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ON SERIES OF DARBOUX INTEGRABLE DISCRETE
EQUATIONS ON SQUARE LATTICE

R.N. GARIFULLIN, R.I. YAMILOV

Abstract. We present a series of Darboux integrable discrete equations on a square lattice.
The equations in the series are numbered by natural numbers M. All the equations possess
a first order first integral in one of directions of the two-dimensional lattice. The minimal
order of a first integral in the other direction is equal to 3M for an equation with the number
M. First integrals in the second direction are defined by a simple general formula depending
on the number M.

In the cases M = 1, 2,3 we show that the equations are integrable by quadrature. More
precisely, we construct their general solutions in terms of the discrete integrals.

We also construct a modified series of Darboux integrable discrete equations having the
first integrals of the minimal orders 2 and 3M — 1 in different directions, where M is the
equation number in series. Both first integrals are not obvious in this case.

A few similar series of integrable equations were known before; however, they were of
Burgers or sine-Gordon type. A similar series of the continuous hyperbolic type equations
was discussed by A.V. Zhiber and V.V. Sokolov in 2001.
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1. INTRODUCTION
We consider discrete equations of the form:

(un—l—l,m-‘rl + 1)(un,m+1 - 1) = e(un-i—l,m + 1)(un,m - 1)7 (1)

where n,m € 7Z and 6 is a constant coefficient. Two integrable equations of this form are
known. The case § = 1 was presented in [I2] and the case § = —1 was found in [2]. In both the
cases the equations are Darboux integrable. Both equations have the first order first integral
in the n-direction, while in the m-direction the minimal orders of first integrals are 3 and 6,
respectively.

We present a series of equations of the form with special coefficients 0 = 6,;, M € N,
including two above examples. All equations are Darboux integrable and possess a first order
first integral in the n-direction. The minimal order of a first integral W5 5 in the m-direction
is equal to 3M for an equation with the number M and hence, these equations may have first
integrals of an arbitrarily high minimal order in the m-direction.

A few similar series of integrable equations were known before. In [5], a series of Darboux
integrable discrete equations was discussed, which however were of Burgers type. The minimal
orders of first integrals in both directions could be arbitrarily high there. An analogous series
of the continuous hyperbolic type equations was studied in [14]. In [7], a series of sine-Gordon
type autonomous discrete equations was presented. Autonomous generalized symmetries and
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conservation laws in both directions could have arbitrarily high minimal orders in this case.
Some series of non-autonomous discrete equations of sine-Gordon type were studied in [3].

It is interesting to construct the general solutions for considered equations of the form
with such a high minimal order of first integrals. Following [6, 8, 9], we succeed to do this in
the cases M = 1,2, 3, where the first integrals W ), have the minimal orders 3, 6 and 9. In
the case M = 1 the general solution is constructed explicitly and coincides with the known
solution [12]. In the cases M = 2,3 we show that the equations are integrable by quadrature.
This means that one can construct general solutions in terms of the discrete integrals.

Using non-point transformations invertible on the solutions of discrete equations [13, [12],
we construct one more series of Darboux integrable discrete equations. Equations of this series
possess first integrals of the minimal orders 2 and 3M — 1 in different directions, where M is
the equation number in the series. Both first integrals are not obvious in this case.

In Section [2| we introduce a series of discrete equations, prove their Darboux integrability,
and discuss the minimal orders of first integrals. The general solutions in the cases M =1,2,3
are constructed in Section [3] A modified series of integrable discrete equations is discussed in
Section [4]

2. DARBOUX INTEGRABILITY
We are going to study the following series of discrete equations:
(un—i-l,m-‘rl + 1)(un,m+l - 1) = eM(un-‘rl,m + 1)(un,m - 1)a (2)

where 6, is the primitive root of unit of the degree M € IN. More precisely, #; = 1 and for
M > 1 one has:

=1, O,#1, 1<j<M-1 (3)
For example, all the primitive roots of the degree M < 4 are
1 3
91 = 1, 92 == —1, (93 = —5 :i:Zg, 94 == :l:Z (4)

For every M > 2 we have at least two values of 6);:
' 2 2
Oy = exp (:I:27rﬁ> = CoS MW 4+ ¢sin Mﬁ
An equation of the form

F(un—i-l,m—i-la Un+1,ms Unm+1, un,m) =0 (5)

is called Darboux integrable if it has two first integrals Wy, W5 such that

(Tn — 1)W2 = 07 WQ = wgzn(un,mﬂ, un,m—i—l—la Ce 7un,m)7 (6)
(Tm - 1)Wl = 07 WI = wy(Ll’Zn(un-l—k,my Un+k—1,m> - - - 7un,m)' (7)

Here [, k are some positive integers, and T,,, T,, are operators of the shift in the n- and m-
directions, respectively: Tyl m = hyi1ms Tonfonm = Pnmy1. We suppose that relations (@),
hold identically on the solutions of the corresponding equation .

The functions W; and W5 are called the first integrals in the n- and m-directions, respectively.
We assume here that each of the conditions

oW, 20, oW, 20, oW, 20 OWs

aun+k,m aun,m

70 (8)

8un,m+l

is satisfied for at least some n, m. The numbers k, [ are called the orders of these first integrals
Wy, Wa, respectively.
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The case M = 1 is known, see equation (4.6) in [12]; equation (4.6) is obtained from (Z2)) with
0r = 1 by the point transformation

B 1 —upm,
L U

By constructing the first integrals in both directions, it is shown in [12] that this equation is
Darboux integrable and its general solution was found.

The case M = 2 is also known, see equation (51a) in [2]. The first integrals in both directions
were found for this equation, see relations (53) in [2].

For each M, equation has the following first integral in the n-direction:

Un,m

Win = (0a) ™" (Ungr,m + 1) (Unm — 1). (9)
This is true since equation is equivalent to the identity
(T — 020) (st + D)(ttnn — 1)] = 0. (10)

Moreover, formula @D with 6, replaced by 6 provides the first integral for equation for each
0. As for the m-direction, we succeed to find the following formula:

WZ’M _ (Un,m+3M - Un,m+M)<un’m+2M — un,m) (11)

(un,m+3M - un,m+2M>(un,m+M - un,m) ’

which provides first integrals for all equations . It is easy to see that these integrals @D
and have the orders 1 and 3M, respectively. Conditions are satisfied for all n, m in
this case. The fact that formula defines a first integral in the case M = 1 is checked by
straightforward calculations.

Theorem 1. The function Wy s defined by 1s the first integral of equation (@, (@ mn
the m-direction for each M > 1.

Proof. We denote

Uym = (Uns1,m + 1) (Unm — 1). (12)
By we have
T Vom = 00V, (13)
and therefore,
YV, =V (14)

for equations satisfying condition . Using the notation
Ul = ke, 1< <M, (15)
we rewrite as a system:
(01 pr + Duhr = 1) = (il + Dy =1, 1<j <M. (16)

We see that all equations in are independent and each of them coincides with , in which
M =1 and m is replaced by k.
For this reason, for each equation of system ({16)) we can use the first integral W5 of equation

. As a result we get:

©) ©) ©) ©)
wl) — (unj,k+3 - “nj,k+1)(unj,k+2 - Unjk;)

) = — . . = (17)
(uq(zj,gc+3 - ug}e+2)(“£ﬁc+1 - ufzj;c)
Taking into consideration ((15)) we are led to the identity
WQ(j) _ (Un,M(k+3)+j - Un,M(k+1)+j)(un,M(k+2)+j - un,Mk—i—j)‘ (18)

(Un, M (kt3) 45 = UnM(k+2)+5) (Un M(kt1) 45 — Un,ME+)
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Denoting m = Mk + j, we see that the relation TnWéj) = W2(j) implies T, Wy pr = Wo pr for all
n, m. Since is equivalent to , the last relation is satisfied on each solution of equation

and hence of . O

The first integral W p; obviously has the lowest possible order for each M. As it is known
from [12] 2], in the cases M = 1 and M = 2 the integral W5 5, also has the lowest possible
order in its direction. The same is true for the case M = 3 as it follows from the next theorem.

Theorem 2. Fquation (@, (@ with M = 3 has no first integral of the order | < 9 in the
m-direction.

In order to prove this theorem, we apply a method described in detail in [4, Sect. 2.2].
That method uses so-called annihilation operators introduced in [10] and allows one to find
the first integrals. In the framework of this method, the proof reduces to straightforward but
cumbersome calculations.

The following conjecture seems to be true: first integral of equation , has the
lowest possible order for each M > 1.

3. (GENERAL SOLUTIONS

We use and improve a method developed in [0, Section 5.2], [9, Section 4], [8]. We construct
the general solutions for equations with M = 1,2,3. In the case M = 1, the solution is
explicit and coincides with a solution of [I12] up to the Mobius transformation

L —up,

1+ Upm
Further calculations are however needed in the cases M = 2,3. Here the general solutions are
given in terms of discrete integrals in terminology of [§], i.e., equations with M = 2,3 are

solved by quadrature.
Let us consider an ordinary discrete equation

Apy1 — Ap = Ana (19)

Un,m

where a, is an unknown function and A, is given. We say that a, is found by a discrete
integration similar to the ordinary differential equation a'(x) = A(z), and the solution a, of
equation is called the discrete integral of A,.

The explicit general solution of equation (5) is called a function of the form
Unm = Ppm@n, b, Where a,, b, are arbitrary functions of one variable. Here the square
brackets mean that the function ®,,,,, depends on finitely many shifts a,;, by+;. Such a so-
lution is to satisfy identically equation for all values of the functions a,, b,,. For example,
the discrete wave equation

Un4+1,m+1 — Un+1,m — Unm+1 + Un,m = 0
has the following general solution:
Up,m = Ay, + Dpy.

Equation is solved by quadrature if it has a solution of the form:
Un,m = q)n m |:a/n7 bm7 ag)a af), ce 7a(j1) b(l) b(2) b(J2)] ) (20)

n YYm " m Yty m
where a,,, b,, are arbitrary functions and the square brackets mean, as above, that the function

®,, ,, depends on a finite number of the shifts of its arguments. The functions ag ) are obtained

from a, by a finite number of applications of the shift operator 7;,, of the functions of many
variables, and of the discrete integrations. The functions b are obtained from b,, analogously.
So, the functions a,(f ), b%) and therefore solution are implicit in a sense.
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3.1. Case M = 1. Equation ({2) is equivalent to
(un—i-l,m + 1)(Un,m - 1) = /\Tu (21)

where )\, is an arbitrary function. This is a discrete Riccati equation, and we need to know its
particular solution in order to linearize and then to solve it. We cannot solve this equation for
a given \, in general case. We use the fact that the function A, is arbitrary and replace A, by
another arbitrary function «,, which plays the role of particular solution:

An = (g1 + 1) (o, — 1). (22)
In accordance with the known method of solving the Riccati equation, we use the transformation

o, — 1

Upom = Oy + 23
, - (23)
to get a linear equation for v, ,,:

1 +1

it + U + 1= 0. (24)

Ont1 — 1

To solve this equation, it is convenient to introduce a new arbitrary function (,, instead of
«,, as follows:
1 +1  Baie = Baia

= _ 25
Ant1 — 1 571—5—1 - 571 ( )
Here we follow [7], see (39), (40). Representing equation (24) in the form
(Tn - 1)[(671 - Bn—l-l)vn,m + Bn] =0, (26)
we find 8
Unm = 5 5 27
7 5n+1 - ﬂn ( )
where w,, is another arbitrary function. Finally, using , , , we find uy,
n - 2 n n— n - Mn n — Mn—
_ Bon =26, 48 1_2(5 +1 = Bn)(Bn = Bn-1) (28)

T B = Baa (Bus1 = Bu1) (B + )’

It is easy to check that function satisfies equation ([2) with M = 1 for all values of the
arbitrary functions f,, w,. Thus, we have found explicitly the general solution to (2)) with
M =1.

3.2. Cases M =2 and M = 3. Equation is equivalent to
(unJrl,m + 1)(un,m - 1) = ﬁ)\n7 (29)

where ), is an arbitrary function. It is convenient to pass from to an equivalent system
by means of transformation ({15]):

@9+ )W) —1) =0\, 1<j< M. (30)
We note that j is a number of the function ufj L, while n and k are discrete variables. Unlike
, the right hand side of equations depends on one discrete variable n only, as in the

case of .

By analogy with the previous case M = 1, we can introduce functions o) so that:

O = (a9 +1)(aP —1),  1<j< M. (31)
Now we can apply the transformations
(4)
; - aqn’ — 1
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to get the linear equations for vfj 23:

o)

+1
?51 o)+ 1=0. (33)
n+1 -1

As above, we introduce functions ﬁn such that
o bl Pt = B
Oé'ELJ—&)-l 1 5n+1 ﬁn

and we obtain 0 ”
‘ J J

L (3)
Bn+1 n

where w!”
For ugﬂc, we can write formulae similar to . The problem is that, instead of one n-

are arbitrary functions on k.

dependent arbitrary function [, in the case M = 1, we have now M functions ﬁéj) with a
complex relationship between them defined by and . We can solve this problem for
M =2 and M = 3 in terms of the discrete integrals.

Case M = 2. Excluding \,, from system (3 , we obtain an identity relating the functions otV

and 04%2) :

(apl + (el = 1) = ~(@2, + () —1). (36)
If one of these functions is known, then the second function is found by the Riccati equation.
If we replace oY) by 8% by the identities

@) — ﬁn+1 Qﬁn + 5 -

tosh-eh o
then a new relation between the functions Bfll) and 57(12) is even more complex.
In order to solve this problem, we rewrite as
al) —1 0‘1(12+)1 +1
@ 5 m (38)
Denoting the left hand side by ~,.1, we get a system for oV and o2
(1) o®
Qn " — 1 + 1
o - =Tl T = e (39)
al) —1 a) +1
Its solution reads as follows:
0453) _ _’Yn-‘rl’)/n + 2’771-&-1 - 17 0422) _ Tn+1Vn — 2’771 -1 ' (40)
Yn+1Yn T+ 1 Vnt+1Vn + 1
Now we treat Y aS a new arbltrary functlon then the functlons o) and ¥ are found

explicitly by (4 . The functions 6n and ,Bn are found from (34]) by two discrete integrations,
(34)

as relations can be rewritten in the form:

(4)
1+a,
(T,, — )log(ﬁnJrl Bn ) log —(;)rl
- apiq

We employ and to get a formula for the solution wu,, y,:

(1 (2)
n n n 1 TL
Unm = Yomi1 alb) 4 (a )(5n+1 5 ) +xm [ @@+ (a (;)( n+1 ) (41
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where )
14 (=1)"
= 1+ (=17 Wok41 = w;(gl), Wokto = w;(f)- (42)

In formula (41) we have two arbitrary functions ~, and w,,, and the functions o) and B are

defined as explained above. The functions o

found by quadrature.

are found explicitly, while the functions 5n are

Case M = 3. In this case, the relations for the functions oz(] )

BD):

, 7 =1,2,3, are implied by system

(e + D = 1) = ba(a, )y + Dall - 1),
(a4 + Dl = 1) = fa(ary + (ol — 1.
We rewrite these relations to introduce new functions ’yn ) and 'yn :
(2)1 +1 ol g 0
oy r1 o

§L+1_9a9 1 ©
NORFERRNC = Tt

-1

Using the shift operator 7},, we get two systems for three functions o). The solutions of these

systems read as:

2(+, — 6 205(1 — 4
O‘S) = ((3/n+(11) ) -1, 04%2) - (13)< (1)7 ) + 1, (43)
,yn—f—l'yn - 93 ’Yn_i_l’}/n - 93
(2) (2)
2 —0 2605
a® — %%%FQQ—L a® = 7%75—2+L (44)
Tn+1Tn 93 Tn+1Tn 03

Two different formulae for the function o!? should be made compatible. It is convenient to

do this for the following function of o)

1 2
067(12) +1 ’%(z )(93 - ’77(1121) o O3 — '77(1421

o =1 e -1 262 -1
We rewrite the last identity in the form
2
7721)(%(12) —1) _ ’77(1421 — 03
(1) = (45)
mo—1 Vi1 (Va1 — 03)

and denote the left hand side by d,,1 — 1. Using the shift 7},, we get a system for %(11) and %(12),
which can be expressed as

Opi1 — 1
(1) n+1
MW = (46)
5n+1 - 77(?2)
050, (V)2 — [(03 — 1)8n410n + Ongr + 00 + 02 — 1]7P 4 626,41 = 0. (47)

Now we consider §,, as a new arbitrary function. All the other n-dependent functions are

expressed via this function. The functions 77(1 ), 7§L ) are glven by (4 Ei the functions ol )7 a?

and o are found from . , and the functions Bn , Bn and ﬁn are found from (3 . Let

us note that the functions ) and %(L ) are found explicitly, while the functions ﬁn) are found

by two discrete integrations, and % is defined implicitly by the quadratic equation. Solutions
USL, qu and US;C of the system (30| are given by , 1'
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These solutions depend on the arbitrary functions 9,, and w,(cl), w,f), w,(f), see . We return
back to the solution u,, ,, of equation (29) with M = 3 equivalent to equation , which is given
by transformation . From the viewpoint of this solution we have two arbitrary functions d,,

and w,,, where

_ M _ @ _ 3
W3k+1 = Wy 7, W3k+42 = Wy 7, W3k+3 = Wy, -

4. MODIFIED SERIES

Here we use a transformation theory developed in [12, [13].
Let us rewrite equation in the form:

Un,m+1 — 1 _ QM Un+1,m +1 (48)

Un,m — 1 Un+1,m+1 + 1

This allows us to introduce a new function v, ,, such that:

Upm + 1 Unm+1 — 1
U = Oy —2 = g, = L 49
7 Mun,erl +1 i Up,m — 1 ( )

The resulting relations are rewritten as

o Un4+1,mUn,m — 2'Un,m + (9]\/[ o Un+1,mVUn,m — 26Mvn+1,m + 0M
Umm - 0 un,m—i—l —_— - .
Un+1,mUn,m — UM

(50)

Un4+1,mUn,m — HM

Rewriting these formulae at the same point u,, ,,+1, we get an equation for vy, ,,:

(Onttmst = D) (Onm — Oar) = Onr(1 — 074 1) (1= Oarvy ), (51)
where ) is a primitive root of unit.

For all equations of form ([2|) we have got transformation invertible on the solutions of .
Two series of equations ([2) and are equivalent up to this transformation. The particular
case M = 2 of equation is presented in [2, (3.31)] up to vym — —Unm together with the
first integrals. In the case M = 1 we can apply the point transformation v, ,, = 1+ w;}n and
get the following equation:

Wn4+1,m+1Wnm = (wn+1,m + 1)(wn,m+1 + 1) (52)

This is nothing but the discrete Liouville equation found in [T1]. Tts first integrals and general
solution were constructed in [I, (19)]. In the general case we can rewrite the first integrals by
using transformation (49)).

Theorem 3. For each M > 1, equation has the following first integrals in the n- and
m-directions, respectively:

(Un+2,m - 1>Un+1,m(vn,m - QM)

Wi = 0y" (Ums2mOnstom — 00 (On 1wt — Oa1) (53)

i (Vi 1) (i 1) 5
, (Vn(,?il . 1) ven (v,ﬁggy _ 1) :

V,f%) = UnmUn,m+1 - - - Unmt-M—1-

Proof. First integral is obtained from @D by straightforward calculations using transfor-
mation (50)).

In order to prove (54)), we need an auxiliary relation. It follows from the first identity of
that for each k£ > 1 the identities

Un,m + 1 Un,m + 1 Un,m+1 + 1 Un,m+k—1 + 1

Un,m+k + 1 Un,m+1 + 1 Un,m+2 + 1 Un,m+k + 1

-k
= 9]\/[ Un,mUnm41 - - - Unym4-k—1
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hold true. Now first integral (11} ﬂ can be rewritten as

[(un m+3M T 1) (un m+M T 1)”(un m+2M T ) (un,m + 1)]
[(un m+3M + 1) (un m+2M + 1)][(un m+M + 1) (un,m + 1)]

Unp, m+3M+1 _ 1— _ UnmTdl m+1
Up, 'm+M+1 Un, m+2]\4+1
Unp, m+3]\/1+1 o 1 _Unmtl m=+1
Un,m+2Mm+1 U, mg M +1

03" —2My (M) (M)
(V(M) V(M) - 1) (1 - HM V”:m Vn,m—i—M)

WQM

n,m+M "n,m+2M

(wo* - 1) <1 - %MW%)>
Vn m—+2M

As 031 =1, we are led to first integral ( . ]

The order of first integral is two. Let us show that this order is the minimal possi-

ble. If there exists a first integral Wy p, m(Vns1.ms Unm) for equation (51)) in the n-direction, we
can use transformation and get a first integral for equation of a nonstandard form
/I/I?17n7m(un,m+1, Un.m) satisfying the relation (75, — 1)W1,n,m = 0. It is easy to check that this is
impossible.

The order of first integral is equal to 3M — 1. In the cases M =1 and M = 2, the fact
that this order 3M — 1 is the minimal possible follows from [I] and [2], respectively. In the case
M = 3 we can prove the same using the fact that the order 9 of corresponding first integral
of equation is minimal, see Theorem

In the case M = 3, let us suppose that equation has a first integral in the m-direction

W2,n,m<vn,m+k7 Un,m+k—1,- - - 7Un,m)

of an order 1 < k£ < 7. This means that for some n, m

an /W/nm
OWa s, 20, OWan, £0.

aU?’L,m avn,erk

Employing the first relation of , we rewrite ngmm in terms of Uy, 4 ; and get a first integral
for equation of the following form:

W2 nm(un m+k—+1, Un m~+ky .- , Up m)

It easy to prove that its order is equal to k41, where 2 < k+1 < 8 < 9, but this is impossible.
Finally we note that using the results of Sectlon and the ﬁrst of transformations , we
can construct the general solutions for equations (51f) with M = 1,2, 3.
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