variables in a differential operator). A set
of such transformations in the Lie algebra L corresponds to a group of inner automorphisms of
this algebra [5].

Therefore, to solve the equations’ classification problems with respect to admitted trans-
formation groups (one-, two-parameter, etc.) it is sufficient to construct classes of dissimilar
subalgebras of the algebra L with respect to equivalence transformations. In our case this is
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equivalent to the problem of construction of an optimal system of subalgebras of the algebra L
(finding dissimilar subalgebras with respect to inner automorphisms).

3. OPTIMAL SYSTEM OF SUBALGEBRAS

To construct an optimal system of subalgebras ©(L) it is convenient to introduce the basis
Yi=Xy, Yo=X, Y3=X3-Xs, Yi=Xy Y5=X5 Ys=X3+ Xo.

The table of commutators has the following form

Vi Vo V3 V4 Y5 Y Yoo Yoo
Yi{0 Y0 0 0 0 (tq"), (tg"),
Y, 0 0 0 0 0 (#q"—(a—1)tg"), (’¢" —(a—1)tg"),
)€ 0 =2Y; 2¥; 0 {(=q"), {q"),
Y, 0 Y3 0 0 (=q").,
Ys 0 0 (=q"), 0
Y5 0 (—q"),, (—4"),
Y, 0 0
Y, 0

The part of the table below the main diagonal is constructed due to skew-symmetry of the
commutator. An abbreviated notation of operators is used here
0 0
(@) =az., (@), =ag,.
One can see that the set of operators {Y,u, Y,» } with arbitrary functions ¢*(t), ¢"(¢) is an infinite
Abelian ideal L., in the algebra L, and the algebra has the following structure:

Subalgebras {Ys} and {Y1,Ys} are a center and an ideal in the algebra L = {Y1,...,Ys},
respectively.
Every operator Z € L generates an inner automorphism of the algebra L under consideration.
It can be constructed as a solution of the Cauchy problem
ay _ —
ds —[Z,Y], Y‘SZO_Ya (11)
where operators are defined by their coordinates in the given basis:

Y =k 4 kY Yo + Y, K =E(s kY KS gt ).

Note, that the inner automorphism, constructed for the operators Z from the center, is always
an identity transformation in Lg.

Solving the system of equations for Yi,..., Y5, one obtains inner automorphisms in the
form of operator coordinates transformations:

Al £2 i3 4 A L6

A k! ak? k3 k4 k® kS

Ay | B | K2 — agkt k3 k4 k5 kS

A3 k’l ]{?2 k’3 CL3/€4 kf5/(13 k‘ﬁ

A4 kl k2 k’g — a4k5 k4 —+ 2a4k3 — a42k:5 kS k’ﬁ

As | k! k2 k3 + ask? k4 k> — 2ask3 — a5k | k©
Here a; are arbitrary parameters. Taking discrete automorphisms (equivalence transformations
2 = —u) into account allows one to avoid imposing the limitation a® > 0. The time reversal
transformation ¢ = —t changes the Riemann-Liouville operator and is not considered as a

discrete equivalence transformation. Hence, in what follows it is assumed that a! > 0.
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The action of automorphisms A1 . A5, Ag on the coordinates ¢*, ¢* looks as follows:

Ay @ = " (aqt), alt

e a—1_ v t
At 7= (1- sty ( — - ().
Ag: " =as3q", ¢ =q"/as, (a3 = lag|, azasz > 0),
Ay @ =q"—aq", 7 =¢",
As: ¢ =4q", 7" =4q"—asq",
Ag: q"=aeq", ¢’ =asq’, as>0,

and the combination of automorphisms A,«, A,» has the form
7= q" — (K% + )0 + (B3 + kS + (o — DE* )" + kY,
7 =q" + kv — (K% + E*)0° + (k> + kS + (o — 1)E*t) Y
Peculiarities of constructing automorphisms and an optimal system of subalgebras for operators
with arbitrary functions are illustrated, e.g., in [7].

In accordance with the procedure [6], bases of the required r-dimensional subalgebras of the
algebra L are written in the form of matrices, where the lines represent coordinates of the basis
of the subalgebra in the basis Y. Matrix elements should satisfy the subalgebra conditions,
i.e. the space should be closed under the commutation operation. The action of the group
of inner automorphisms A (certain linear transformations of columns) and the group B of
transformations of the subalgebra basis (all linear nondegenerate transformations of lines) is
considered on the set of matrices. Those matrices that are dissimilar with respect to these
transformations define elements of the optimal system ©(L). Classifying matrices by means of
transformations A, B, one achieves the maximal possible number of zero coordinates and the
minimal number of arbitrary constants.

It is always possible to construct an optimal system, satisfying the additional requirement of
normalization. The largest subalgebra of the algebra L, for which K is an ideal, i.e. [X,Y] € K
holds for all X € K and Y € Nory K, is termed as the normalizer Nor; K of the subalgebra K
in L. Normalized optimal system should contain the normalizer Nor, K € © 4L together with
every subalgebra K € ©4L.

The construction starts with the algebra L, = {Y3,Y;, Y5 Ys}. Only automorphisms
As, Ay, A5 act there. Expressions k%, K3k + k*k® are invariant under the groups of inner au-
tomorphisms. Calculations carried out according to the above algorithm provide a normalized
optimal system of subalgebras ©(L,), given in Table 1. The abbreviations {4 — 5+ 6} =
{Y, — Y5 + 7Y} are used in the tables, the sign ,,=" in the column Nor indicates that the given
subalgebra is self-normalized.

(12)
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TABLE 1. Optimal system O(L,)
No | Subalgebra | Nor

41| 3,4,5,6 =
3.1 3,4,6 =
3.2 3,4,5 4.1
2.1 3,6 =
22| 4-56 =
2.3 4,6 3.1

24| 3+86,4 |31
11| 3+16 2.1

1.2 6 4.1
1.3 4+6 2.3
1.4 4 3.1
15| 4—5+4~6 | 2.2
v>0,0€eR

The optimal system ©(Lg) is constructed using the decomposition Lg = J®N, where N = L,
is a subalgebra, J = {Y7,Y5} is an ideal. For any subalgebra N, from the optimal system
©4,(N) (in our case, from Table 1) there is a stabilizer A, C A in Lg, i.e. automorphisms Lg,
which do not change this subalgebra (but can change the form of the corresponding matrix).
The stabilizer A, in this case includes A;, Ay and some combinations Ag, A4, As.

By means of transformations from A,, the arbitrary subalgebra from J & N, (N, with opera-
tors from the ideal added arbitrarily) is simplified and the optimal system © 4, (J©N,) = {Kpq}
is constructed. The set of all subalgebras obtained for different N, makes up the optimal system
©a(Lg).

A normalized optimal system constructed is shown in Tables 2-5 together with corresponding
indices of NNV, and normalizers.

Decomposing the algebra L into the ideal L., and the subalgebra Lg, one can construct ©(L)
starting with the optimal system ©(Lg) according to the same procedure. Automorphisms
Ayu, Ay of the form (12) change only the components (¢*),, and (¢*), of the operator Y. If at
least one condition

E'£0, k*#0,
<k6>2 - (k3)2 o /{34]€5 # 0

holds true for the operator coefficients, one can turn the arbitrary functions ¢“, ¢” to zero by
the choice of the functions v*(t), v¥(t). Thus, only elements 1.1 with v = 1 and 1.4 of the
optimal system ©(Lg) (and the zero subalgebra as well) generate new elements ©(L). The
corresponding subalgebras 1.18 — 1.20 are also given in Table 2.

Likewise, one can also construct subalgebras of a higher dimension, containing (¢“), and
(¢"),. Subalgebra conditions are written in the form of differential relations.

For every subalgebra K from optimal system one can obtain all functions f(¢,u,v), g(t, u,v)
such that the system admits the given operators. This is done by solving equations
with the known coefficients C1,...Cs and functions ¢“(t),¢"(t) simultaneously. In this case
invariants of subalgebra K will be arbitrary elements in these functions (as one can see from
the structure of equations ) All systems that have admitted algebras of operators similar
to K can be reduced to this form by equivalence transformations.

The results of calculations are given in the corresponding columns of Tables 2-5, where F
and G are arbitrary functions of invariants .J;. For the sake of convenience, polar coordinates
r,¢: u = 1rcos,u = vsin ¢ are sometimes used in tables.
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4. (CONCLUSION

Equivalence transformations of the system are constructed, including a general nondegen-
erate linear transformation of unknown functions u and v, dilation of the independent variable
t, addition of fixed functions ¢(¢) to u and v, and the projective transformation of a special
form.

It is shown that admitted operators of the system form a subalgebra of the algebra L = L., &®
Lg, generating equivalence transformations, and the problem of classification of the systems
with respect to admitted groups of point transformations is reduced to construction of an
optimal system of subalgebras ©(L).

Classical algorithms [0} 7] are applied to construct ©(L). As a result, a complete normalized
optimal system of subalgebras Lg and an optimal system of one-dimensional subalgebras L are
calculated.

Symmetries of systems can also be used to obtain their solutions. System of the form
also occur when constructing solutions of fractional order partial differential equations, e.g., by
the method of invariant subspaces [§].

TABLE 2. Optimal system ©(Lg ® Loo)

No | Subalgebra | Nor | N, f g Invariants
1.1 3+96| 4.2 =uF(t,v"u™)  J =t
g = oG (t, vl Ty =0t
1.2 6| 6.1 f=uF(t,v/u) Ji=t
g =uG(t,v/u) Jo=v/u
1.3 44+6| 44 f=v(F+Glnv) Ji=t
g=vG Jo = ve /v
14 41 5.1 f=F(tv)+uG(tv) J=t
g =vG(t,v) Jo =0
15| 4-5+16] 43 f=uF —vG Jp =1
g=vF +uG Jo = re?
1.6 1] 5.3 0| f=t"“F(u,v) Ji=u
g =t""G(u,v) Jo =0
1.7 2| 6.1 0| f=t2uF Ji=u/v
g =tG Jy = vt
1.8 | k1+3+46| 38 |1.1|f=t"uF Ji = ukFt=17
g=t"*vG Jo = vFtt
1.9 kE1+6| 53 |12]f=0v"%F Jy = vtk
g:v1 e Jo = u/v
1.10| k1+446| 3.10 | 1.3 f: (F+Glnt) Jy = vt~k
g = kt=*vG Jo = ve U/
1.11 1+4| 310 |14 f:t “(F+Gnt) J=v
g=t"°G Jo=u—vint
112 kl++6+| 39 |[15|f=t"uF —vG) Jy = t'/ke?
+4—5 g=t"*vF +uG) Jo = re¥?
113 | 243446 | 31200 | 1.1 | f =t 17eFT/tR Jy = ut'—oetO+D/t
g=1t" 1-a ¥1/tG Jy = Utlfaei('yfl)/t
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No Subalgebra | Nor N, | f,g Invariants
1.14 +24+6| 5.4y | 12| f=t2uF Ji = utt—et/t
g =t"G Jo =u/v
115 £24446| 3.150 | 1.3 | f =t 200(F ¥ G/t) Jy=ufv+1/t
g= tiQa’UG J2 — Utlfaeil/t
1.16 244 |48 4| 14| f=t2F —GJt) Jy =ufv+ 1/t
g =t2*G Jy = vtt=e
117 | 42496+ | 31300 | L5 | f = t-2(uF — vG) Ji=6F 1/t
+4 -5 g=t"2wF + uG) Jo = rti=eet/t
118 | (%), + (¢*), R
1.19 | 3+ 6+ (¢"), 1.1, | f =uF Ji=t
g=1iD*(¢")In|u| + G Jo =2v —¢"In|ul
120 44 (¢ _ P G-
: q), 14| f=u qvétg +F—i—qu Jp=t
g= qvq(t)t v+ G Jo = 2uq®(t) — v?
k#0,7>0, 4.8_59is asubalgebra 4.8 when 6 = —2,3 = 0.
TABLE 3. Optimal system Oo(Lg)
No Subalgebra | Nor | N, | f,g Invariants
2.1 3.6 4.2 f=uF() T =1
g =vG(1)
2.2 4-56| 43 f=uF(t) — vG(t) Jy =t
g=vF(t) +uG(t)
2.3 4,6 5.1 F=uF(t) +vG(t) Jy=t
g=vF()
2.4 3+ 56,4/ 5.1 f=uF{t)+vmGEt) J =t
g=vF(t
(B=1)| 5.1 = uF(t,v) Ji=t
g=vF(t,v) Jo =0
2.5 1,21 61| 0| f=t%Y9F(u/v) J =ufv
g — oy l/(-a) G(u/v)
2.6 1,346 | 3.8 | 1.1 | f=t"uF(™u!'™) J =v"7ut™
g = t70G (v Ul )
2.7 1,6 | 5.3 | 1.2 | f =t"*uF(u/v) Ji=u/v
g =t"*uG(u/v)
2.8 1,44+6(3.10 13| f=t""v(F+Glnv) J =ve ™"
g=t""G
2.9 1,41 46 | 14| f=t"*uF(v)+GW)) Ji=v
g =t “vF(v)
210 1,4—=5+4++6| 3.9 |15 ]| f=t"(uF —vG) J =rer?
g=t"*(vF +uQq)
211 2,81 +34+76| 4.2 | 1.1 | f =t2(u/v)*PulF  J =ul-7-F+eb.
g = tha(u/v)a,B/ZvG it tB—ap
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No Subalgebra | Nor | N, | f,g Invariants

2.12 2,81+6| 61 |12]f=t3u*F Ji = u/v
g:t_a_%v%G A=0+1—-af

B=1/(a—1) f=0, g=0

2.13 2,814+4+6| 44 |13 f=t"%0%(F+uG/v) J,=ufv

g:t’a’%vMG A=B+1-ap
B=1/(a—1) f=t7? e<a 1)v(vF+uG) Jy = ott

g=172 apta-10 (3

2.14 2,41 51 |14 f=t"20wWF +uG) Jy = vt
g =t 2G

2.15 2,14+4| 44 |14 f=t2F +uG)  J =uvtimoeleDu/
g= t 2c au/v,UG

216 2,81 +4—-5+16| 43 |15|f= t_ 2w (yF —ovG)  J=re?
g=t"2%e " (yF + uQ)

2.17 v143,81+6| 38 |[21|f=t" uF(t2u VBB = 2 P8
g=1" vG(tzu 1=Pyr=F)

2.18 3,22+6| 3129 | 2.1 | f =t2uF Jy = upt?2eeF2/t
g =t?G

2.19 2+43,82+6|312 |2.1| f =t"2uF Jy = uftyf-142B(-a) g2/t
g =t 2wdG

220 v14+4—-5p1+6| 39 [22]|f=t%uF—vQG) Ji = trBe?
g=1t" (vF +u@)

2.21 4—5,424+6|3.1300 | 2.2 | f =t72(uF —vG) Jy = rttmeel/(BD
g=1t"2(F +uQ)

222 2+4-5,82+63.13p0 |22 | f =t2(uF —vG) Jy = rftP=c)e—o+1/t
g =t"2*(vF + uQG)

2.23 4,k1+6| 46 [23|f=t"*wF+uG) Jy = vtk
g=1t"G

2.24 1+4,61+6| 310 |23]| f=t"0wF +uG) Jy =t Pe /v
g=t""G

2.25 4,42 +6| 4800 | 2.3 f::t2a@52+uG) Jp = vtlmetl/t
g =t?G

2.26 24+4,42+6| 3150 |23 | f=t"2WF +uG)  J =vtlmeet/tHu/v)
g =t 2@

2.27 244,648 90|23 f=t2*(F +uQ) Ji=u/v+1/t
g =t2qG

2.28 k1+3+p36,4| 4.6 |24/ f=t"{t**vF +uG) Jy = vt(t=P)/k
g=t"*G

2.29 +2 4+ 3+ 36,4 | 4.800 | 2.4 f:t&%ﬁW%F+uG)
g =tvG Jy = vtteetB-/t

-3
2.30 | (=2)1+3+06,| 3.17 |24 f:fw4@+%f7((+ﬁ)F—Gﬁ)
-3
2+4 g=t (B TG =T ()T

k#0,72>0
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TABLE 4. Optimal system O3(Lg)

No Subalgebra | Nor | N, | f,g
3.1 3,4,6 | 5.1 f=uF(t), g=vF(t)
3.2 3,4,5| 6.1 f=uF(t), g=vF(t)
3.3 12,3476 | 42 | 11| f=t*umaC (u/v)oD
g =1ty (u/v)g&i;
3.4 1,2,6| 6.1 |12|f=0, g=
3.5 1,2,446| 44 |1.3|f=t"wTaes1v(Cou+ Civ)
g =t wTaeaTvCh
3.6 1,2,4] 51 |14 f=t"vTa(Cou+ Cyv)
g =t vTa Ch
3.7 1,2,4—5+~6| 43 | 15| f=t"2(re®)a(Ciu — Cyv)
g =t"(rer) e (Cyv + Chu)
3.8 1,3,6 | = |21]|f=Ct"%, g=Cot™
3.9 1,4—56| = [22]|f=tCu— Cy)
g =1t"%(Cyu+ Cyv)
3.10 1,4,6 | 4.6 |23|f=t"(Cou+tCv), g=1tChv
3.11 1,34 66,4 | 4.6 |24 f=t(Cout+ CrvF1), g=1t"Cyo
B=1 f=uF(v), g=vF(v
3.12 2,91 +3,81+46| 42 |21 f =t (RurPp=p) =02 0y,
g=1t¢ (tzu_7 Byr= B) o/ aﬁ)/QC v
B=1/(a—1) f=0, g=0
3.13 291 +4—58146| 43 |22 f =t (tr=Pe1?) ") 0y — Op)
g=1t"(tr-%e?) —a/(f+1-ap) (C v+ Cou)
B=1/(a—1) f=0, g=0
3.14 2,1 +4,81+6| 44 |23 f=t2(vt! =) B A/ A/ (Cou + Cro)
g =t 2 (vt e ulvCoy N = B4+ 1 — af
3.15 2,4,14+6| 51 |23|f=t" oAy v Coyu + Cro)
g =t B C, A=p+1—af
3.16 2,4,61+3+66| 51 |24 f=t2 (Clu + Cov (vt =) 2N (pi—)ad/x
g = t722Cou(vtt=*)ad/A
f=1,0=0 f=t?uF(vt!™®), g=1t2vF(vt'™®)
f=—-14+2/a,6=-2/a f=t?wF (™), ¢g=0
B=14+ad—0 f=0, ¢g=0
3.17 (=2)1+3,2+4,6| = |3.1]|f=t""Yv+tu)"*(Crv*(v+ tu) — Cov**)
g = Cot™vV (v + tu)™
3.18 51+3,4,614+6| 46 |31|f=t" (Cltwmw n CQU) g = tCyu
0+B8=0 f=tuF(tv7?), g=t"F({tv")
3.19 3,4, £2+6 | 4.800 | 3.1 | f = t722Cyu + Coe®?/t/(vt?)
g=t2Cw
3.20 42 13,4,5246 | 4800 | 31| f =12 <C’1u + Cyo (v-BHla-DB-1/2) )
g=t2Cw
==+l f = tuF (vt'~eT!/)
g =t F (vt'—@eT/t)
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TABLE 5. Optimal system O, 5¢(Le)

No Subalgebra | Nor | N, | f g
4.1 3,4,5,6 | 6.1 f=uF(t) g =vE(t)
4.2 1,2,3,6| = [21]f=0 g=10
4.3 1,2,4-5,6| = |22 f= 0 g=
4.4 1,2,4,6| 5.1 |23 | f= g=
4.5 1,2,3+ ,41 5.1 |24 f: g=0
B -1 f Ct™ auva/(l—a) g = Ct—avl/(l—a)

f=2/a—-1 f = Ct—ot/0-a) g=
4.6 1,3,4,6 | 46 | 3.1 | f=Ct%u g=Ct %
4.7 1,3,4,5| 53 |32 | f=Ct%u g=Ct %
4.8 2,01+3,4,51+6| 51 [31]f=0 g=

§=-p f — Ot— o=/ AyaB/A g= Ot/ A (B+1)/A
§=p-2(+1)/a f=0Ct o/ ABHA g =0 A=pB+1-af
4.9 2,3,4,5| 6.1 |32 f=Ct? g=Ct2w
4.10 k1+6,3,4,5| 53 |41 | f=Ct%u g=Ct"
4.11 +£24+6,3,4,5| 5.4 |41 ]| f=Ct2 g=Ct2
5.1 1,2,3,4,6| = (31| f=0 g=0
5.2 1,2,3,4,51 6.1 32| f=0 g=0
5.3 1,3,4,5,6 | = |41 ]| f=Ct"%u g=Ct"
5.4 bl1+6,2,3,4561 |41|f=0 g=0
(B=0) f=Ct2y g=Ct 2
6.1 1,2,3,4,5,6 | = |41|f=0 g=
BIBLIOGRAPHY

. Samko S.G., Kilbas A.A., Marichev O.I. New York: Gordon and Breach. 1993. 1012 P.

. Gazizov R.K., Kasatkin A.A., Lukashuk S.Yu. Continuous transformation groups of fractional-
order differential equations // Vestnik USATU. 2007. V.9, No. 3 (21). P. 125--135. In Russian.

. Group-Invariant Solutions of Fractional Differential Equations. Nonlinear Science and Complex-
ity, Springer. 2011. P. 51-59.

. Gazizov R.K. , Kasatkin A.A. , Lukashchuk S.Yu. Symmetry properties of fractional diffusion
equations. // Physica Scripta. IOP. 2009. T 136, 014016.

. Ovsannikov L.V. Group analysis of differential equations., New York a.o.: Academic press, 1982.
416 P. Transl. from the Russian.

. Ovsyannikov L.V. On optimal systems of subalgebras// Doklady Mathematics. 1994. V.48, No.3.
P. 645-649.

. Khabirov S.V. Symmetry analysis of an incompressible fluid model possessing viscosity and ther-
mal conduction, depending on temperature. Preprint of the Institute of Mechanics of USC RAS.
Ufa: Hilem, 2004. 37 p. In Russian.

. Galaktionov V. , Svirshchevskii S. Ezact solutions and invariant subspaces of nonlinear partial
differential equations in mechanics and physics. Chapman & Hall/CRC applied mathematics and
nonlinear science series. 2009.

Alexey Alexandrovich Kasatkin,
Ufa State Aviation Technical University,

K. Marx Str., 12
450000, Ufa, Russia

E-mail: alexei_kasatkin@mail.ru



	to1. Introduction
	to2. Symmetries and equivalence transformations
	to3. Optimal system of subalgebras
	to4. Conclusion
	 References

