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THE SINGULAR STURM-LIOUVILLE OPERATORS WITH
NONSMOOTH POTENTIALS IN A SPACE OF VECTOR
FUNCTIONS

K.A. MIRZOEV, T.A. SAFONOVA

Abstract. This paper deals with the Sturm-Liouville operators generated on the semi-
axis by the differential expression l[y] = —(y' — Py)’ — P(y' — Py) — P?y, where ’ is a
derivative in terms of the theory of distributions and P is a real-valued symmetrical matrix
with elements p;; € L (R4) (i, = 1,2,...,n). The minimal closed symmetric operator
Lo generated by this expression in the Hilbert space £2(Ry) is constructed. Sufficient
conditions of minimality and maximality of deficiency numbers of the operator Lg in terms
of elements of a matrix P are presented. Moreover, it is established, that the condition
of maximality of deficiency numbers of the operator Ly (in the case when elements of
the matrix P are step functions with an infinite number of jumps) is equivalent to the
condition of maximality of deficiency numbers of the operator generated by a generalized
Jacobi matrix in the space 2.

Keywords: Quasi-derivative, Sturm-Liouville operator, singular potential, distributions,
generalized Jacobi matrices, deficiency numbers, deficiency index.

1. INTRODUCTION

Our goal is to construct a spectral theory of operators generated by an expression of the form

llyl ==y = Py) — Py — Py) — Py, (1)
in the space L2(R,), where n € N, Ry := [0, +00), P := (p;;)};—; is a real-valued symmetric
matrix function with elements measurable on the R, function and satisfying the condition
P € Ly, (Ry), L2(Ry) is the Hilbert space of all complex-valued, measurable n-component
vector functions, whose sum of squares of components moduli is Lebesgue integrable on R,. The
expression (1) defines the minimal closed symmetric operator Ly with the domain of definition
Dy in the space £2(R,). We provide a correct definition of the operator in section 2.

On the other hand, let us assume now that ’ denotes a derivative in terms of the distribution
theory namely, the generalized function p/t), determined by the equality

“+o00

W)() = - / p(6)

for any infinitely differentiable finite function ¢ on (0, +00) is considered as the product of the
derivative p’ of the scalar function p € L? (R, ) by locally absolutely continuous scalar function
1 as usually. Then, let us define the product of the matrix P’, whose elements are generalized
functions pgj, by the vector-function y € D, as an n-component vector-function P’y, whose
coordinate of the number i equals plyy1 + ploya + ... + P, yn (1 = 1,2,...,n). Then, in terms of
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the distribution theory, the following natural equality becomes obvious: (Py)’ = P'y+ Py’. Due
to this equality the operator Ly generated by the expression (1) in the Hilbert space £2(R.)
can be understood as an operator generated by the expression

lly] = —y" + Py (2)

in the same space.

The above definition of the operator Ly generated by the expression (2) with the matrix
potential-distribution gives us a possibility to include it into the class of operators generated by
quasi-differential expressions with locally summable coefficients in the space £2(R,) and thus,
it allows us to construct the spectral theory of this operator.

Note that problems connected with investigation of the scalar Sturm-Liouville operator with
a short-range potential (6-function type) appeared in physical literature. Mathematical inves-
tigation of such physical models was started in the 60ies of the last century in the works [1], [2].
The modern state and new trends in developing spectral theory of such operators is described in
the monographs [3], [4]. Meanwhile, the correct definition of the Sturm-Liouville operator with
a scalar potential-distribution of the first order was given for the first time in the works [5], [6]
apparently by several equivalent ways. Spectral properties of such operators were investigated
rather thoroughly in the same works especially for the case of a finite interval. We used one
of approaches suggested in these works while determining the operator Ly generated by the
expression (2). It should also be mentioned that the recent works [7], [8] contain a detailed
spectral analysis of operators generated by an expression of the form (2) for the case when
n =1 and P is a step function with an infinite number of jumps on a semi-axis.

The present paper is devoted to construction of the spectral theory of the operator Ly in
particular, to determining the deficiency numbers of the operator in terms of the elements p;;
of the matrix P. Theorems 1 and 2 give sufficient conditions for realization of maximality and,
accordingly, minimality of deficiency numbers of the operator Lj. Theorem 3 claims that the
maximality condition for deficiency numbers of the operator Ly (in case when elements of the
matrix P are step functions with an infinite number of jumps) is equivalent to the maximality
condition of deficiency numbers of the operator generated by a generalized Jacobian matrix in
the space [2. Some corollaries of these theorems are given and the corresponding examples are
constructed. Note that a part of the obtained results is new for the scalar case as well.

2. QUASI—DERIVATIVES AND QUASI-DIFFERENTIAL OPERATORS. DEFICIENCY INDICES.

Let us assume that real-valued functions p;; (i,7 = 1,2,...,n), which are elements of the
matrix-function P, are defined on the semi-axis R, and satisfy the following conditions:

a) pij = P

b) pj; € L*(a, ) for any o, 8 € Ry, ie. pj; are locally absolutely integrable on R, (p; €

Llloc<R+>>‘

Let us determine the first quasi-derivative of the given locally absolutely continuous vector-
function y(z) = (y1(z), y2(x), ..., yn(2))" (y € AC1e(Ry); t is the transportation symbol, as-
suming that yg] = 1y’ — Py. Then, regarding that the vector function yg] is already defined
and is locally absolutely continuous, let us determine the second quasi-derivative of the vector-

function y, assuming that yg] = (yg])’ + Pygl + P2y, and the quasi-differential expression:

llyl(x) == —yp(z), x€R,. (3)

Note that , the condition b) provides the validity of the existence and uniqueness theorem for
solutions of the system of first-order differential equations

Y' = FY,
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corresponding to equation l[y] = 0, and the condition a) entails that the following matrix
identity holds:
F=—J'FJ, (4)
. P I 0 -1\ .
where the matrices F' and J have the form F':= | p2 _p) J = 7 o) the block
. . P —P%\ . . . . . :
representation, and F* = ;] _p)isa matrix conjugate to F, and [ is a unit matrix of the

order n here and in what follows.

Thus, the definition range A of the expression [[y] is a set of all locally absolutely continuous
vector-functions y on R, such that the vector function y[ H
on R,. Now let us prove that the following lemma holds.

ia also locally absolutely continuous

Lemma 1. (The Green formula) Let P be a quadratic matriz of the order n (n > 1),
satisfying the conditions a) and b). Then, for any two vector functions u,v € A and for any
two numbers o and B such that 0 < a < 8 < oo, the formula

B
/{(Z[U](ﬂf)w(fv)) = (u(x), fo](x)) ydx = [u(z), v(x)](B) — [u(z), v(z)](), (5)

holds. Here (g,h) = > gshs is a scalar product of the vectors g and h, and the bilinear form
s=1

[u,v] is defined by the equality: [u,v](z) = (ul(2),v(z)) — (u(z),vM(z)).

Proof. Let u,v € A. Then, there is a pair of vector-functions h, g with locally summable
on R, components such that

llul =g and l[v] = h. (6)
Conditions (6) can be written in the matrix form:
U=FU+G and V'=FV+H, (7)

where the matrix F' is defined above and 2n-dimensional vector columns U, V', G, H have the
form: U := (u,ul))!, V =: (v, G =: (0,1[u])!, H =: (0,1[v])! (Recall that quasi-derivatives
are determined by means of the matrix P).

Multiplying both equalities (7) in the left-hand side by the constant matrix J (see above) and
invoking the symmetry condition (4), we obtain the following matrix equalities

(JU) = -F*JU + JG, (JV) =—F*JV + JH.
Then, let us differentiate the scalar product (JU,V):
(JU, VY = ((JU),V)+ (JU, V') =
(—F*JU+ JG,V)+ (JU,FV +H)=(JG,V)+ (JU H),
where

(JU.V) Z{uj o =z} = (u, o) — (Y, 0) = —[u, 0],

(JG,V) Zl l[u],v)
and

(JU,H) Zuj [v]),
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where [; is the jth component of the vector [. Thus, we have proved that

(ul, v) = (u, 1o]) = [u, ]

It remains only to integrate the resulting equality. Lemma 1 is proved.
Due to the formula (5), the expression {[y] is said to be a symmetric (formally conjugate) vector
quasi-differential expression of the second order.

Let us denote by D{ the set of all complex valued vector functions from A that are finite
on (0,4+00). Repeating the same reasoning as in the scalar case (see [9], p. 133), and applying
the Green formula it is established that the set Dj is dense everywhere in £2(R,), and the
expression [ determines on the set Dj), a symmetric (open) operator in £2 (R ) with the definition
range Dj by the formula L{j = [[y]. Let us denote by the symbols Ly, and Dy the closure of this
operator, and the range of its definition, respectively. Then, we denote by ny (n_) the maximal
number of linearly independent solutions to the equation

ly] = My, (8)

that belong to the space £2(Ry) when S\ > 0 (3 < 0). The numbers n, and n_ coincide
with the deficiency numbers of the minimal closed symmetric operator Ly (see [10]), preserve
their values in semi-planes, are equal to each other and are enclosed between n and 2n.

Indeed, the fact that the numbers n, and n_ cannot be smaller than n is proved similarly
to Theorem 2 in [11] (this fact can also be established on the basis of S.A. Orlov’s results [12]);
and the fact that these numbers cannot be larger than 2n is evident.

Now let us demonstrate that n, = n_. Let an n-component vector function y be a solution
to Equation (8), belonging to the space £2(Ry) (for the sake of definiteness we assume that
SA > 0). In the equality (8), let us turn to the conjugate equation

ly] = M7, (9)

_ +o0
where Ay = XA and S\ < 0. Since [ |jy(z)||*dz = [ |[y(x)|[*dz, it means that as soon as y is

0 0
a solution to Equation (8) (with S\ > 0), belonging to the space £2(R, ), i becomes a solution
of the same equation (with S\ < 0), belonging to £2 (R, ).

It follows from the above reasoning that the pair of numbers (n,,n_), called the deficiency
index of the operator Ly, can take one of their the values: (n,n), (n+1,n+1), ..., (2n,2n). By
analogy to the spectral theory of scalar differential Sturm-Liouville operators on a semi-axis,
it is said that for the operator Ly in the first case, and in the latter case the cases of the limit
point, and of the limit circle are realized, respectively (see, e.g., [13]). Meanwhile, matrix circles
on the set of real symmetric matrices of the order n appear to be analogues of the Weil circles
on a complex plane (see [11]).

3. ASYMPTOTIC INTEGRATION OF SYSTEMS OF QUASI-DIFFERENTIAL EQUATIONS

Let the matrix P1) = (pﬁj)) possess the same properties as the matrix P: p;; = pj;; and
(pg;))Q €L, (Ry)(i,j =1,2,...,n), and n-component vector functions y and ygl) =y —PWy
be determined and be locally absolutely continuous on the semi-axis. The mentioned conditions
allow us to define the symmetric quasi-differential expression

sly] == —(yhiy) — POyl — (PW)?y (10)

as well as in the case of the expression [. The expression (10) defines the minimal closed
symmetric operator Sy in the Hilbert space £2(R,). Let us denote by Dy the definition range
of the operator 5.
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Further, let us consider the symmetric quasi-differential vector equations

lly) = ~(yp))' = Pyp' = Py =0 (11)
and
1 1
S[y] = _(yul))/ - P(l)yp(l) - (P(l))2y =0. (12)
Manifestly, every one of them is equivalent to the system of differential equations of the first

order /
E
(ygé]) B (—%2 —@> @3])’ 1)

where (Q = P in case of Equation (11), and in case of Equation (12) Q = P", respectively.
The equivalence (11) (or (12)) and (13) is understood in the sense that if an n-component

vector-function y is a solution (11) (or (12)), then a 2n-component vector function Y = (y, yg])t

is a solution (13) and vice versa, if Y := (Y1, Y3, ..., Y5,)" is a solution to the system (13), then
y:=1vo = (y2,99,...,4°) is a solution to Equation (11) (or (12)) and
Yk, ]{7:1,2,...,71
Y = i
(Yrn)g, k=n+1n+2,....2n

(for more details see , e.g., [14, Ch. V]).

Denote by T' the fundamental matrix of the linear homogeneous system (13) with Q = P4,
Obviously, the columns of the matrix 7" are 2n-dimensional columns of the form (uj,ugl])t
(7 = 1,2,...,2n), where u; are linearly independent vector solutions of Equation (12) (recall

that quasi-derivatives are determined by means of the matrix P(l)). The following theorem
holds.

Theorem 1. . Let the matrices P, PY) and T be such that

—+o00
pP—pPW 0
—1
/ HT (_p2+ (P2 _p4po )t
0

Then, for any complex numbers oy, Qa, . .., Qo,, Equation (11) has the solution ¢(x), satisfying
the conditions:

' < +o0. (14)

2n
o(x) =Y _la; + a;(x)u;,
j=1
o (15)
1 1
bp (1) = Y _la; + a;(2))(115) oy (),
j=1
where a;(x) — o when x — +o0 (i =1,2,...,2n).
Proof. In the system (13) with @ = P let us carry out the linear substitution
Y =Tz, (16)
where the vector column z has the form z = (21, 22, . . ., 22,)", and differentiate
Y =T2+T7.

Then, take into account that the matrix 7" is a fundamental matrix of solutions of the system

(13) with @ = PU | namely:
P I
7 — (_(P(l))Q _P<1>) T

indicates the sum of absolute values of all elements of the matrix
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As a result of the mentioned transformations the system takes the form:

o P-PW 0
o =T (—P2+(P(1))2 _py p) Tz. (17)

By virtue of the assumption (14), one can apply the result of the problem 1.4 (¢) from [15,
Ch. X, §1, p. 331] to the system (17) namely, for any complex numbers «; (i=1,2,...,2n) the
system (17) has a unique solution, for which the following asymptotic formulae hold:

Z1 oy + ai(x)

Z9 (6] + ag(x)

Zon 2y, + a2q(2)
where a;(z) — o when © — 400 (i = 1,2,...,2n).

It remains only to take into account the relation (16) between the vector column z and the
solution of the initial system ¢. Theorem 1 is proved.

Remark 1. If we make the supplementary hypothesis, that the matriz T is determined by
means of the initial data T'(0) = Iy, then the inverse matriz to T is determined by the correlation

T x) = =(JT"J)(2).
where I, is a unit matriz of the order 2n, and the constant matriz J is determined in (4).

Proof. Firs of all note that the symmetry of the matrix P() (as well as in case of the matrix
P) entails symmetry of the quasi-differential expression s[y], namely:

Fi(z) = —J ' F(2)J, (18)

where the matrix F; and the matrix F}° conjugate to it have the following form in the block

representation:
PO I N P _(p(l))2
Fl = (_(P(l))Q _P(1)> ) Fl - ( I _P(l) :

The definition provides that

T H2)T(x) = Iy,.
Differentiating the equality and invoking the fact that T is a fundamental matrix of solutions
to the system (13) with Q = PW)| we express (T~ !(x))’

(T () = =T~ (z) Fa(x).

Let us turn to conjugate matrices

(T") (@) = —F (2)(T") (=), (19)
take into account the condition (18) and assume that (7*)~!(z) = J¥(z). This yields a matrix
differential equation

V'(z) = Fy(2)¥(z).
Thus, the matrix W(x) defined above is a fundamental matrix of the linear homogeneous system

(13) with Q@ = PW and is connected to the matrix 7'(z) and some constant matrix C' by the
following equality

(see, e.g., [16],p. 82, Theorem 2.3).
On the other hand, by virtue of definition of the matrix ¥(x) we have:

(T*) Nx) = JT(2)C.
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Meanwhile, the auxiliary initial condition T(0) = I, entails the matrix equality C = J~ 1.
Thus, we obtain that

(T*) N(x) = JT(x)J 1.

Further, the definition of the matrix J entails J~! = J* = —J. Hence,
(T*) Nz) = —JT(z)J.

It remains to turn to conjugate matrices. Remark 1 is proved.

Corollary 1. Let us assume that conditions of Theorem 1 hold. Then, the limit circle case
18 realized for the operator Lo if and only if this case is realized for the operator Sy as well.

Proof. Let k,j € {1,2,...,2n}. Let us take ay = dx; (J is the Kronecker symbol) from
Theorem 1, as constants oy, o, ..., ag, and determine the vector-functions v; assuming that
vj = ¢(x). Then, by virtue of the formulae (15):

vi(@) = L+ ai(@))uy(@) + Y an(@)un(e),

k=1, k#j

where u;(z) are linearly independent vector solutions of Equation (12) and a;(z) = o(1) when
xr — +00.

Denote by T the matrix with 2n-dimensional columns being the columns (v;, ('Uj)%])t (j =
1,2,...,2n). Straightforward calculations demonstrate that

2n
detT™ = (1 + Z ai(x))detT,
k=1

where detT # 0. Thus, the system of vectors v; (j = 1,2,...,2n) is linearly independent. On
the other hand, simple calculations show that

2n 2n 2n
Do MoillP =D MuglP 4+ o [luslP?)
j=1 j=1 j=1
and hence,
2n 5
Z)l [|v;]]
f S =1,
T—r+00
> w2
j=1
Thus, the improper integrals

+oo 2n oo 2n

[l and [ 3 jl?
o J=1 o J=1

converge or diverge simultaneously. Corollary (1) is proved.

4. EXAMPLES OF REALIZATION OF THE LIMIT CIRCLE CASE FOR THE OPERATOR L

Let n =2 and a > 2,0 < 8 < a. We define the matrix P, assuming that

_$a+l $B+1
prh — ( rgvjll Bx—l;1+1> ) (20)

B+1 a+1
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Then, the differential operator Sy, generated by the expression s in the Hilbert space £2(R.),
can be treated as an operator generated by the expression

_y// + (P(l))ly,

in the same space L£3(R,), where (PW)(z) = (p)(x) (i,j = 1,2) is a derivative matrix
PM(z), and the homogeneous quasi-differential equation (12) coincides with the equation

a B
y (_xg o ) y=0. (21)
The following lemma holds.

Lemma 2. Equation (21) has four linearly independent solutions y’(x) (j =1,2,3,4) such
that the following asymptotic formulae hold when ¥ — +o0 :

T

y1(2), 4(x) ~ a()ezp / Li(s® + 7)1 2ds,

B (22)

T

v (x), y*(z) ~ wz(w)ea:p/ +i(s* — 36)1/2013,

zo

1 1
where () = W (_1) ; a(x) = W (1) :

Proof. Manifestly, the vector equation (21) is equivalent to the system of two scalar differ-
ential equations of the second order

23
t//: —(l‘ﬁ—i-xa)t, ( )

{ 2= (2 — 2%z

where z = y; + y2 and t = y; — y». For Equations (23) with  — 400 asymptotic formulae of
the Liouville-Green type (see, e.g., [17], p. 68) are well known, namely

2,29 ~ (2@ — 2P)~VA exp(iz’/(so‘ — s7)12ds), (24)

and accordingly

t1,ty ~ (2% + %)V exp(£i /(so‘ + s7)2ds). (25)

It remains to take into account the relations between z, ¢ and y. Lemma (2) is proved.

On the basis of the asymptotic formulae (22) and conditions on the coefficients « and /3, one
can make the conclusion that all solutions to Equation (21) belong to the space £3(R,), i.e.
the limit circle case is realized for the operator Sy .

Let z, (n = 0,1,...) be an increasing sequence of positive numbers such that z, =
0, lirf x, = +00. Let us choose an arbitrary point vy € [xy;2x41) and determine elements
n—-+0oo

Va+1 V£+1

pij() of the matrix P, assuming that: pi1(z) = pa2(z) = =257, pi2() = pau(2) = 5
x € [x), Try1). The following lemma holds.

when
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Lemma 3. Let us assume that the above conditions are satisfied and

ngﬂ(ﬂ?kﬂ —3)% < o0, (26)
+oo 2a+1
T
> (i — a)? < oo (27)

— (e 4z oy1/2
Then, matrices P and PWY satisfy the condition (14) of Theorem 1.
Proof. The asymptotic formulae for the matrix 7' and hence, for the matrix 7! when
r — +oo are written out explicitly by virtue of the formulae (22). Meanwhile, easy but

cumbersome calculations show that the convergence of the following integrals provides the
convergence of the integral (14)

+00
o
+00, o (1)y2
Ip;; (@) —(p;;")? ()] o
6) f p](za+fﬁj)l/2 dx, 2,] — 1, 2’

)+p(1) |dx

f [pi2(p11+p22) P12 (P11
:Da-l—IB)I/Q

Where xo > 1.
On the other hand, one can readily see that when x, vy € [xy, 441) and with the above choice
of the matrices P and P(M the following inequalities hold

1 1 1
i () — P (@)] = [P () — 93 (@)] < [P (2141) — i (21)] <

o (e — k), 1=J (28)
1 k+1 +
<) ()| (@ — ) =4 L
xk+1($k‘+1 - xk)a i F ]

2a+1
223,14

(Tpg1 — k), 1=1J
P} (2) = () (@) < H(03)?) (@rs) | (a1 — ) = ;;E; (29)

k+1 ) )
T — k), 1
5_|_1(k+1 k) 7é]

and

p12(p1y + pa2) () — P (B1) + p5y) ()] <

30
a(i Jlr)(ﬁﬁi?)xzﬁﬂ(xkﬂ — xp). 30)

Let us demonstrate now that convergence of the series (26) and (27) is provided by convergence
of the integrals «), 3), 7). Note that convergence of the integrals «), ), v) is proved uniformly
therefore, we limit ourselves by the Proof of convergence of the integral o) when i = j = 1.
Indeed,

<1 1+ paa) (i)l — 1) = ¢

—+00 +oo Tk+1 Th+1
[ |p(z) p11 ( Nde < 32 [ afy|apy — x| [ lde = Z 28 (Tp1 — zp)?. Lemma 3 is
k=ko x Tk

proved.

Thus, the statement of Corollary 1 holds for the matrices P and P, i.e. the deficiency
index of the operator Ly is maximal and equals to (4,4).
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Summing up the above, it can be mentioned that we constructed examples of realization of
the limit circle case for the operator Ly, generated by the quasi-differential expression (1) with

the matrix P such that .
Plx)=7 (%’; 5’“) 5z — ), (31)

Yk
k=0
where " denotes a derivative in the sense of the distribution theory and the constants ay, B, Vi
a+l_ a+l B+1_ B+1
are determined by the equalities: aj = . = %, b = %

Remark 2. One can take, e.g., a sequence with the general term xy = Ink (k=1,2,...) as
a suitable sequence of the points x,.

Proof. Convergence of the series (26) and (27) is proved likewise. Therefore, let us demon-
strate that, e.g., the series (26) converges. Indeed,

+oo 400

o k+1
Zzg+l($k+1 —xp)° = Zln (k+1) In? 5
k=1 k=1

2 k41 In®(k+1
In® =~ =

and the latter series converges since In®(k + 1) . "+ when k — +oo and the series

oo
Yo D) SZH) < +o0.
k=1
5. THE SUFFICIENT CONDITION FOR REALIZATION OF THE LIMIT POINT CASE
FOR THE OPERATOR L

Let us denote by O a zero matrix of the order n. As usually, for real symmetric matrices A
and B, the inequality A > B means that for any u € R" the inequality (Au,u) > (Bu,u) is
satisfied. The following theorem holds.

Theorem 2. Let us assume that there exists a sequence of pairwise disjoint intervals
(ak,br) C Ry (k=1,2,...) such that

1. elements p;; (1,7 =1,2,...,n) of the matriz P are absolutely continuous on |ay, by);

2. P'(x) > O when x € [ay, by;

3.
+00
> bk — ar)? = +oo. (32)
k=1

Then ny =n_ =n.

Indeed, let the elements p;; of the matrix P satisfy the conditions mentioned in the beginning
of Section 2 and the conditions -3 of Theorem 2 on the intervals [ax,bx]. Then the quasi-
differential expression [[y] coincides with the ordinary vector differential expression (2) on the
interval [ag, bx] when k is fixed. Meanwhile, the Proof of Theorem 2 is conducted repeating
almost word for word the reasoning from [18], which demonstrates that the conditions 1-3

provide the validity of this theorem independently of the behaviour of the elements p;; of the
+0oo

matrix P outside |J [a,bx], and is omitted here.
k=1
Example 1. Let 0 =:xg < 11 < 9 < ... and klim T = +00. Suppose that P(x) = Cj
— =400
+o00o
when x € [xy_1, 7)), where Cy is a symmetric real numerical matriz and > (), —xj_1)? = +00.
k=1

Then, the deficiency index of the operator Lo equals (n,n).
Indeed, if [zy_1,zx) is divided into three equal parts and the middle third of this interval is
taken as [ag, bg], then all conditions of Theorem 2 become satisfied.
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6. SPECIAL CASE OF THE OPERATOR Ly AND THE GENERALIZED JACOBI MATRIX

Let us assume that z; and C}y are the same as in Example 1, i.e. z; (k = 0,1,...) is an

increasing sequence of positive numbers such that xg = 0 and lim x,, = 400, C} is a symmetric
n—-+00

7)1 = Cry1 — Cr. In this case, the expression (2)

real numerical matrix, and let A;, = (o}

takes the following form:

+oo
lly) = —y" + > Awd(z — zp)y. (33)
k=1
The following theorem holds.

Theorem 3. Minimal closed symmetric operator Lo, generated by the expression (33) in
the space L2(R.) has the deficiency index (2n,2n) if and only if all solutions of the difference
vector equation

Ziy1 1 1 1 Z—1
. b Mt (ot — | Z— -2 0, k=12,..., (34
Tk 1 k241 7”;3“[ g (dk dk—l—l) |2 TET k1 (34)

where dy, := x), — Tp_1, Thy1 = \/drr1 + di, belong to the space [2.

Proof. Consider a homogeneous system of linear differential equations of the second order

+oo
—y"+ > Apd(z — zp)y = 0. (35)
k=1
Manifestly, the vector-functions uj.(z), ui(z),...,u:"(z), * € Ry, when z € (z3_1, 7)) deter-

mined by the equalities

””———\/ng 2v3 i =1,2,....n,

1
=—e¢;, u; " =] ——(% — zp1)]es, i=1,2,
Vdj, g Vdp  dpy/dy
where o = 0, e; is a canonical basis of the space R", generate an orthonormal system of
solutions to Equation (35). Therefore, an arbitrary solutions y(x) to the system (35) is a
locally absolutely continuous function on R, and has the form
y(z) = Apuy () + A (@) + ..+ A" (2)

when z € (zy_1, ;). Hence,

+0o +o0
JATCIREEDS
0 k=1

On the other hand, arbitrary solution of the system (35) is a continuous piecewise linear func-
tion, i.e. y = Xy + Yi(z — xx—1) when z € (x;_1,x), where coordinates with the number i of
vector columns X, and Y} are determined by equalities

. 1 4 . 23 .
Xp=—=(4, —VBA™),  Yi==ZAM" i=12..,n
) /2 k I < )
Vg, d,
Now let us take into account the continuity condition of the vector function y and the condition
of absolute continuity of its first quasi-derivative generated by means of the matrix P, yg] =
Y — Py, Le. y(ae—) = y(apt) = y(zs) and yp' (15-) = yp!(25+). Since y(az—) = X + Yedy,
and y(zr+) = Xjyq1 then, the first of the mentioned conditions is equivalent to the equality:
Xi 4+ Yidy = X1

Likewise, the second condition is equivalent to the correlation

Y (xrt) — o (2n—) = Apy(z).

U

Tk

/ ly(a)|Pde =y {(AD)? + (AD)* + ... + (A" (36)

Tp—1
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Hence, unifying the results one can make the conclusion that the vector columns X and Y}
satisfy the system of equations

{ Xi +Yidy = Xi L 19
Yier =Y = A X U

Excluding Y}, we obtain that the vector X} satisfies the vector difference equation

1 1 1 1
— X2 — [Ap + (—+ M X1+ —Xe =0, k=1,2,.... (37)
di11 di  diyq dy,

Now, invoking the connection between Xy, Y, and Ay, note that

One can readily deduce from these formulae that

n d - S S
(AR + (AR 4+ (A7 = (el o+ P+ 2D e o)+

s=1

dy, ~ .
-%'I§(H1%|P'+'H$k+1H2'— 2> apeahyy).

s=1

(38)

The relation (38) entails immediately that the following inequalities hold
d " d
zf{HX%H24-HX%+ﬂV}iE(AiV-+(AiV-+--~+(Ai)Qfégf{HX%H2*-HX%+ﬂF}-

Thus, the row in the right-hand side of the equality (36) converges if and only if the following
series converges

+oo +o0
D A1 Xl P+ [1Xl17) = dlIXa |+ (di + diesn) | X |,
k=1 k=1

where X}, satisfies the vector equation (37).
Let us make the substitution

Z = Tpp1 Xpt1

in the system of vector difference equations (37). As a result the latter system is reduced to
the form:
L1 1 1 1 L1

A+ (— + — )% +
Trtodii1 Tk+1[ " <dk dk—i—l)] g

=0, k=1,2.... 39
’r’kdk ) ) ) ( )

1
Tht1'

Thus, any solution y(z) of Equation (35) belongs to the space £2(R,) if and only if any
solution Z; of the difference equation (34) belongs to the space [2. Theorem 3 is proved.

Multiplying every equation of the system (39) by — we obtain the symmetric system (34).

Theorem 3 claims that for the operator Lo, generated by the expression (33), the limit circle
case is realized if and only if the deficiency numbers of the difference operator, generated by
the generalized Jacobian matrix of the form

Ay Bp 0 0

B: A B 0 ...
J = 0 BT AQ BQ )
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in the space [2, where Ay, By are arbitrary quadratic real symmetric matrices of the order n,
B! exists and

1 1 1
A Apt(—4—V] Bym ———— [ k=12, ., 10
b k:+1[ ’ <dk dk-i—l) B Tht1Tht20k41 (40)

are maximal, i.e. are equal to the number n. The generalized Jacobian matrices of the form
J appear in connection with the matrix power moment problem suggested and developed by
M.G. Krein (see, e.g., [19]) and are well investigated. In particular, in the works [20] — [22]
maximality criteria for deficiency numbers and various criteria for realization of maximality
and nonmaximality cases of deficiency numbers for the corresponding difference operators in
terms of elements of the matrix J are indicated. Applying these criteria and Theorem 3 in the
given case, one can obtain the maximality and nonmaximality conditions of deficiency numbers
for the operator Lo, generated by the expression (33), in terms of A and di. Namely, the
following corollaries are valid.

Corollary 2. Let us assume that one of the following conditions is satisfied:

+oo
Z Tk+1’r’k+2dk+1 = 400
k=1
or
“+oo
Z T;%+27’k+3dk+1dk+QHAk N (l N 1 ) 1| = o0
That dp  dp

k=1
Then, the limit circle case is not realized for the operator Ly.

Indeed, the enumerated conditions is the result of application of Theorem 3 from [20] to
elements of the matrix J, defined in (40), according to which a completely indeterminate case
is not realized for the matrix J, i.e. the deficiency index of the corresponding difference operator
is not maximal. Then, according to Theorem 3, the deficiency index of the differential operator
L is not maximal as well.

Corollary 3. Let us assume that elements of the matrixz J satisfy the following conditions:
4

n’ < L or I > 1 forallk—l 2,.

Tkrk+3dkdk+2 = regaregedy Tkrk+3dkdk+2 = rey1rrtedy

11 Z Tha1T k2l < F00, 11 Z Pt || A, o <dk + 7 )IH < +o0.
k=1
Then, the limit circle case is realzzed for the operator Ly.

Indeed, as well as in Corollary 2, Conditions 1-3 are a result of the direct application of
Corollary 1 from [22] and Theorem 3 to the generalized Jacobian matrix .J, with matrix elements
defined in (40).
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