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ON NECESSARY CONDITIONS FOR EXISTENCE OF
PERIODIC SOLUTIONS IN A DYNAMIC SYSTEM
WITH DISCONTINUOUS NONLINEARITY
AND AN EXTERNAL PERIODIC INFLUENCE

V.V. YEVSTAFYEVA

Abstract. The system of ordinary differential equations with discontinuous nonlinearity of
a non-ideal relay type and an external continuous periodic influence in the right-hand side
is considered in the Euclidean space. Necessary conditions for existence of periodic solutions
with given properties in problems of the specified class imposed on the coefficients of the
system are obtained by means of accurate analytical methods. An approach for finding
switching instants and points of the image point of the required solution is suggested in the
case when the period of the solution is multiple to the period of the function describing the
external perturbation.
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INTRODUCTION

The key problem in the theory of nonlinear oscillations is to prove the existence of cyclic
behavior in nonlinear control systems. The present paper suggests an approach to solving
this problem for nonlinear systems of ordinary differential equations containing a hysteresis
nonlinearity and an external perturbation imposed on the control object. Automatic systems
used in seacraft, e.g., heading control systems or stabilizers can be considered as control objects.
Mathematical models of such objects have been studied by a number of authors (see, e.g., [1]-
131)-

In the present paper, unlike [3], another approach to investigation of systems of the considered
class is used, restrictions imposed on the considered system are relaxed, periodic solutions are
sought to be not only equal, but also multiple to the period of an external perturbation. The
paper [4] considers nonperiodic external influence of the amplitude changing with time. On
the contrary to [5], in the present paper the emphasis is made on finding switching instants
when the desired regimes change over and on the analysis of the coefficient space of the initial
system.

1. PROBLEM STATEMENT

A system of ordinary differential equations of the form
Y = AY + Bu(o) + Kf(t), o= (C,Y) (1)

is considered in an n-dimensional Euclidean space E™. Here A is a matrix, vectors B, K, C
are real and constant, Y is a state vector of the system (Y € E™). The function u(o) describes
nonlinearity of a non-ideal relay type with threshold numbers ¢;, ¢ and output numbers mq,
mso. To be specific, assume that ¢; < ¢, and m; < msy. The function u(c(t)) is defined for
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t > 0 in a class of continuous functions, it can take only two values m; and ms, and is given
as follows. When o(t) < ¢, the equality u(o(t)) = my holds, and when o(t) > ¢5 the equality
u(o(t)) = meo holds. If £; < o(t) < ¢5 for all t; < t < ty and o(t;) = ¢, or o(t;) = {5, then
assume that u(o(t)) = u(o(ty)). Finally, if ¢, < o(t) < {5 for all 0 < ¢ < t, then assume that
u(o(t)) = ug, where ug is one of the numbers m; or my. In the latter case, the dynamics of the
system differs depending on the choice of the initial state uy of the relay. The hysteresis loop
described in the coordinates (o, u) by equations o = o(t), u = u(o(t)) is run counterclockwise.
The function f(t) describes the external influence on the system and belongs to the class of
continuous periodic functions.

The problem of existence and finding switching instants when the switch over occurs in relay
for periodic oscillations to appear and be supported in the system is considered.

2. GENERAL APPROACH TO INVESTIGATION OF THE SYSTEM

A.V. Pokrovskii obtained powerful analytical results in [3] for systems of the considered class.
The existence theorem is proved for at least one asymptotically stable solution with the period
equal to the period of external influence. The positivity condition of the system (restrictions
on the coefficients vector of the feedback (') is stipulated and the matrix A is supposed to be
hurwitzean.

Another approach for investigating systems of the form is suggested in the present paper.
In the coefficient space of the system, it allows one to determine sets to which periodic solutions
with the period multiple to the period of external influence correspond, and if the periods are
equal, the above restrictions to the system are removed.

The present approach is based on exact analytical methods of investigation namely, methods
of the theory of canonical transformations of systems, results by V.I. Zubov [I] built upon the
idea of constructing an auxiliary system in view of the periodicity property of a solution to
autonomous systems, and the method of section for the system parameter space suggested by
R.A. Nelepin [2].

In a phase n-dimensional space the trajectory of any solution of the system can be
composed of pieces of trajectories due to linear systems of the following form:

Y =AY + Bmy + Kf(t), Y =AY + Bmy+ Kf(t). (2)

Pieces of trajectories on continuity are “joined together” at the points lying in the hyperplanes
of the form (C,Y) =¥¢; (i =1,2).

To be specific, let us find solutions to the system in the class of continuous, periodic
functions with two switching points that will be referred to as “join” points in what follows.
Closed bounded trajectories correspond to periodic solutions of the system in an n-
dimensional phase space. In an expanded (n + 1)-dimensional space (Y,t) an integral curve
consisting of several integral curves corresponds to the periodic solution of the system by
virtue of various systems of the form . The curves repeat themselves with a period Tz, which
is further referred to as the period of forced oscillations of the system (). The switching points
Y1 Y? of the periodic solution (the join points of pieces of trajectories) have the following
properties:

Yi = Y(t(),mj,to) = Y(t(),mj,to + TB), (07 YZ) = ék \V/i,j, k= ]_, 2,
i. e. one can write out 8 various systems depending on the chosen sequence of motions of the

image point of the periodic solution from one hyperplane to another one.
Consider the solution of the system in the Cauchy form

Y(t) = eA(t—to)y(tO) +/6—A(T—t) (Bm; + Kf(7))dr (i=1,2).

to
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Let us assume that has at least one periodic solution with the period Tz. Let the image
point of the desired periodic solution to the system begin its motion at the point Y'! on the
hyperplane o = ¢; at the instant ¢, = 0 and reach the point Y2 on the hyperplane o = ¢, at the
instant ¢, by virtue of the system provided that m; = m;. Then it returns to the point Y!
on the hyperplane o = ¢, at the instant T’z by virtue of the system provided that m; = mo.

Let us set up a system of transcendental equations with respect to the switching points and
switching instants on the basis of the periodicity property of the desired solution and taking
into account that the switching points belong to the hyperplanes and the image point of the
solution is moving along the trajectory according to the sequence prescribed above. One has

L= (CYY), 6=(CY?), (3)

where

t1
Y? =Myt 4 / e (Bmy + K f(7))dr,
0

Tp
Yl =eATB-t)y?2 4 /eA(TBT)(BmQ + K f(1))dr.
t1

The resulting system of four equations can be solved with respect to ti, Tx, Y, Y? by
numerical methods. In order to solve the system in an analytical form let us transform the
initial system.

To be specific, let us assume that the matrix A has only simple, nonzero, real eigenvalues
A\; (i =1,n), the system is completely controllable with respect to the input u(o), i. e. the
inequality

det||B,AB, A’B,..., A" 'B|| # 0

holds. In this case the system can be reduced to the canonical form by a nonsingular
transformation ¥ = SX:

X = AoX + Bou(o) + Kof(t), o= (T,X), (4)
where
M 0 1 gt
Ay = ., Bp=S"'B=|...|, Ko=5"'K, I'=
0 An 1 Yn

The coefficients 7; (i = 1,n) are calculated by the formula:

—1
Vi = cr Nk (X)), (5)
D &
where D'(\;) = %Z()p) , ¢, are elements of the vector C, Ni(\;) = > b;Dji()\;). Here b; is
p=Ai j=1

an element of the vector B, Dj; is a cofactor of the element aj; of the matrix A, \; are roots
of the algebraic equation D(p) = det [agq — dgap] = 0, ax, are elements of the matrix A, dg, is
the Kronecker symbol. The transformation matrix S has the form

Ni(\) Ni(An)
D'(\)  D'(\)
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Following [2], we suppose that (n — 1) roots of the equation D(p) = 0 coincide with (n — 1

roots of the equation ) ¢xNi(p) = 0. Then, (n — 1) values of ~; defined by the formula H
k=1
vanish and one value of v; is not equal to zero. Denote the index for which +; # 0 by s, i. e.

¥s # 0.
Thus, the system of the n-th order splits into lower-order systems that can be integrated

successively. This simplifies the system of transcendental equations ((3)).
Provided that 7; = 0 (¢ # s), the function o(t) = (I', X (t)) is determined from the first-order
system

o(t) = Ysts, @5 = A\eas +u(o) + k2f(2). (6)

The remaining variables x; (i # s) are defined from nonhomogeneous linear equations of the
first order

i = Nai +u(o) +KXf(), i s (7)
Let us write out a differential equation with respect to the function o(t):
o(t) = Ao (t) + 7s(u(o () + ki f (1)) (8)

Since periodic solutions of the system (|1)) and o(t) = o(z4(t)) are sought for, the function o (t)
is supposed to belong to the class of continuous periodic functions. By means of the solution
of Equation , one can define periodicity conditions for the function o(¢) and its properties
(the period Ty and the switching instant ¢;).

Solution of the system of equations @, has the following form:

t

wit) = 2;(0)eM" + e /(U(U(T)) + & f(r))e N Tdr,

0

) = o0/ = (o)1) + > [ ulor) + K (r)e )

The system of equations @ determines the pointwise mapping of one switching plane into
another one. Let us write out the solution of Equation in the general form

t t
o(t) = gpe 10 oy Mt [, / e~ MTdr + kY / e T f(1)dr
to to
with the initial and boundary-value conditions
6y =0(l1,0,mq,0), by =0(l1,0,mq,t1), €1 =0(ls,t;,mq,Tp).
The system of transcendental equations for finding only switching instants ¢, Tz has the

following form:

t1

= (el ¥ —’V;ml) vt = Bk [ MO g
S S 0

Tp

6= <£2 + —%Am2> (o=t — L2 o e / MTo =) f(7)dr. (10)

t1
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The switching points X!, X? of the transformed system are determined by the following

formulae:
T

/eAO(TB_T) (Boms + Kof (7)) dr+

t1

X' = (E —eoTs) ™!

t1

/eAO(TB_T) (Bomi + Kof (7)) dr |,
0
t1

X? = (E — eAOTB)_l /er(tl_T) (Boma + Ko f(7)) dr+
0

T
ertl /eAO(TBT) (Bom2 + KOf(T)) dr

t1

3. MAIN RESULT

Consider a model of external perturbation of the following form:

f(t) = fo+ fisin(wt + p1) + fasin(2wt + @), (11)

where fo, f1, f2, 1, @2, w are real constants.
The function f(t) of the form can be considered as a truncated Fourier series. Since
any periodic function satisfying the Dirichlet principle can be represented in the form of a

converging Fourier series, the representation (11)) is an approximation of an arbitrary periodic
external influence.

The main result of the present paper is the following theorem.

Theorem. Let the function f(t) have the form . Let the system have a periodic
solution with the period Tg = kT, where k € N, T' = 2w /w, w > 0. Let us assume that all
eigenvalues of the matriz A are prime, real, and at least one of them is positive (As > 0), and

the element v, of the transformed vector of the feedback T' is other than zero. Finally, let the
following inequalities hold:

1)
my — mpe™F T 4+ N\ (1 — ) (01 /v, + K°L) > 0,

my < _)\s (g—l + ]{?SL) < ma,
where

I fo N fisin(pr +01)  fasin(ps + d2)

Y VA2 4+ w? VA2 4wt

0 = arctg(w/ ), 02 = arctg(2w/Ay);

2)

(51 + %(ﬂh + k?fo)) (eMTH — 1)+

75k2f1
73k2f2

<sin(<,01 + 6) e H — sin ()\i InH+ ¢+ 51)> +

s

2
(sin(gpQ + 85)eM T H — sin ()\_w InH + po + 52)) > 0,

S
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where
mo —Mmy

H= :
As(1 — ek (g Jys + KOL) + my — myerskT’

and the equality
3)
Oy = LM %(m1 RO fo) (T H — 1)+
Vskg fi . AekT .
\/ﬁ <sm(<,01 + 01)e™" H — sin

'751{32]02

VA2 + dw?
18 true.

Then the system (@) has a unique solution t; € (0, kT) defined by the formulat; = kT—l—)\is InH.
Proof.

The system of transcendental equations takes the form

/\ilnHJrle—i—él)) +

2
(sin(wg + (52)6)‘SkTH — sin <>\_w In H + o9 + 52))

S

s K0 .
by = (51 + Z—S(ml + k2 fo) + ’y)\z—fle sin(p1 + 01)+

s

’YSk:OfQ . Aot /ys 0
12 s S1n + 6 e st1 12 m + ]{;s .
NoyEwme (02 2)) )\S( 1 fo)
73k2f1 . f}/sk-(s)fz ‘
\/ﬁ 81n(wt1 + 1+ (51) - \/ﬁ sm(2wt1 + @9 + 52)7

75k2f1 .
\/ﬁ sin(wty + @1 + 1)+

El = (ég + %(mg -+ k’gf()) +

vk fo . Ae(Tp—t1) _ Is 0
\/ﬁ sm(2wt1 + (2)) + (52)) e B — )\—S<m2 + ksfo)—
'781{:2]01 ’Yskgfé

N L ) e
provided that Ay > 0. If the periodic solution to the system , is sought for with a
prescribed period, namely Tp = kT, k € N, T' = 27 /w, the system of transcendental equations
depends only on one variable t;, and as a result of the above choice of the feedback
coefficients ~; (i = 1,n), it is analytically solvable with respect to this variable.
Let us substitute the first equation of the system into the second one. Upon
transformation, one has

sin(2wT’s + @2 + 02), (12)

(1-— e’\skT) (51 + %kS (é + L sin(py + 01)+

>\s \/)\g—l—oﬂ

fo : Vs AskT
W Sll’l(g&g + 52) + )\_S<m2 — mye ) A_S mo — ml)
whence one obtains a formula for determining the variable t;.

Then let us define the conditions on parameters that provide the existence of the solution
1.
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The expression under the logarithm in the denominator of the formula defining the variable
t; should be positive because ms > my by assumption. This entails the first inequality of
Condition 1) of the theorem.

Since the variable t; is defined as the first switching instant, it obviously should belong to
the interval (0, kT"), where k € IN. This is possible provided that the following inequalities hold:

my —my < Ag(1 — ) (61/% + kSL) +my — myeH,

mo
eAskT

(1 — eNkT)

Mg — My > Ag —my.

(6175 + kJL) +

eAkT

Upon transformation, the latter inequalities take the form of the second inequality of Condition
1) of the theorem.

Condition 2) of the theorem follows from the assumption that o > /.

The solution t; is a solution of the system of transcendental equations if it satisfies the first
equation of the system . This provides Condition 3) of the theorem.

The theorem is proved completely.

Remark 1. The system of inequalities and equalities in Conditions 1)-3) of the proved
theorem is consistent, because it is determined by strict analytical calculation with the use
of equivalent passages and properties of the logarithmic function. Therefore, one can make an
example of existence of a kT-periodic solution. Indeed, e.g., if f(t) = 1+ 2sin(t+ %) +5sin(2t),
Tg =2m, \s = 0,2, v, = —0, 5, the mentioned system of inequalities and equalities holds when
my = —5, my = 15,73, {1 = —6, kY = —2, and the system has a unique solution ¢; = 3, 51.

Remark 2. The theorem formulates the necessary conditions for existence of a periodic
solution to a canonical system of equations and, due to a nonsingular transformation, to the
initial system. Moreover, properties of the desired periodic solution for the prescribed period
Ty = kT are defined, namely the instant of the first switch #; and two switching points Y1 =
SX Y?=5X2

Remark 3. The system of transcendental equations is composed of the necessary conditions
for existence of at least one periodic solution with given properties. Therefore, when the system
of transcendental equations does not have the solution ¢;, conditions on the canonical system
coefficients define the sets in the coefficient space of the canonical system (by virtue of the
nonsingular transformation in the space of the initial system), where the desired periodic
solutions cannot occur.

REFERENCES

1. Zubov V.I. Oscillations in nonlinear and controlled systems. Leningrad. Sudpromgiz, 1962. 631 p.
In Russian.

2. Nelepin R.A. FEzact analytical methods in theory of nonlinear automatic systems. Leningrad.
Sudostroenie, 1967. 447 p. In Russian.

3. Pokrovskii A.V. Ezistence and calculation of stable regimes in relay systems // Avtomatika i
telemekhanika. 1986. Ne 4. P. 16-23. In Russian.

4. Yevstafyeva V.V., Kamachkin A.M. Dynamics of a control system with non-single-valued
nonlinearities under external action // Analysis and control of nonlinear oscillatory systems /
Editors G.A. Leonov, A.L. Fradkov. St.-Petersburg. Nauka, 1998. P. 22-39. In Russian.

5. Yevstafyeva V.V., Kamachkin A.M. Control of dynamics of a hysteresis system with an exrternal
disturbance // Vestn. S.-Peterb. un-ta. Ser. 10. Prikladnaya matematika. Informatika. Prozessy
Upravlenya. 2004. Vyp. 2. P. 101-109. In Russian.



26

V.V. YEVSTAFYEVA

Viktoriya Viktorovna Yevstafyeva,
Saint-Petersburg State University,
Universitetskaya nab., 7/9,
199034, St. Petersburg, Russia
E-mail: vica@apmath.spbu.ru

Translated from Russian by E.D. Avdonina.



	to1. Problem statement
	to2. General approach to investigation of the system
	to3. Main result
	 Список литературы

