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CERTAIN GENERATING FUNCTIONS
OF HERMITE-BERNOULLI-LEGENDRE POLYNOMIALS

N.U. KHAN, T. USMAN

Abstract. The special polynomials of more than one variable provide new means of analysis
for the solutions of a wide class of partial differential equations often encountered in physical
problems. Most of the special function of mathematical physics and their generalization
have been suggested by physical problems. It turns out very often that the solution of
a given problem in physics or applied mathematics requires the evaluation of an infinite
sum involving special functions. Problems of this type arise, e.g., in the computation of
the higher-order moments of a distribution or while calculating transition matrix elements
in quantum mechanics. Motivated by their importance and potential for applications in a
variety of research fields, recently, numerous polynomials and their extensions have been
introduced and studied. In this paper, we introduce a new class of generating functions for
Hermite-Bernoulli-Legendre polynomials and study certain implicit summation formulas
by using different analytical means and applying generating function. We also introduce
bilateral series associated with a newly-introduced generating function by appropriately
specializing a number of known or new partly unilateral and partly bilateral generating
functions. The results presented here, being very general, are pointed out to be specialized
to yield a number of known and new identities involving relatively simpler and familiar
polynomials.

Keywords: 2-variable Hermite polynomials, Generalized Bernoulli numbers and polyno-
mials, 2-variable Legendre polynomials, 3-variable Hermite-Bernoulli-Legendre polynomials,
sumiation formulae, generating functions.
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1. INTRODUCTION

Generalized and multivariable forms of the special functions of mathematical physics have wit-
nessed a significant evolution during the recent years. In particular, the special polynomials
of two variables provided new means of analysis for the solutions to large classes of partial
differential equations often encountered in physical problems. Most of the special function of
mathematical physics and their generalization have been suggested by physical problems.

To give an example, we recall that the 2-variable Hermite Kampé de Fériet polynomials
H,(z,y) [3] defined by the generating function

exp(zt + yt?) ZH x y (1.1)
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are the solution of the heat equation

0 o?
gyf(xvy):@f(xvy% f(l‘,O):J?

The higher order Hermite polynomials sometimes called the Kampé de Fériet polynomials of
order m or the Gould-Hopper polynomials H,gm)(x, y) are defined by (|11, Eq. (6.3)])

(5] nem
ykgn—mk

(m) — g
H™(x,y) = ”Zk;n_mk)w

where m is the positive integer. These polynomials are spemﬁed by the generating function
exp(zt + yt™) = ZH (1.2)

are the solution of the generalized heat equation [7]

a%f(x,y) = o f@y),  f2,0)=

dxm
We also note that

Hél)(xvy) = (33 + y)n7 H7(12)(x>y) = Hn(xa y)>
where H,(z,y) denotes the 2-variable Hermite Kampé de Fériet polynomials defined by (1.1).

We recall that the 2-variable Legendre polynomials S, (z, y) and R, (z,y) are given by Dattoli
et al. [§]

= n! Z = 2]: i 1Bk (1.3)
and . s
Ru(z,y) = (n)* Y [E:_) %)fP(kl!/)Q, (1.4)

k=0

respectively, and are related with the ordinary Legendre polynomials P, () [14] as

1—2? -z 1
o= () - (55 152).

From equation (1.3) and (1.4) we have
7L]

2[5
()1
The generating functions for two variable Legendre polynomials S,,(x,y) and R, (x,y) are given
by [8]

Su(x,0) = n! Sn(0,y) =y"  Ba(2,0) = (=2)",  Ra(0,y) = ¢".

V' Co(—xt?) = ZS xy Co(xt)Co(— ZR (z,y) n'2’
where Cy(z) is the 0-th order Tr1com1 function [14]
> (_1)7‘xr
Co(l') = Z (7’!)2 :
r=0

We note the following link between the Hermite Kampé de Fériet polynomials H,(z,y) and
the 2-variable Legendre polynomial S, (x,y) (see [6]):

Hn(y7 _D:;1> - Sn(ZE, y)?
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where D! denotes the inverse of derivative operator D, := a% and is defined in such a way
that

DM {f(x)} =

so that for f(z) = 1, we have

5 / - o),

D1} =

In view of the equations (1.1) and (1.2), we note the followmg relation:

1 1
HY (2, —= ) =H, (x,—= | = He,(2),
2 2

where He, (x) denotes the classical Hermite polynomials [1].
We recall that the 3-variable Legendre-Hermite polynomials s H,(z,y, z) are defined by the
series [10]

ZLn le'y
sHy(x,y, z —n'z H(n—28) (1.5)

and are specified by the following generating functlon.
exp(yt + 2t2)Co(— Z sHy(z,y,z

The classical Bernoulli number B,,, Bernoulli polynomlals B, (z) and their generalization

B (x) (of real or complex) of order « are usually defined by means of the following generating
functions (|11, |21, [4], see also [15])

t . t
=) -2en (&

t\" . tn
( - 1> et = ZBTSQ)(I)—', lt] <2m; 1¢=1.
et — n!

n=0
The B, are rational numbers and in particular B} (0) = B,(0) = B,,.

The generalized Hermite-Bernoulli polynomials of two variables w B (z,y) are introduced
by Pathan [12] in the form

1) et — an(J;)t

and

<€t t_ 1) eVt = Z HB@ (1.6)

which are essentially generalization of Bernoulli numbers, Bernoulli polynomials, Hermite poly-
nomials and Hermite-Bernoulli polynomials g B, (x,y) introduced by Dattoli et al. ([9], p.386

(1.6)) in the form
t Z
<€t - ) e B l‘ y

The special polynomials of more than one varlable provide new means of analysis for the so-
lutions of a wide class of partial differential equations often encountered in physical problems.
It turns out very often that the solution of a given problem in physics or applied mathemat-
ics requires calculating of an infinite sum involving special functions. Problem of this type
arise, for example, in the computation of the higher-order moments of a distribution or while
calculating the transition matrix elements in quantum mechanics. In [5], Dattoli showed that
the summation formulae of special functions often encountered in applications ranging from
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electromagnetic process to combinatorics can be written in terms of Hermite polynomials of
more than one variable.

In this paper, we derive the generating function for the Hermite-Bernoulli-Legendre poly-
nomials SB,(ZQ)(:L’,y, z) in terms of certain multi-variable special polynomials. Also we find
some implicit summation formulae by using different analytical means and applying generating
functions. We also introduce bilateral series associated with the newly-introduced generating
function by appropriately specializing a number of known or new partly unilateral and partly
bilateral generating functions.

2. A NEW CLASS OF HERMITE-BERNOULLI-LEGENDRE POLYNOMIALS

We define the Hermite-Bernoulli-Legendre polynomials ngf") (x,y, z) by means of generating
function as follows:

7L

t (a3
(et—l) eyHZtQC’ xt2 ZSB(a (x,y,2 —' (2.1)

or equivalently, by the series

n 15 o .
B, Sm—ak(x,y) 2" nl
B(a) — n—m ~m )
sB.i(@.y,2) (m — 2K)! k! (n —m)!
m=0 k=0

where S, (x,y) are the 2-variable Legendre polynomials in (1.3).
As z =0, (2.1) reduces to

t (0%
(o) o ZHB (2.2
€ — !

or equivalently (see [I3], p.682),

a a - n a
B0, = nBO ) = Y () B Holtes),

n=0

where ;BY"(y, z) are the 2-variable generalized Hermite-Bernoulli polynomials in (1.6).
Letting a = 0, (2.1) yields

2 = tn
eV Oy (—at?) = ZSHn(x,y, Z)ﬁ (2.3)
or equivalently,
n_ 3] 2k \r—2k (N n—T
—1)r )" n—r,
B (w.y.2) = sH,(zyz) =m0 3 W)

i (n—r)kl(r —2k)0

where ¢H,(z,y, z) are the 3-variable Hermite-Legendre polynomials in (1.5).

3. IMPLICIT SUMMATION FORMULAE INVOLVING HERMITE-BERNOULLI-LEGENDRE
POLYNOMIALS

In order to find implicit summation formulae involving Hermite-Bernoulli-Legendre poly-
nomials SBfla) (x,y,z), the same consideration as developed for the Hermite-Bernoulli poly-
nomials in Pathan et al. [I3]| holds as well. First we prove the following results involving

Hermite-Bernoulli-Legendre polynomials SBT(la) (x,y, 2).
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Theorem 3.1. The following implicit summation formulae for Hermite-Bernoulli- Legendre
polynomials SBSLO‘)(x,y, z) holds true:

k.l

B (50,2) = Y ( . ) (;) (0 =y sBO_(0,9.2) (3.1)

n,p=0

Proof. We replace t by t + u and rewrite the generating function (2.1) as

l

t+u «a Z(t+u)2 . (tJru) tk U
<et+’u _ 1) € CO(_.T(t+U) =Ee€ v ;OSBICJ'_Z :U U Z E F

Replacing y by v in the above equation and equating the resulting equation to the above
equation, we get

e kol
vy)(t+u () @ (0, 2) 21
o=y (t+ );l B, (x,y,2) k' l' kgl sB (v, 2) =N (3.2)
=0 0

By expanding exponential function (3.2) we arrive at

> [( t—l—u (a) th
> ZSBkay’ kulu ZSBHvazk‘l',

N=0 k=0 k,l1=0

which by using formula (|15, Eq. (2)])

zf ST o A

n,m=0
in the left hand side becomes
o0 n+p oo t U,l oo ( ) tk ul
ZO nlp[ Z SBk+z z,Y,% k'l_! = Z sB (v Z)Hl_! (3.3)
n,p= k,l=0 k,l=0

Now replacing k by k —n, [ by [ — p and using Lemma 1 in [I5] in the left hand side of (3.3),
we get

(v — (a) tk ul tF u
Z Z SBk,‘—i—l—n—p(Z‘? Y, Z) (k‘ — n)' (l — p) sBk_H(x v Z) I l'

n,p=0 k,l1=0

Finally, by equating the coefficients of the like powers of ¢t and « in the above equation, we get
the required result. O

By taking [ = 0 in Eq. (3.1), we immediately deduce the following result.

Corollary 3.1. The following implicit summation formula for Hermite-Bernoulli- Legendre
polynomials SBY(LO‘) (z,y,2) holds true:

k
[e3 k n (0%
B2 =3 () 0= 0sB ),

n=0

Replacing v by v + y and setting x = z = 0 in Theorem 3.1, we get the following result
involving Hermite-Bernoulli-Legendre polynomial of one variable:

o0 =3 () (1) ore s,

n,p=0
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whereas by setting v = 0 in Theorem 3.1, we get another result involving Hermite-Bernoulli-
Legendre polynomial of one and two variable

k,l
o g k l n+m o
SBIE—O}Z<x’z) - Z ( n > ( p ) (=y)"" SBl(ch)l—p—n(x’y’z)'

n,p=0
Along with the above result, we will exploit extended forms of Hermite-Bernoulli-Legendre
polynomial SBéa)(x, y) by setting z = 0 in the Theorem 3.1 to get

=3 (5 (1) w-vrmssith, o

n,p=0

A straightforward expression of the HB,(LQ)(y, z) is suggested by a special case of the Theorem
3.1 for x = 0 in the following form

0= Y (E) (D) s s

n,p=0
where HB,gi)l(y, z) are the 2-variable generalized Hermite-Bernoulli polynomials in (1.6).
Similarly, a straightforward expression of the gH,(z,y, z) is suggested by a special case of

the Theorem 3.1 for a = 0 in the following form

k,l
: k [ n+m
SHk—i-l(xaUaZ) = Z ( n ) ( p ) (U - y) * SHk-H—p—n(gjvy?Z)a

n,p=0

where ¢Hyy(x,y, z) are the 3-variable Hermite-Legendre polynomials in (1.5).

Theorem 3.2. The following implicit summation formula for Hermite-Bernoulli- Legendre
polynomials sB (x,y, z) holds true:

sBO(z,y+ v,z +u) =Y ( m ) sB\Y, (2., 2) Hyp (v, ), (3-4)
m=0

where Hy,(v,u) are the 2-variable Hermite polynomials in (1.1).

Proof. We replace y by y + v and z by z 4+ w in (2.1), use (1.1) and rewrite the generating

function as
© t?’L t «
Z SB7(za) (ZE, Y+, 2+ u)E = { (6t — 1> eyt+Zt2C()(—l’t2)} evt+1tt2’
n=0 .

00 t 00 tm
(a .
;SBH (x,y + v, z—l—u ZSB (x,y,z n';Hm
Now, replacing n by n —m and comparing the coefficients of t", we arrive at (3.4). O

Theorem 3.3. The following implicit summation formula for Hermite-Bernoulli- Legendre
polynomials s B (z,y,2) holds true:

i m(_gym, B 2) n!
sB (z,y, 2 )=Z( 2 ((n_)me?(;fjsgy’ L (3.5)

Proof. Using the generating function (2.1), we have
t

t” “
ZSB Ty, 2 <€t — 1) 6yt+zt200(—a:t2)7
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iSBT(L (2,9, 2 {ZHB( y, 2 } {i (—1)7(7;(1!—)5152)”1 } .

m=0

Replacing n by n — 2m and comparing the coefficients of ", we obtain (3.5). O]

Theorem 3.4. The following implicit summation formula for Hermite-Bernoulli-Legendre
polynomials SB,(LO‘)(x, y,z) holds true:

n [%] a)
(—=1)*(2)* B2 (y — u) Hyn—ox (u, 2)n!
SB(OC)(xayvz) = — (36)
n | |
== (m = 2k)!(n — m)!(k!)?
Proof. By exploiting the generating function (1.1), we can write Eq. (2.1) as
t o\ ) = tm 2L (= 1)F(—at?)k
yt—ut ut+zt 2 (Ot) 7
{<et_1) : } Col—at2) ZB ; IR
Replacing m by m — 2k, we get
B(a) ((E Z) _ i B(a)( B u)ﬁ i (7] Hm72k(u, Z)(—l)k(—x)k -
SEn A2 = L O ! (m — 2k) (k)2
n=0 m=0 k=0
Now we replace n by n —m:
0 n 5] k k (@)
" (_1> (_I) anm(y - U)Hm—Qk(u7 Z)
B _—= tn
ZS (ry.2)05 =2 (n — m)!(m — 2k)!(k!)?
n=0 m=0 k=0
We equate the coefficients of the like powers of " and this leads us to (3.6). O

By employing the same technique used in the proof of above theorem, from (1.6) and (2.1),
we can obtain semi-addition formula for SB,(LQ)(x,y, z) and the known addition formula for
By (x) (see, e.g., [[16], p. 84, Eq. (25)]) which are given in the following theorem.

Theorem 3.5. The following implicit summation formula for Hermite-Bernoulli-Legendre
polynomials SB,(LO‘) (z,y,2) holds true:

¢BEHO) (4 v, 2) = < Z > sBY, (z,u,2) B? (v) (3.7)

and

BO) (u +v) = ; ( . ) B, (u)BY (v) (3.8)

Proof. In view of the relation

(3.8) is just a special case of (3.7). O
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4. GENERATING FUNCTIONS OF THE HERMITE-BERNOULLI-LEGENDRE POLYNOMIALS
INVOLVING BILATERAL SERIES

We consider the function

t [0
V) = VO g,y w, 25, t) 1= (et - 1) er T Co((—at?)
Expanding e*~"*/* and using (2.1), we get
oM S\ & o N
Ve = ( . ) = D sB ) (4.1)
M=0""" K=0 " N=0 '

We replace the summation indices M and N in (4.1) by K + N = n and M — K = m,
respectively and we rearrange the triple series:

K
Z Z s"t" ZKlm+K n—K)' SBn K(‘r Y,z )7

m=—00 n=m*

hereinafter m* = max {0, —m}, m € Z. Thanks to the absolute convergence of the series
involved, we are led to the generating function

< tt 1) es—wt/s+yt+zt2 C()(—(L'tg)
e —

« (4.2)
Z Z s ZK'm+K I(n— K)! sB.2x(@,9,2).

m=—o00 n=m*

Some special cases of (4.2) are demonstrated in the following corollaries.

Corollary 4.1. Setting o =1 in (4.2), we get
t es—wt/s+yt+zt2 C(ZtQ Z Z PR - (_w)K B(l) (ZL’ Z)
et —1 Kl(m+K)!(n—K)!S -k \H Y %)

m=—oo n=m* =0

Corollary 4.2. Seiting o = 0 and using SB,(LO)(x,y, 2) = sHy(z,y,z2) in (4.2), we get

n K
s—wt/s+yt+zt2 2 E : E : myn (—U})

m=—oo n=m* =0
where sH,_i(x,y,2) are the 3-variable Hermite-Legendre polynomials given in (1.5).
Corollary 4.3. Setting x = 0 in (4.2) and using (1.6), we get
K

t ¢ s—wt/s+yt+zt2 _ man w) (a)
(et— 1) © Z Z t Z K!(m+ K)!(n — K)! B, K (y, 2),

m=—o0 n=m*

where HBn K(y, z) are the 2-variable generalized Hermite-Bernoulli polynomials in (1.6).
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