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ÐÎÑÒÀ ÍÀ ÂÅÙÅÑÒÂÅÍÍÎÉ ÎÑÈ

Í.Ô. ÀÁÓÇßÐÎÂÀ

Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàåòñÿ òîïîëîãè÷åñêèé ìîäóëü öåëûõ ôóíêöèé
P(a; b) � èçîìîðôíûé îáðàç ïðè ïðåîáðàçîâàíèè Ôóðüå-Ëàïëàñà ïðîñòðàíñòâà Øâàð-
öà ðàñïðåäåëåíèé ñ êîìïàêòíûìè íîñèòåëÿìè â êîíå÷íîì èëè áåñêîíå÷íîì èíòåðâàëå
(a; b) ⊂ R. Èçó÷àþòñÿ óñëîâèÿ, ïðè êîòîðûõ ãëàâíûé ïîäìîäóëü ìîäóëÿ P(a; b) ìîæåò
áûòü îäíîçíà÷íî âîññòàíîâëåí ïî íóëÿì ïîðîæäàþùåé ôóíêöèè.

Êëþ÷åâûå ñëîâà: öåëûå ôóíêöèè, ñóáãàðìîíè÷åñêèå ôóíêöèè, ïðåîáðàçîâàíèå
Ôóðüå-Ëàïëàñà, ãëàâíûå ïîäìîäóëè, ëîêàëüíîå îïèñàíèå ïîäìîäóëåé, èíâàðèàíòíûå
ïîäïðîñòðàíñòâà, ñïåêòðàëüíûé ñèíòåç.

Mathematics Subject Classi�cation: 30D15, 30H99, 42A38, 47E05

1. Ââåäåíèå

Ïóñòü [a1; b1] b [a2; b2] b . . . � ïîñëåäîâàòåëüíîñòü îòðåçêîâ, èñ÷åðïûâàþùàÿ êîíå÷-
íûé èëè áåñêîíå÷íûé èíòåðâàë (a; b) âåùåñòâåííîé ïðÿìîé, Pk � áàíàõîâî ïðîñòðàíñòâî,
ñîñòîÿùåå èç âñåõ öåëûõ ôóíêöèé ϕ, äëÿ êîòîðûõ êîíå÷íà íîðìà

‖ϕ‖k = sup
z∈C

|ϕ(z)|
(1 + |z|)k exp(bky+ − aky−)

, y± = max{0,±y}, z = x+ iy. (1.1)

Îáîçíà÷èì ÷åðåç P(a; b) èíäóêòèâíûé ïðåäåë ïîñëåäîâàòåëüíîñòè {Pk}. Â ýòîì ïðîñòðàí-
ñòâå îïåðàöèÿ óìíîæåíèÿ íà íåçàâèñèìóþ ïåðåìåííóþ z íåïðåðûâíà, ïîýòîìó P(a; b) �
òîïîëîãè÷åñêèé ìîäóëü íàä êîëüöîì ìíîãî÷ëåíîâ C[z]. Êàæäîå èç âëîæåíèé Pk ⊂ Pk+1

âïîëíå íåïðåðûâíî, ñëåäîâàòåëüíî, P(a; b) åñòü ëîêàëüíî-âûïóêëîå ïðîñòðàíñòâî òèïà
(LN∗) (ñì. [1]). Èçâåñòíî (ñì., íàïðèìåð, [2, ãë. I, ëåê. 16, òåîðåìû 1 è 2]), ÷òî âñÿ-
êèé ýëåìåíò ïðîñòðàíñòâà P(a; b) ÿâëÿåòñÿ ôóíêöèåé âïîëíå ðåãóëÿðíîãî ðîñòà ïðè
ïîðÿäêå 1, èíäèêàòîðíàÿ äèàãðàììà êîòîðîé åñòü îòðåçîê ìíèìîé îñè [icϕ; idϕ] ⊂ (ia; ib).
Â äàííîé ðàáîòå ìû èññëåäóåì ãëàâíûå ïîäìîäóëè ìîäóëÿ P(a; b). Íàïîìíèì, ÷òî ãëàâ-

íûì ïîäìîäóëåì Jϕ, ïîðîæäåííûì ôóíêöèåé ϕ ∈ P(a; b), íàçûâàåòñÿ çàìûêàíèå â P(a; b)
ìíîæåcòâà {pϕ : p ∈ C[z]}.
Äëÿ êðàòêîñòè âñþäó íèæå, åñëè íå îãîâîðåíî ïðîòèâíîå, áóäåì ïîëüçîâàòüñÿ òåðìèíîì

¾ïîäìîäóëü¿, èìåÿ â âèäó çàìêíóòûé ïîäìîäóëü.
Ïîäìîäóëè ìîäóëÿ P(a; b) ñîñòîÿò â äâîéñòâåííîñòè ñ çàìêíóòûìè ïîäïðîñòðàíñòâà-

ìè ïðîñòðàíñòâà C∞(a; b), èíâàðèàíòíûìè îòíîñèòåëüíî îïåðàòîðà äèôôåðåíöèðîâàíèÿ

N.F. Abuzyarova, Some properties of principal submodules in the module of entire functions

of exponential type and polynomial growth on the real axis.
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(ñì. [3], [4]). À èìåííî, ïðåîáðàçîâàíèå Ôóðüå-Ëàïëàñà F , äåéñòâóþùåå â ñèëüíîì ñîïðÿ-
æåííîì ïðîñòðàíñòâå (C∞(a; b))′ ïî ïðàâèëó

F(S)(z) = (S, e−itz), S ∈ (C∞(a; b))′,

åñòü ëèíåéíûé òîïîëîãè÷åñêèé èçîìîðôèçì ïðîñòðàíñòâ (C∞(a; b))′ è P(a; b) [5, òåîðå-
ìà 7.3.1]. Ïðè ýòîì ìåæäó ñîâîêóïíîñòüþ {J } çàìêíóòûõ ïîäìîäóëåé ìîäóëÿ P(a; b) è
ñîâîêóïíîñòüþ {W} çàìêíóòûõ èíâàðèàíòûõ îòíîñèòåëüíî äèôôåðåíöèðîâàíèÿ ïîäïðî-
ñòðàíñòâ ïðîñòðàíñòâà C∞(a; b) èìååò ìåñòî âçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå ïî ïðàâè-
ëó: J ←→ W òîãäà è òîëüêî òîãäà, êîãäà J = F(W 0), ãäå çàìêíóòîå ïîäïðîñòðàíñòâî
W 0 ⊂ (C∞(a; b))′ ñîñòîèò èç âñåõ ðàñïðåäåëåíèé S ∈ (C∞(a; b))′, àííóëèðóþùèõ W . Çàäà-
÷à ñïåêòðàëüíîãî ñèíòåçà äëÿ çàìêíóòûõ èíâàðèàíòûõ îòíîñèòåëüíî äèôôåðåíöèðîâàíèÿ
ïîäïðîñòðàíñòâ W ⊂ C∞(a; b) áûëà âïåðâûå ðàññìîòðåíà â ðàáîòå [6] (äëÿ ñëó÷àÿ ïðîèç-
âîëüíîãî èíòåðâàëà (a; b) ⊂ R). Ýòà çàäà÷à äâîéñòâåííà çàäà÷å î (ñëàáîé) ëîêàëèçóåìîñòè
ïîäìîäóëåé â P(a; b).
Íàïîìíèì ðÿä ïîíÿòèé, õàðàêòåðèçóþùèõ ñâîéñòâà ïîäìîäóëåé (ñì. [3], [4], [7], [8]). Äëÿ

ïîäìîäóëÿ J ⊂ P(a; b) ïîëîæèì cJ = inf
ϕ∈J

cϕ, dJ = sup
ϕ∈J

dϕ. Ìíîæåñòâî [cJ ; dJ ] íàçûâàåòñÿ

èíäèêàòîðíûì îòðåçêîì ïîäìîäóëÿ J .
Äèâèçîð ôóíêöèè ϕ ∈ P(a; b) äëÿ âñåõ λ ∈ C îïðåäåëÿåòñÿ ôîðìóëîé

nϕ(λ) =

{
0, åñëè ϕ(λ) 6= 0,

m, åñëè λ � íóëü ϕ êðàòíîñòè m,

à äèâèçîð ïîäìîäóëÿ J ⊂ P(a; b) � ôîðìóëîé nJ (λ) = min
ϕ∈J

nϕ(λ).

Ïîäìîäóëü J ñëàáî ëîêàëèçóåì, åñëè îí ñîäåðæèò âñå ôóíêöèè ϕ ∈ P(a; b), óäîâëå-
òâîðÿþùèå óñëîâèÿì: 1) nϕ(z) ≥ nJ (z), z ∈ C; 2) èíäèêàòîðíàÿ äèàãðàììà ôóíêöèè ϕ
ñîäåðæèòñÿ â ìíîæåñòâå i[cJ ; dJ ]. Â ñëó÷àå, åñëè cJ = a è dJ = b, ñëàáàÿ ëîêàëèçóåìîñòü
J îçíà÷àåò, ÷òî ýòîò ïîäìîäóëü îáèëüíûé.
Ïîäìîäóëü J íàçûâàåòñÿ óñòîé÷èâûì â òî÷êå λ ∈ C, åñëè âûïîëíåíèå óñëîâèé ϕ ∈ J è

nϕ(λ) > nJ (λ) âëå÷åò âêëþ÷åíèå ϕ/(z−λ) ∈ J . Ïîäìîäóëü J óñòîé÷èâ, åñëè îí óñòîé÷èâ
â ëþáîé òî÷êå λ ∈ C.
ßñíî, ÷òî óñòîé÷èâîñòü ïîäìîäóëÿ J ÿâëÿåòñÿ íåîáõîäèìûì óñëîâèåì åãî ñëàáîé ëî-

êàëèçóåìîñòè.
Èç ðåçóëüòàòîâ ðàáîòû [9, § 4] ñëåäóåò, ÷òî ãëàâíûé ïîäìîäóëü â P(a; b) âñåãäà óñòîé÷èâ.

Ýòî òàêæå íåòðóäíî ïðîâåðèòü íåïîñðåäñòâåííî, èñïîëüçóÿ îïðåäåëåíèå óñòîé÷èâîñòè è
îïèñàíèå òîïîëîãèè â P(a; b). Â ñèëó ïðèíöèïà äâîéñòâåííîñòè [4, ïðåäëîæåíèå 1] èíäè-
êàòîðíûé îòðåçîê ãëàâíîãî ïîäìîäóëÿ åñòü [cϕ; dϕ].
Äëÿ ôóíêöèè ϕ ∈ P(a; b) îáîçíà÷èì ÷åðåç J (ϕ) ñëàáî ëîêàëèçóåìûé ïîäìîäóëü ñ äèâè-

çîðîì, ðàâíûì äèâèçîðó nϕ ôóíêöèè ϕ è èíäèêàòîðíûì îòðåçêîì [cϕ; dϕ]. Èíà÷å ãîâîðÿ,
ïîäìîäóëü J (ϕ) ñîñòîèò èç âñåõ ôóíêöèé ψ ∈ P(a; b), äåëÿùèõñÿ íà ϕ è èìåþùèõ èíäè-
êàòîð hψ = hϕ.
Ïîäìîäóëè Jϕ è J (ϕ) èìåþò îäèí è òîò æå äèâèçîð, ðàâíûé nϕ, è îäèí è òîò æå

èíäèêàòîðíûé îòðåçîê [cϕ; dϕ]. Ïîýòîìó ñïðàâåäëèâî âêëþ÷åíèå

Jϕ ⊂ J (ϕ).

Ðàâåíñòâî
Jϕ = J (ϕ) (1.2)

ýêâèâàëåíòíî ñëàáîé ëîêàëèçóåìîñòè ãëàâíîãî ïîäìîäóëÿ Jϕ. Êàê ïîêàçûâàåò ïðèìåð,
ïîñòðîåííûé â ðàáîòå [10], ýòî ðàâåíñòâî èìååò ìåñòî íå âñåãäà.
Äëÿ âûïîëíåíèÿ ðàâåíñòâà (1.2) èìåþòñÿ äâå âîçìîæíîñòè.
(I) Ïîäìîäóëü J (ϕ), à çíà÷èò, è ãëàâíûé ïîäìîäóëü Jϕ, ñîäåðæèò òîëüêî ôóíêöèè âèäà

pϕ, p ∈ C[z]. Èíûìè ñëîâàìè, îáðàçóþùàÿ ϕ òàêîâà, ÷òî ñîâîêóïíîñòü öåëûõ ôóíêöèé
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ìèíèìàëüíîãî òèïà ïðè ïîðÿäêå 1, ïðåäñòàâèìûõ â âèäå Φ/ϕ, Φ ∈ P(a; b), ñîâïàäàåò
ñ ìíîæåñòâîì ìíîãî÷ëåíîâ C[z].
(II) Ìíîæåñòâî J (ϕ)\{pϕ : p ∈ C[z]} íå ïóñòî, è äëÿ êàæäîé ôóíêöèè Φ ∈ J (ϕ) ñóùå-

ñòâóåò îáîáùåííàÿ ïîñëåäîâàòåëüíîñòü ìíîãî÷ëåíîâ pα òàêàÿ, ÷òî pαϕ → Φ â òîïîëîãèè
ïðîñòðàíñòâà P(a; b).
Äîñòàòî÷íîå óñëîâèå äëÿ ðåàëèçàöèè ïåðâîé èç óêàçàííûõ âîçìîæíîñòåé ñîñòîèò â

òðåáîâàíèè îáðàòèìîñòè ôóíêöèè ϕ: ôóíêöèÿ ϕ ∈ P(−∞; +∞) íàçûâàåòñÿ îáðàòè-
ìîé (ñì. [11]), åñëè äëÿ ëþáîé òàêîé æå ôóíêöèè Φ âûïîëíåíà èìïëèêàöèÿ: èç óñëîâèÿ
¾Φ ∈ P(−∞; +∞), Φ/ϕ � öåëàÿ ôóíêöèÿ¿ ñëåäóåò, ÷òî Φ/ϕ ∈ P(−∞; +∞), ò.å. ãëàâíûé
èäåàë Iϕ, ïîðîæäåííûé ýòîé ôóíêöèåé â àëãåáðå P(−∞;∞), çàìêíóò.
Äåéñòâèòåëüíî, íåòðóäíî âèäåòü, ÷òî åñëè ϕ ∈ P(a; b) îáðàòèìà, òî

J (ϕ) = Jϕ = {pϕ : p ∈ C[z]}. (1.3)

Îêàçûâàåòñÿ, ÷òî îáðàòèìîñòü ïîðîæäàþùåé ôóíêöèè íå ÿâëÿåòñÿ íåîáõîäèìûì óñëî-
âèåì äëÿ ñïðàâåäëèâîñòè (1.3). Íèæå, âî âòîðîì ïàðàãðàôå, ìû ñòðîèì ïðèìåð íåîáðàòè-
ìîé ôóíêöèè ϕ ∈ P(a; b), äëÿ êîòîðîé âûïîëíåíû ñîîòíîøåíèÿ (1.3).
Ïåðåõîäÿ ê ðàññìîòðåíèþ ñëó÷àÿ (II), ïðèâåäåì óïîìÿíóòûé âûøå ïðèìåð èç ðàáîòû

[10]. Ïóñòü (a; b) = (−2π; 2π), ïîëîæèì

ϕ0(z) =
sin πz

U(z)V (z)
, ãäå U(z) =

sin π
√
z

π
√
z

, V (z) =
∞∏

n=1

(
1− z

22n + 1

)
. (1.4)

Òåîðåìà 1.2 ðàáîòû [10] óòâåðæäàåò (õîòÿ è â äâîéñòâåííûõ òåðìèíàõ äîïóñòèìîñòè ñïåê-
òðàëüíîãî ñèíòåçà â ñëàáîì ñìûñëå), ÷òî ãëàâíûé ïîäìîäóëü Jϕ0 íå ÿâëÿåòñÿ ñëàáî ëîêà-
ëèçóåìûì â P(−2π; 2π).
Â òðåòüåì ïàðàãðàôå íàñòîÿùåé ðàáîòû âûâîäÿòñÿ íåêîòîðûå íåîáõîäèìûå óñëîâèÿ

ñëàáîé ëîêàëèçóåìîñòè ãëàâíîãî ïîäìîäóëÿ Jϕ â P(a; b) â ñëó÷àå, êîãäà ìíîæåñòâî

J (ϕ) \ {pϕ, p ∈ C[z]}
íå ïóñòî. Â òîì ÷èñëå äîêàçûâàåòñÿ ñëåäóþùåå óòâåðæäåíèå, ñîäåðæàùåå â ñåáå, êàê ÷àñò-
íûé ñëó÷àé, öèòèðîâàííûé âûøå ðåçóëüòàò [10, òåîðåìà 1.2].

Òåîðåìà 3. Ïóñòü îáðàçóþùàÿ ïîäìîäóëÿ Jϕ èìååò âèä

ϕ =
Φ

ω
,

ãäå Φ = eiγzS ∈ P(a; b), S � ôóíêöèÿ òèïà ñèíóñà, γ ∈ R, ω � öåëàÿ ôóíêöèÿ ìèíèìàëüíîãî
òèïà ïðè ïîðÿäêå 1.
Åñëè äëÿ ïîðÿäêîâ ôóíêöèè ω íà ëó÷àõ arg z = 0 è arg z = π, îïðåäåëÿåìûõ ðàâåíñòâàìè

ρ0 = lim sup
r→+∞

ln ln |f(r)|
ln r

, ρπ = lim sup
r→+∞

ln ln |f(−r)|
ln r

, ñîîòâåòñòâåííî,

âûïîëíåíî îäíî èç ñîîòíîøåíèé

ρ0 < 1/4 < 1/2 ≤ ρπ èëè ρπ < 1/4 < 1/2 ≤ ρ0, (1.5)

òî ïîäìîäóëü Jϕ íå ÿâëÿåòñÿ ñëàáî ëîêàëèçóåìûì.

2. Ïðèìåð íåîáðàòèìîé ôóíêöèè, äëÿ êîòîðîé âûïîëíåíû
ñîîòíîøåíèÿ (1.3)

Ïóñòü ãðàíèöû èíòåðâàëà a è b óäîâëåòâîðÿþò óñëîâèÿì

a < −π, π < b.
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Ïîëîæèì

ϕ(z) =
s(z)

s1(z)
+
πzs(z)

s0(z)
,

ãäå

s(z) =
sin πz

πz
, s1(z) = s(

√
z) =

sin π
√
z

π
√
z

, s0(z) =
∞∏

k=1

(
1 +

z

22k

)
.

Õîðîøî èçâåñòíî, ÷òî äëÿ ôóíêöèè s èìåþò ìåñòî îöåíêè

|s(z)| ≤ c0e
π|Im z|

π(1 + |z|) , z ∈ C, (2.1)

|s(z)| ≥ mde
π|Im z|

π|z| , |z − k| ≥ d, k ∈ Z, (2.2)

ãäå c0 � àáñîëþòíàÿ ïîñòîÿííàÿ, d ∈ (0; 1/2) � ïðîèçâîëüíîå ÷èñëî, md � ïîëîæèòåëüíîå
÷èñëî, çàâèñÿùåå îò d. Èç (2.1) ñëåäóåò, ÷òî öåëàÿ ôóíêöèÿ s1 äîïóñêàåò îöåíêó ñâåðõó:

|s1(z)| ≤ c0e
π
√
|z|| sin(θ/2)|

π(1 +
√
|z|)

, z = reiθ, −π < θ ≤ π, r > 0. (2.3)

Äðóãèå âñïîìîãàòåëüíûå îöåíêè îôîðìèì â âèäå ëåìì.

Ëåììà 1. Ïóñòü ÷èñëî d0 ∈ (0; 1/2) ñòîëü ìàëî, ÷òî
∣∣∣ sinπξπξ

− 1
∣∣∣ ≤ 1/2 ïðè π|ξ| ≤ d0.

Òîãäà ñóùåñòâóåò ïîñòîÿííàÿ cd0 > 0, òàêàÿ, ÷òî

|s1(z)| ≥ cd0e
π
√
|z|| sin(θ/2)|

1 + |z| , z ∈ C \
⋃

k∈N

{
z : |z − k2| < 3d0

}
. (2.4)

Äîêàçàòåëüñòâî.

Ïðåæäå âñåãî çàìåòèì, ÷òî äëÿ âñåõ z, óäîâëåòâîðÿþùèõ íåðàâåíñòâàì

d0

|k| ≤ |z − k| ≤ d0, k ∈ Z \ {0}, (2.5)

âûïîëíÿåòñÿ îöåíêà

|s(z)| ≥ d0

4|z|2 . (2.6)

Èç íåðàâåíñòâ (2.2) è (2.6) ñòàíäàðòíûìè ìåòîäàìè âûâîäèòñÿ îöåíêà

|s(z)| ≥ cd0e
π|Im z|

1 + |z|2 z ∈ C \
⋃

k∈Z\{0}

{
z : |z − k| < d0

|k|

}
, (2.7)

ãäå cd0 � ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, çàâèñÿùàÿ îò d0. Óòâåðæäåíèå ëåììû, â ñâîþ î÷å-
ðåäü, ñëåäóåò èç (2.7).

Ëåììà 2. Ïðè âñåõ θ ∈ (−π; π) èìååò ìåñòî àñèìïòîòè÷åñêîå ðàâåíñòâî

ln s0(reiθ) =
(ln r)2

ln 8
+
iθln r

ln 4
+ o(ln r), r →∞. (2.8)

Ñóùåñòâóþò ÷èñëî δ > 0 è ìíîæåñòâî E0 ⊂ (−∞; 0) íóëåâîé îòíîñèòåëüíîé ìåðû,
òàêèå, ÷òî äëÿ âñåõ x ∈ (−∞; 0) \ E0 âûïîëíÿåòñÿ íåðàâåíñòâî

ln |s0(x)| ≥ δ (ln (|x|+ 1))2 . (2.9)
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Äîêàçàòåëüñòâî. Ñ÷èòàþùàÿ ôóíêöèÿ íóëåé n(r) ôóíêöèè s0 óäîâëåòâîðÿåò àñèìèï-
òîòè÷åñêîìó ñîîòíîøåíèþ

n(r) =
ln r

ln 4
+ o(ln r), r →∞. (2.10)

Ïîýòîìó, ñîãëàñíî òåîðåìå 1 ðàáîòû [12], ôóíêöèÿ s0 èìååò ñèëüíûé ðåãóëÿðíûé ðîñò,
è äëÿ íåå èìååò ìåñòî àñèìïòîòè÷åñêîå ñîîòíîøåíèå (2.8).
Â ñèëó (2.10) äëÿ ôóíêöèè s0 âûïîëíåíû óñëîâèÿ òåîðåìû 3.6.1 [13]. Ýòà òåîðåìà óòâåð-

æäàåò, ÷òî
min
|z|=r
|s0(z)|

max
|z|=r
|s0(z)| → 1, (2.11)

êîãäà r → +∞, îñòàâàÿñü âíå íåêîòîðîãî ìíîæåñòâà íóëåâîé îòíîñèòåëüíîé ìåðû E0.
Èç (2.11) ïîëó÷àåì, ÷òî äëÿ íåêîòîðîãî ÷èñëà δ > 0 íåðàâåíñòâî (2.9) âûïîëíÿåòñÿ

âñþäó íà âåùåñòâåííîé ïîëóîñè (−∞; 0), çà èñêëþ÷åíèåì ìíîæåñòâà E0.

Òåîðåìà 1. Ôóíêöèÿ ϕ ñîäåðæèòñÿ â P(a; b) è íå ÿâëÿåòñÿ îáðàòèìîé. Ïîäìîäóëè
Jϕ è J (ϕ) óäîâëåòâîðÿþò ñîîòíîøåíèÿì (1.3).

Äîêàçàòåëüñòâî.

Ðàññìîòðèì ôóíêöèþ ϕ1 = s/s1. Äëÿ ýòîé ôóíêöèÿ íà âåùåñòâåíîé îñè ñïðàâäåëèâû
ñëåäóþùèå îöåíêè

|ϕ1(x)| ≤ c0

πcd0e
π
√
|x|
, x ≤ 0, (2.12)

|ϕ1(x)| ≤ c0e
3d0π

πcd0
, x > 0. (2.13)

Ïåðâàÿ èç ýòèõ îöåíîê ÿâëÿåòñÿ ïðÿìûì ñëåäñòâèåì îöåíîê (2.1) è (2.4), à âòîðàÿ, (2.13),
âûâîäèòñÿ èç íèõ æå ñòàíäàðòíûìè ïðèåìàìè ñ èñïîëüçîâàíèåì ïðèíöèïà ìàêñèìóìà äëÿ
àíàëèòè÷åñêèõ ôóíêöèé. Èç îöåíîê (2.12) è (2.13), â ñâîþ î÷åðåäü, ñëåäóåò, ÷òî ôóíêöèÿ
ϕ1 îãðàíè÷åíà íà âåùåñòâåííîé îñè. Ó÷èòûâàÿ, ÷òî îíà èìååò òèï π ïðè ïîðÿäêå 1, çà-
êëþ÷àåì, ÷òî

ϕ1 ∈ P(a; b). (2.14)

Ïîêàæåì, ÷òî ôóíêöèÿ ϕ2 = (πzs)/s0 òîæå ñîäåðæèòñÿ â P(a; b). Ýòà ôóíêöèÿ,
êàê è ôóíêöèÿ ϕ1, èìååò òèï π ïðè ïîðÿäêå 1.
Èç ðàññóæäåíèé, ïðèâåäåííûõ â äîêàçàòåëüñòâå ëåììû 2, ñëåäóåò, ÷òî äëÿ ëþáîãî

ε ∈ (0; 1/2) íàéäåòñÿ δ > 0, òàêîå, ÷òî âíå îáúåäèíåíèÿ êîëåö

Aj = {(1− ε)4j ≤ |z| ≤ (1 + ε)4j}, j = 1, 2, . . . ,

âûïîëíÿåòñÿ íåðàâåíñòâî

ln |s0(z)| ≥ δ (ln (|z|+ 1))2 . (2.15)

Ïîýòîìó äëÿ âñåõ âåùåñòâåííûõ

x 6∈
∞⋃

j=1

(−(1 + ε)4j;−(1− ε)4j)

áóäåò âûïîëíÿòüñÿ íåðàâåíñòâî

ln |s0(x)| ≥ δ (ln (|x|+ 1))2 . (2.16)

Äëÿ îöåíêè ôóíêöèè ϕ2 â èíòåðâàëàõ

(−(1 + ε)4j;−(1− ε)4j), j ∈ N, (2.17)
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çàìåòèì, ÷òî â ñèëó (2.15) íà ãðàíèöå êîëüöà Aj èìååò ìåñòî íåðàâåíñòâî

ln |ϕ2(z)| ≤ ln

∣∣∣∣
sin πz

1− z2/42j

∣∣∣∣+ 2ln (2 + ε)− δ
(
ln ((1− ε)4j + 1)

)2
.

Òàê êàê ïðàâîé ÷àñòüþ ïîñëåäíåãî íåðàâåíñòâà ÿâëÿåòñÿ ôóíêöèÿ, ãàðìîíè÷åñêàÿ â êîëüöå
Aj, ýòî íåðàâåíñòâî îñòàåòñÿ ñïðàâåäëèâûì äëÿ âñåõ z ∈ Aj. Ñëåäîâàòåëüíî, íàéäóòñÿ

ïîëîæèòåëüíûå ÷èñëà δ̃ > δ è c̃ > 1, çàâèñÿùèå îò δ è ε è íå çàâèñÿùèå îò j, òàêèå, ÷òî
â èíòåðâàëàõ (2.17) âåðíà îöåíêà

|ϕ2(x)| ≤ c̃

eδ̃(ln (|x|+1))2
, x ∈ (−(1 + ε)4j;−(1− ε)4j), j ∈ N.

Îòñþäà, ñ ó÷åòîì (2.16), ïîëó÷àåì, ÷òî íà âñåé âåùåñòâåííîé îñè ñïðàâåäëèâî íåðàâåíñòâî

|ϕ2(x)| ≤ c̃

eδ̃(ln (|x|+1))2
. (2.18)

Ïðèìåíÿÿ òåîðåìó Ïýëè-Âèíåðà-Øâàðöà [5, òåîðåìà 7.3.1], çàêëþ÷àåì, ÷òî

ϕ2 ∈ F(C∞0 (a; b)) ⊂ P(a; b). (2.19)

Èç âêëþ÷åíèé (2.14) è (2.19) ñëåäóåò, ÷òî ôóíêöèÿ ϕ ïðèíàäëåæèò ïðîñòðàíñòâó P(a; b).

Äëÿ äîêàçàòåëüñòâà íåîáðàòèìîñòè ôóíêöèè ϕ íàì ïîíàäîáèòñÿ àíàëèòè÷åñêèé êðèòå-
ðèé Ë.Ýðåíïðàéñà [14, òåîðåìà I]:
ôóíêöèÿ ϕ ∈ P(a; b) îáðàòèìà òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò ïîëîæèòåëüíîå
÷èñëî a ñî ñâîéñòâîì: äëÿ êàæäîãî x ∈ R íàéäåòñÿ y ∈ R òàêîå, ÷òî

|x− y| ≤ aln (1 + |x|),
ϕ(y) ≥ (a+ |y|)−a.

Â ñèëó (2.12) è (2.18) íàéäåòñÿ ïîëîæèòåëüíîå ÷èñëî c1, òàêîå, ÷òî ôóíêöèÿ ϕ íà âñåì
ëó÷å (−∞; 0) óäîâëåòâîðÿåò îöåíêå

ln |ϕ(x)| ≤ −δ̃ (ln (|x|+ 1))2 + c1.

Ñîïîñòàâëÿÿ ýòó îöåíêó è êðèòåðèé îáðàòèìîñòè Ë. Ýðåíïðàéñà, çàêëþ÷àåì, ÷òî ôóíêöèÿ
ϕ íå îáðàòèìà.

Äîêàæåì ïîñëåäíåå èç ñôîðìóëèðîâàííûõ äëÿ ôóíêöèè ϕ óòâåðæäåíèé � ðàâåíñòâî

J (ϕ) = {pϕ : p ∈ C[z]}. (2.20)

Èç îöåíîê (2.2), (2.4) è ñîîòíîøåíèÿ (2.8) ñëåäóåò, ÷òî äëÿ ëþáîãî ïîëîæèòåëüíî-
ãî θ0 íàéäåòñÿ ïîñòîÿííàÿ a0 = a0(θ0), òàêàÿ, ÷òî âíå óãëîâ {z : | arg z| < θ0},
{z : |π − arg z| < θ0} ôóíêöèÿ ϕ äîïóñêàåò îöåíêó ñíèçó:

|ϕ(z)| ≥ |s(z)|
(

π|z|
|s0(z)| −

1

|s1(z)|

)
≥ a0e

π|Im z|

exp
(
(ln (|z|+ 1))2 /ln 8

) . (2.21)

Ïóñòü Φ � ïðîèçâîëüíàÿ ôóíêöèÿ èç ïîäìîäóëÿ J (ϕ). Ïðè íåêîòîðûõ C0 > 0 è k ∈ N
èìååì

|Φ(z)| ≤ C0(1 + |z|)keπ|Im z|, z ∈ C. (2.22)

Èç ýòîãî ñîîòíîøåíèÿ è îöåíêè (2.21), èñïîëüçóÿ ïðèíöèï Ôðàãìåíà-Ëèíäåëåôà, íåòðóäíî
âûâåñòè, ÷òî äëÿ ôóíêöèè ω = Φ/ϕ âî âñåé êîìïëåêñíîé ïëîñêîñòè âåðíà îöåíêà

|ω(z)| ≤ Cekln (|z|+1)+(ln (|z|+1))2 , (2.23)

ãäå C > 0 � íåêîòîðàÿ ïîñòîÿííàÿ. Â ÷àñòíîñòè, ýòà îöåíêà îçíà÷àåò, ÷òî ω � öåëàÿ
ôóíêöèÿ íóëåâîãî ïîðÿäêà.
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Îöåíèì ôóíêöèþ ω íà ëó÷å (3d0; +∞). Äëÿ ýòîãî çàìåòèì, ÷òî, â ñèëó (2.2), (2.3), (2.8),
âñþäó â ïîëóïîëîñå {z = x + iy : x > 3d0, |y| ≤ d0}, íî âíå êðóæêîâ |z − k| < 3d0, k ∈ N,
äëÿ íåêîòîðîé ïîñòîÿííîé b0 > 0 áóäåò âûïîëíÿòüñÿ îöåíêà

|ϕ(z)| ≥ |s(z)|
(

1

|s1(z)| −
π|z|
|s0(z)|

)
≥ b0

1 + |z| . (2.24)

Ó÷èòûâàÿ îöåíêó (2.22) äëÿ ôóíêöèè Φ, èç (2.24) ïîëó÷èì, ÷òî ïðè âñåõ ïîëîæèòåëüíûõ
x ñïðàâåäëèâî íåðàâåíñòâî

|ω(x)| ≤ (C0/b0)(1 + x)k+1. (2.25)

Èç îöåíîê (2.23) è (2.25) è ïðèíöèïà Ôðàãìåíà-Ëèíäåëåôà ñëåäóåò, ÷òî ω � ìíîãî÷ëåí.
Òàê êàê äàííûé ôàêò èìååò ìåñòî äëÿ ëþáîé öåëîé ôóíêöèè ω âèäà Φ/ϕ, Φ ∈ J (ϕ),
çàêëþ÷àåì, ÷òî âûïîëíÿåòñÿ òðåáóåìîå ñîîòíîøåíèå äëÿ ïîäìîäóëåé (2.20).

3. Íåîáõîäèìûå óñëîâèÿ ñëàáîé ëîêàëèçóåìîñòè ãëàâíîãî ïîäìîäóëÿ

Îáîçíà÷èì ÷åðåç P0(a; b) ⊂ P(a; b) îáðàç ïðîñòðàíñòâà ôèíèòíûõ áåñêîíå÷íî äèôôå-
ðåíöèðóåìûõ ôóíêöèé C∞0 (a; b) ⊂ (C∞(a; b))′ ïðè ïðåîáðàçîâàíèè F .
Ðàññìîòðèì ôóíêöèþ ϕ ∈ P(a; b), äëÿ êîòîðîé ïîäìîäóëü Jϕ ñîäåðæèò ýëåìåíòû âèäà

Φ = ωϕ, ω − öåëàÿ ôóíêöèÿ, îòëè÷íàÿ îò ìíîãî÷ëåíà. (3.1)

Â ýòîì ïàðàãðàôå âûâîäÿòñÿ íåêîòîðûå óñëîâèÿ, íåîáõîäèìûå äëÿ ñëàáîé ëîêàëèçóåìîñòè
ãëàâíîãî ïîäìîäóëÿ Jϕ
Òåîðåìà 2. Ãëàâíûé ïîäìîäóëü Jϕ ñîäåðæèò ôóíêöèè Φ âèäà (3.1) òîãäà è òîëüêî

òîãäà, êîãäà ϕ ∈ P0(a; b).

Äîêàçàòåëüñòâî.

1) Íåîáõîäèìîñòü. Äîêàæåì ýêâèâàëåíòíóþ èìïëèêàöèþ: óñëîâèå

ϕ 6∈ P0(a; b) (3.2)

âëå÷åò ðàâåíñòâî
Jϕ = {pϕ : p ∈ C[z]}. (3.3)

Ñîãëàñíî óæå óïîìèíàâøåéñÿ òåîðåìå Ïýëè-Âèíåðà-Øâàðöà [5, òåîðåìà 7.3.1] èç (3.2)
ñëåäóåò ñóùåñòâîâàíèå íàòóðàëüíîãî ÷èñëà k0 è âåùåñòâåííîé ïîñëåäîâàòåëüíîñòè

xn, n = 1, 2, . . . , |xn| → ∞,
äëÿ êîòîðûõ

|ϕ(xn)| ≥ |xn|−k0 , n = 1, 2, . . . (3.4)

Ñ äðóãîé ñòîðîíû, âêëþ÷åíèå ϕ ∈ P(a; b) îçíà÷àåò, ÷òî äëÿ íåêîòîðûõ C > 0 è
m0 ∈ N

⋃{0} âñþäó â C èìååò ìåñòî îöåíêà

|ϕ(z)| ≤ C(1 + |z|)m0ebm0y
+−am0y

−
, (3.5)

ãäå y± = max{0,±y}, z = x + iy, a < am0 < bm0 < b. Èç îöåíîê (3.4) è (3.5) ñëåäóåò, ÷òî
äëÿ êàæäîãî íàòóðàëüíîãî j çàìûêàíèå ìíîæåñòâà (âîçìîæíî, ïóñòîãî)

Pj
⋂
{pϕ : p ∈ C[z]} (3.6)

â áàíàõîâîì ïðîñòðàíñòâå Pj ñîäåðæèòñÿ â ìíîæåñòâå (âîçìîæíî, ïóñòîì)

Pj
⋂
{pϕ : p ∈ C[z], deg p ≤ j + k0 −m0},

êîòîðîå åñòü, â ñâîþ î÷åðåäü, ïîäìíîæåñòâî ìíîæåñòâà (3.6). Ñëåäîâàòåëüíî, ìíîæåñòâî
(3.6) çàìêíóòî äëÿ êàæäîãî j ∈ N. Ñîãëàñíî êðèòåðèþ çàìêíóòîñòè â ïðîñòðàíñòâå òèïà
(LN∗) [1, òåîðåìà 1] ìíîæåñòâî {pϕ : p ∈ C[z]} çàìêíóòî â P(a; b), è çíà÷èò, âûïîëíÿåòñÿ
(3.3).
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2) Äîñòàòî÷íîñòü.
Ïóñòü ϕ = F(s), s ∈ C∞0 (a; b), [a0; b0] � çàìûêàíèå âûïóêëîé îáîëî÷êè íîñèòåëÿ ôóíêöèè

s, [a0; b0] b (a; b), è ïóñòü ϕ ∈ Pk1 .
Â ñèëó òåîðåìû Ïýëè-Âèíåðà-Øâàðöà ñóùåñòâóþò ïîëîæèòåëüíûå ïîñòîÿííûå Cn,

n = 1, 2, . . . , òàêèå, ÷òî âåðíû îöåíêè

|ϕ(z)| ≤ Cn
(1 + |z|)n e

b0y+−a0y− , z = x+ iy ∈ C, n ∈ N. (3.7)

Ïîëîæèì

f(r) = sup
n∈N

(nln (1 + r)− lnCn),

è ðàññìîòðèì ñóáãàðìîíè÷åñêóþ â C ôóíêöèþ v(z) = f(|z|). Ñîãëàñíî òåîðåìå 5 èç ðàáîòû
[15] ñóùåñòâóåò öåëàÿ ôóíêöèÿ ω, òàêàÿ, ÷òî âíå ìíîæåñòâà êðóæêîâ ñ êîíå÷íîé ñóììîé
ðàäèóñîâ äëÿ íåêîòîðîãî íàòóðàëüíîãî ÷èñëà m0 âåðíî íåðàâåíñòâî

|ln |ω(z)| − v(z)| ≤ m0ln(1 + |z|),
â ÷àñòíîñòè, ω 6∈ C[z]. Ñëåäîâàòåëüíî, Φ = ωϕ � öåëàÿ ôóíêöèÿ âèäà (3.1), ïðèíàäëåæàùàÿ
ïîäìîäóëþ J (ϕ).
Ïîêàæåì, ÷òî Φ ∈ Jϕ, èíûìè ñëîâàìè, ÷òî ôóíêöèþ Φ ìîæíî àïïðîêñèìèðîâàòü

â òîïîëîãèè ïðîñòðàíñòâà P(a; b) ôóíêöèÿìè âèäà pϕ, ãäå p � ìíîãî÷ëåí.
Âîçìîæíîñòü òàêîé àïïðîêñèìàöèè âûòåêàåò èç ñëåäóþùåãî óòâåðæäåíèÿ.

Ëåììà 3. Ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü ìíîãî÷ëåíîâ pj, ñõîäÿùàÿñÿ ê ôóíêöèè ω
íà âåùåñòâåíîé îñè â âåñîâîé íîðìå ‖ · ‖V , îïðåäåëÿåìîé ïî ôîðìóëå

‖f‖V = sup
x∈R

|f(x)|
V (x)

, (3.8)

ãäå V (x) = C1(1 + |x|)m0+3ev(x), ïîñòîÿííàÿ C1 � èç íåðàâåíñòâ (3.7).

Äîêàçàòåëüñòâî ëåììû 3.

Â ìîíîãðàôèè [16, ãë. VI] â êà÷åñòâå âåñà V ðàññìîòðåíà ÷åòíàÿ âåñîâàÿ ôóíêöèÿ W,
çàäàííàÿ íà âåùåñòâåííîé îñè è óäîâëåòâîðÿþùàÿ óñëîâèÿì
1) W (x) ≥ 1, x ∈ R,
äëÿ êàæäîãî íàòóðàëüíîãî n îòíîøåíèå xn/W (x) ñòðåìèòñÿ ê íóëþ ïðè x→ ±∞,
lnW (x) âûïóêëàÿ ôóíêöèÿ àðãóìåíòà t = ln |x|;
2) äëÿ êàæäîãî δ > 1 ñóùåñòâóåò ïîñòîÿííàÿ Cδ > 0, òàêàÿ, ÷òî

x2W (x) ≤ Cδ(δx), x ∈ R.

Èç òåîðåìû äå Áðàíæà [16, VI.H.1] è òåîðåì, äîêàçàííûõ Ï. Êóñèñîì â ýòîé æå ðàáîòå
[16, VI.H.2], ñëåäóåò, ÷òî äëÿ âåñà W, óäîâëåòâîðÿþùåãî óñëîâèÿì 1) è 2), êàæäàÿ öåëàÿ
ôóíêöèÿ ω ìèíèìàëüíîãî òèïà ïðè ïîðÿäêå 1, ðàñòóùàÿ íà âåùåñòâåííîé îñè ìåäëåííåå,
÷åì W :

|ω(x)|
W (x)

→ 0, x→ ±∞−

àïïðîêñèìèðóåòñÿ ìíîãî÷ëåíàìè â íîðìå ‖ω‖W = sup
x∈R

|ω(x)|
W (x)

.

Ôóíêöèÿ Ṽ (x) = C1(1 + |x|)m0+1ev(x) óäîâëåòâîðÿåò óñëîâèÿì 1) è, âîîáùå ãîâîðÿ, íå
óäîâëåòâîðÿåò óñëîâèþ 2). Îäíàêî, ïðîñëåæèâàÿ äîêàçàòåëüñòâî Ï. Êóñèñà (ñòð. 226�229
â [16, VI.H.2]), âèäèì, ÷òî àïïðîêñèìàöèÿ ôóíêöèè ω ìíîãî÷ëåíàìè íà âåùåñòâåííîé îñè
âîçìîæíà â íîðìå ‖ · ‖V , V = (1 + |x|)2Ṽ .
Ëåììà äîêàçàíà.
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Èç îïðåäåëåíèÿ ôóíêöèè V ñëåäóåò, ÷òî íàéäåòñÿ ïîñòîÿííàÿ C0 > 0, òàêàÿ, ÷òî íà âñåé
âåùåñòâåííîé îñè

|pj(x)ϕ(x)| ≤ C0(1 + |x|)m0+3, j = 1, 2, . . .

Èñïîëüçóÿ ïðèíöèï Ôðàãìåíà-Ëèíäåëåôà, îòñþäà âûâîäèì, ÷òî âî âñåé êîìïëåêñíîé
ïëîñêîñòè

|pj(z)ϕ(z)| ≤ C̃0(1 + |z|)m0+3eb0y
+−a0y− , j = 1, 2, . . .

Èç ýòèõ îöåíîê, ó÷èòûâàÿ, ÷òî ïðîñòðàíñòâî P(a; b) îòíîñèòñÿ ê êëàññó ëîêàëüíî-
âûïóêëûõ ïðîñòðàíñòâ òèïà (LN∗), è èñïîëüçóÿ ñâîéñòâà òàêèõ ïðîñòðàíñòâ, óñòàíîâëåí-
íûå â ðàáîòå [1], âûâîäèì, ÷òî íàéäåòñÿ ïîäïîñëåäîâàòåëüíîñòü ýòîé ïîñëåäîâàòåëüíîñòè,
ñõîäÿùàÿñÿ â P(a; b) ê ôóíêöèè Φ.

Çàìå÷àíèå 1. Ôóíêöèÿ ϕ1 = (sinπz)/(
√
z sin π

√
z), ðàññìîòðåííàÿ â §1, íå ïðèíàäëåæèò

êëàññó P0(a; b), à ìíîæåñòâî
J (ϕ1) \ {pϕ : C[z]}

ñîäåðæèò ôóíêöèþ sinπ
√
z√

z
è, ñëåäîâàòåëüíî, íå ïóñòî. Òàê ÷òî, â îòëè÷èå îò ãëàâíîãî ïîä-

ìîäóëÿ Jϕ, ïîäìîäóëü J (ϕ) ìîæåò ñîäåðæàòü ôóíêöèè ωϕ, ω 6∈ C[z], è â òîì ñëó÷àå, êîãäà
ïîðîæäàþùàÿ ôóíêöèÿ ϕ íå ïðèíàäëåæèò êëàññó P0(a; b). Òåì íå ìåíåå, èç äîêàçàííîé
òåîðåìû ñëåäóåò, ÷òî ãëàâíûé ïîäìîäóëü Jϕ ñ îáðàçóþùåé ϕ 6∈ P0(a; b) ìîæåò áûòü ñëàáî
ëîêàëèçóåìûì òîëüêî â ñëó÷àå, åñëè âûïîëíåíû ñîîòíîøåíèÿ (1.3).

Äîêàçàòåëüñòâî òåîðåìû 3.

Ñíà÷àëà äîêàæåì îäíî âñïîìîãàòåëüíîå óòâåðæäåíèå.

Ëåììà 4. Â óñëîâèÿõ ñôîðìóëèðîâàííîé òåîðåìû ñóùåñòâóåò ïîëîæèòåëüíîå ÷èñëî
d, òàêîå, ÷òî ïðè êàæäîì íàòóðàëüíîì n ôóíêöèÿ ϕ ìîæåò áûòü ïðåäñòàâëåíà â âèäå
ïðîèçâåäåíèÿ äâóõ öåëûõ ôóíêöèé ϕ1,n è ϕ2,n, óäîâëåòâîðÿþùèõ óñëîâèþ: ïðè âñåõ z,
ëåæàùèõ âíå ïîëîñû |Im z| < 3d, ñïðàâåäëèâû íåðàâåíñòâà∣∣ln |ϕ1,n(z)| − 2−nln |ϕ(z)|

∣∣ ≤ ln (1 + |z|) + A0, (3.9)

ãäå A0 � ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, çàâèñÿùàÿ òîëüêî îò d, a, b.

Äîêàçàòåëüñòâî ëåììû 4.

Òàê êàê íóëåâîå ìíîæåñòâî ôóíêöèè ϕ ÿâëÿåòñÿ ÷àñòüþ íóëåâîãî ìíîæåñòâà ôóíêöèè
òèïà ñèíóñà, îíî ñîäåðæèòñÿ â íåêîòîðîé ãîðèçîíòàëüíîé ïîëîñå |Im z| < d/2 (ñì., íàïðè-
ìåð, [2, ãë. III, ëåê. 22]).
Âîñïîëüçóåìñÿ ñëåäóþùåé òåîðåìîé èç ðàáîòû [17, òåîðåìà 2]:

Ïóñòü f � öåëàÿ ôóíêöèÿ, âñå íóëè êîòîðîé ëåæàò â ïîëîñå |Im z| ≤ d/2, è ñóùåñòâóåò
öåëàÿ ôóíêöèÿ F , äåëÿùàÿñÿ íà ôóíêöèþ f è óäîâëåòâîðÿþùàÿ óñëîâèÿì

ln |F (z)| ≤ H(z), F (0) = 1, (3.10)

ãäå ôóíêöèÿ H ëèïøèöåâà:

|H(z′)−H(z′′)| ≤ σ|z′ − z′′|, z′, z′′ ∈ C.
Òîãäà f ïðåäñòàâëÿåòñÿ â âèäå ïðîèçâåäåíèÿ äâóõ öåëûõ ôóíêöèé, f1 è f2, ïðè÷åì äëÿ z,
|Im z| ≥ 3d, è ëþáîãî p ≥ 1 âûïîëíÿåòñÿ ñîîòíîøåíèå

|ln |f1(z)| − ln |f2(z)|| ≤ C0

p
(H(z)− ln |F (z)|) + C1 + ln (1 + |z|) + C2 + C3e

p, (3.11)

ãäå Cj � íåêîòîðûå ïîñòîÿííûå, çàâèñÿùèå îò σ, d, H(0).
Ïîëîæèì f = ϕ, F = Φ, H(reiθ) = hΦ(θ)r, hΦ � èíäèêàòîð ôóíêöèè Φ, σ = max

θ∈[0;2π]
|hΦ(θ)|,

p = 1. Ó÷èòûâàÿ, ÷òî â ñèëó ñâîéñòâ ôóíêöèé òèïà ñèíóñà [2] ïðè |Im z| ≥ 3d áóäåò

|H(z)− ln |F (z)|| = |hΦ(arg z)|z| − ln |Φ(z)|| ≤ C4,
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ãäå ïîñòîÿííàÿ C4 çàâèñèò òîëüêî îò ôóíêöèè Φ, ïîëó÷àåì ïðåäñòàâëåíèå ôóíêöèè ϕ
â âèäå ïðîèçâåäåíèÿ äâóõ öåëûõ ôóíêöèé, ϕ1,1 è ϕ2,1, ïðè÷åì

|ln |ϕ1,1(z)| − ln |ϕ2,1(z)|| ≤ ln (1 + |z|) + A0, |Im z| ≥ 3d, (3.12)

ïîñòîÿííàÿ A0 çàâèñèò òîëüêî îò ôóíêöèè Φ.
Èç (3.12) è ðàâåíñòâà

ln |ϕ| = ln |ϕ1,1|+ ln |ϕ2,1|,
âûâîäèì îöåíêó

∣∣∣∣ln |ϕ1,1(z)| − 1

2
ln |ϕ(z)|

∣∣∣∣ ≤
1

2
ln (1 + |z|) +

A0

2
, |Im z| ≥ 3d. (3.13)

Ïðèìåíÿÿ òåïåðü öèòèðîâàííóþ âûøå òåîðåìó Ð.Ñ. Þëìóõàìåòîâà ê ôóíêöèè f = ϕ1,1

ñ òåìè æå F, H, σ è p, ÷òî è âûøå, ïîëó÷èì ïðåäñòàâëåíèå

ϕ1,1 = ϕ1,2ϕ2,2,

â êîòîðîì öåëàÿ ôóíêöèÿ ϕ1,2 óäîâëåòâîðÿåò îöåíêå∣∣∣∣ln |ϕ1,2(z)| − 1

2
ln |ϕ1,1(z)|

∣∣∣∣ ≤
1

2
ln (1 + |z|) +

A0

2
, |Im z| ≥ 3d.

Èç ýòîé îöåíêè è (3.13) ñëåäóåò, ÷òî
∣∣∣∣ln |ϕ1,2(z)| − 1

22
ln |ϕ(z)|

∣∣∣∣ ≤
(

1

2
+

1

22

)
(ln (1 + |z|) + A0) , |Im z| ≥ 3d.

Ïðîäîëæàÿ ýòîò ïðîöåññ, ÷åðåç nøàãîâ ïîëó÷èì ïðåäñòàâëåíèå ôóíêöèè ϕ â âèäå ïðîèçâå-
äåíèÿ äâóõ öåëûõ ôóíêöèé ϕ1,n è ϕ2,n, ïðè÷åì äëÿ âñåõ z, ëåæàùèõ âíå ïîëîñû |Im z| < 3d,
áóäåò âûïîëíÿòüñÿ òðåáóåìàÿ îöåíêà (3.9).

Äîêàæåì, ÷òî â óñëîâèÿõ òåîðåìû ôóíêöèÿ Φ íå ìîæåò ïðèíàäëåæàòü ãëàâíîìó ïîä-
ìîäóëþ Jϕ. Ïðåäïîëîæèì ïðîòèâíîå: ïóñòü ñóùåñòâóåò îáîáùåííàÿ ïîñëåäîâàòåëüíîñòü
ìíîãî÷ëåíîâ pα, òàêàÿ, ÷òî pαϕ ñõîäèòñÿ ê Φ â ïðîñòðàíñòâå P(a; b). Ôèêñèðóåì íàòó-
ðàëüíîå ÷èñëî n0, äëÿ êîòîðîãî ôóíêöèÿ ϕϕ1,n0 ëåæèò â P(a; b). Èñïîëüçóÿ ñâîéñòâà
ïðîñòðàíñòâà P(a; b), íåòðóäíî óñòàíîâèòü ñóùåñòâîâàíèå ñ÷åòíîé ïîäïîñëåäîâàòåëüíîñòè
pαk

ϕϕ1,n0 , k = 1, 2, . . . , ñõîäÿùåéñÿ ê ôóíêöèè Φϕ1,n0 â îäíîé èç íîðì ‖ · ‖m0 (ñì. (1.1)).
Â ÷àñòíîñòè, ýòà ïîäïîñëåäîâàòåëüíîñòü îãðàíè÷åíà ïî óêàçàííîé íîðìå: äëÿ íåêîòîðîé
ïîñòîÿííîé C > 0 è âñåõ íàòóðàëüíûõ k èìååì

|pαk
(z)ϕ(z)ϕ1,n0(z)| ≤ C(1 + |z|)m0 exp(bm0y

+ − am0y
−), y = Im z, z ∈ C.

Èç ýòèõ íåðàâåíñòâ, ëåììû 4 è ñâîéñòâ ôóíêöèé òèïà ñèíóñà, ïîëó÷èì, ÷òî íà ïðÿìîé
Im z = y0, |y0| ≥ 3d, ñïðàâåäëèâû îöåíêè

|pαk
(z)| ≤ C̃(1 + |z|)m0+1|ω(z)|1+2−n0 , (3.14)

ãäå C̃ � ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, çàâèñÿùàÿ òîëüêî îò d.
Ïðåäïîëîæèì, ÷òî âûïîëíåíî ïåðâîå èç ñîîòíîøåíèé (1.5), è îöåíèì |pαk

(z)| íà ïîëó-
ïðÿìîé z = x+ iy0, x > 0, y0 ≥ 3d.
Ñîãëàñíî çàìå÷àíèþ ïîñëå òåîðåìû 3 â [2, �14.2] è ñ ó÷åòîì òîãî, ÷òî ôóíêöèÿ ω èìååò

ìèíèìàëüíûé òèï ïðè ïîðÿäêå 1, äëÿ âñåõ x ∈ R, y0 > 0 ìîæåì íàïèñàòü

ln |ω(x+ iy0)| = y0

π

∫ +∞

−∞

ln |ω(t)|
(t− x)2 + y2

0

d t+
∞∑

j=1

ln

∣∣∣∣
x+ iy0 − λj
x+ iy0 − λ̄j

∣∣∣∣ ,

ãäå {λj} � ìíîæåñòâî íóëåé ôóíêöèè ω, ïðèíàäëåæàùèõ âåðõíåé ïîëóïëîñêîñòè.
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Îöåíèì
+∞∫
−∞

ln |ω(t)|
(t−x)2+y20

d t ïðè ïîëîæèòåëüíûõ x è y0. Èìååì

∫ +∞

−∞

ln |ω(t)|
(t− x)2 + y2

0

d t =

∫ 0

−∞

ln |ω(t)|
(t− x)2 + y2

0

d t+

+

∫ 2x

0

ln |ω(t)|
(t− x)2 + y2

0

d t+

∫ +∞

2x

ln |ω(t)|
(t− x)2 + y2

0

d t = I1 + I2 + I3. (3.15)

Äëÿ ïåðâîãî ñëàãàåìîãî, I1 ñïðàâåäëèâà îöåíêà

|I1| ≤
∫ +∞

−∞

|ln |ω(t)||
t2 + y2

0

d t < +∞, (3.16)

êîíå÷íîñòü èíòåãðàëà ñëåäóåò èç çàìå÷àíèÿ â [2, �14.2]. Äàëåå, äëÿ ëþáîãî ïîëîæèòåëüíîãî
÷èñëà ε < 1/8− ρ0/2 íàéäóòñÿ ïîëîæèòåëüíûå ïîñòîÿííûå bε, cε òàêèå, ÷òî ïðè âñåõ x > 0
áóäåò

ln |ω(x)| ≤ bεx
ρ0+ε + cε.

Ïîýòîìó ñëàãàåìûå I2 è I3 ìîæíî îöåíèòü ñëåäóþùèì îáðàçîì:

I2 ≤ (2ρ0+εbεx
ρ0+ε + cε)

∫ 2x

0

d t

(t− x)2 + y2
0

≤ π

y0

(
2ρ0+εbεx

ρ0+ε + cε
)
, (3.17)

I3 ≤ (bε + cε)

(∫ +∞

1

tρ0+ε

t2/4 + y2
0

d t+ y−2
0

)
≤ (bε + cε)

(
4

∫ +∞

1

d t

t2−ρ0−ε
+ y−2

0

)
. (3.18)

Èç ñîîòíîøåíèé (3.14)�(3.18) ñëåäóåò, ÷òî íà ïîëóïðÿìîé z = x + iy0, x > 0, y0 ≥ 3d
âåðíû îöåíêè

|pαk
(z)| ≤ C ′(1 + |z|)m0+1 exp(C ′′|z|ρ0+ε), k = 1, 2, . . . ,

ãäå C ′, C ′′ � ïîëîæèòåëüíûå ïîñòîÿííûå, çàâèñÿùèå îò ε è y0 è íå çàâèñÿùèå îò x è k.
Èç ýòèõ îöåíîê, èñïîëüçóÿ ïðèíöèï Ôðàãìåíà-Ëèíäåëåôà, íåòðóäíî âûâåñòè, ÷òî âî

âñåé êîìïëåêñíîé ïëîñêîñòè èìåþò ìåñòî íåðàâåíñòâà

|pαk
(z)| ≤ C exp(|z|ρ0+2ε), k = 1, 2, . . . ,

ïðè÷åì ïîñòîÿííàÿ C > 0 çàâèñèò îò ε è íå çàâèñèò îò k è z. Îòñþäà, â ñâîþ î÷åðåäü,
ñëåäóåò, ÷òî ôóíêöèÿ ω (ðàâíàÿ ïðåäåëó ïîñëåäîâàòåëüíîñòü pαk

) äîëæíà èìåòü âî âñåé
ïëîñêîñòè ïîðÿäîê, ìåíüøèé, ÷åì 1/4, ÷åãî íå ìîæåò áûòü â ñèëó óñëîâèé (1.5).

Çàìå÷àíèå 2. Òðåáîâàíèå max(ρ0, ρπ) ≥ 1/2 ÿâëÿåòñÿ íåîáõîäèìûì äëÿ òîãî, ÷òîáû ìîã-
ëî èìåòü ìåñòî ñòðîãîå íåðàâåíñòâî min(ρ0, ρπ) < max(ρ0, ρπ), â ñèëó òåîðåìû Âèìàíà
(ñì., íàïðèìåð, [18, ãë. 1, �18, òåîðåìà 30]).

Çàìå÷àíèå 3. Äëÿ ôóíêöèè V (−z), ãäå V (z) � ôóíêöèÿ èç îïðåäåëåíèÿ ϕ0 â (1.4), ñïðà-
âåäëèâû îáà ñîîòíîøåíèÿ, (2.8) è (2.9), ëåììû 2. Èñïîëüçóÿ ýòîò ôàêò è ëåììó 1, íåòðóäíî
óáåäèòüñÿ â òîì, ÷òî äëÿ ôóíêöèè ϕ0 èç ðàáîòû [10], öèòèðîâàííîé âî ââåäåíèè, âûïîë-
íåíû óñëîâèÿ äîêàçàííîé òåîðåìû. À èìåííî, ϕ0 = sinπz

ω
, ãäå ω = UV, ïðè ýòîì ïîðÿäêè

ρ0 è ρπ ôóíêöèè ω ðàâíû, ñîîòâåòñòâåííî, 0 è 1/2. Ïðèìåíåíèå òåîðåìû 3 äàåò îòëè÷-
íîå îò ïðèâåäåííîãî â [10] äîêàçàòåëüñòâî îòñóòñòâèÿ ñâîéñòâà ñëàáîé ëîêàëèçóåìîñòè
ó ãëàâíîãî ïîäìîäóëÿ Jϕ â ëþáîì ìîäóëå P(a; b), a < −π, π < b.
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Àííîòàöèÿ. Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ êëàññ äèñêðåòíûõ íåëèíåéíûõ óðàâíå-
íèé Ãàììåðøòåéíà-Âîëüòåððà â çàêðèòè÷åñêîì ñëó÷àå. Äîêàçûâàåòñÿ ñóùåñòâîâàíèå
îäíîïàðàìåòðè÷åñêîãî ñåìåéñòâà ïîëîæèòåëüíûõ ðåøåíèé â ïðîñòðàíñòâå l1. Îïèñû-
âàåòñÿ ìíîæåñòâî ïàðàìåòðîâ. Óñòàíàâëèâàåòñÿ ìîíîòîííàÿ çàâèñèìîñòü êàæäîãî ðå-
øåíèÿ êàê ïî ïàðàìåòðó, òàê è ïî ñîîòâåòñòâóþùåìó èíäåêñó.

Êëþ÷åâûå ñëîâà: óñëîâèå çàêðèòè÷íîñòè, èòåðàöèè, ìîíîòîííîñòü, îäíîïàðàìåòðè-
÷åñêîå ñåìåéñòâî ðåøåíèé.

Mathematics Subject Classi�cation: 45GXX, 45G05

1. Ââåäåíèå

Ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ ñëåäóþùåãî êëàññà íåëèíåéíûõ äèñêðåòíûõ óðàâ-
íåíèé Ãàììåðøòåéíà-Âîëüòåððà:

xn =
∞∑

j=n

aj−nhj(xj), n = 0, 1, 2, . . . (1.1)

îòíîñèòåëüíî èñêîìîãî áåñêîíå÷íîãî âåêòîðà

x = (x0, x1, . . . , xn, . . .)
T , (1.2)

ãäå T− çíàê òðàíñïîíèðîâàíèÿ.
Â ñèñòåìå (1.1) ïîñëåäîâàòåëüíîñòü ýëåìåíòîâ {ak}∞k=0 óäîâëåòâîðÿåò ñëåäóþùèì óñëî-

âèÿì:
• ak ≥ 0, k = 0, 1, 2, . . . , a0 = 0, (1.3)

• µ ≡
∞∑

k=0

ak < +∞, (1.4)

• (óñëîâèå çàêðèòè÷íîñòè) µ > 1. (1.5)

Îòíîñèòåëüíî ïîñëåäîâàòåëüíîñòè èçìåðèìûõ è âåùåñòâîçíà÷íûõ ôóíêöèé {hj(u)}∞j=0

áóäåì ïðåäïîëàãàòü âûïîëíåíèå óñëîâèÿ ¾êðèòè÷íîñòè¿:

hj(0) = 0, j = 0, 1, 2, . . . . (1.6)

Ñèñòåìà (1.1), êðîìå ñàìîñòîÿòåëüíîãî ìàòåìàòè÷åñêîãî èíòåðåñà, âîçíèêàåò â äèñêðåò-
íûõ çàäà÷àõ íåëèíåéíîé òåîðèè ïåðåíîñà èçëó÷åíèÿ â ñïåêòðàëüíûõ ëèíèÿõ (ñì. [1]).

E.O. Azizyan, Kh.A. Khachatryan, One-parametric family of positive solutions for a class

of nonlinear discrete Hammerstein-Volterra equations.

c© Àçèçÿí Ý.Î., Õà÷àòðÿí Õ.À. 2016.
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Êðîìå òîãî, ñèñòåìà (1.1) ÿâëÿåòñÿ äèñêðåòíûì àíàëîãîì íåëèíåéíîãî èíòåãðàëüíîãî
óðàâíåíèÿ â ñâåðòêàõ Ãàììåðøòåéíà-Âîëüòåððà:

f(x) =

∞∫

x

v(t− x)H(t, f(t))dt, x ≥ 0, (1.7)

êîòîðîå âîçíèêàåò â ñàìûõ ðàçëè÷íûõ îáëàñòÿõ åñòåñòâîçíàíèÿ, â ÷àñòíîñòè, â ôèçè÷å-
ñêîé êèíåòèêå (êèíåòè÷åñêàÿ òåîðèÿ ãàçîâ), â ýêîíîìåòðèêå (òåîðèÿ ðàñïðåäåëåíèÿ äîõîäà
â îäíîïðîäóêòîâîé ýêîíîìèêå), â áèîëîãèè (â äåòåðìåíèñòè÷åñêèõ ìîäåëÿõ ïðîñòðàíñòâåí-
íîãî ðàñïðîñòðàíåíèÿ ýïèäåìèè èëè áëàãîïðèÿòíîãî ãåíà ñðåäè ïîïóëÿöèè âäîëü ëèíèè ñ
ðàçëè÷íûìè íåëèíåéíîñòÿìè â ãåíåòè÷åñêèõ ìîäåëÿõ) (ñì. [2]�[5]). Èññëåäîâàíèþ íåëèíåé-
íûõ äèñêðåòíûõ óðàâíåíèé Ãàììåðøòåéíà-Âîëüòåððà ðàçëè÷íûõ òèïîâ ïîñâÿùåíî íåìàëî
èíòåðåñíûõ ðàáîò (ñì. [6]-[9] è ññûëêè â íèõ). Íàïðèìåð, â ðàáîòàõ [6]-[7] èññëåäîâàíà ñëå-
äóþùàÿ íåëèíåéíàÿ äèñêðåòíàÿ ñèñòåìà Ãàììåðøòåéíà:

yn =
∞∑

j=1

anjfj(yj) + gn, n ∈ N, (1.8)

ãäå
fj(0) = 0, j ∈ N,

ïðè÷åì
(fj(u)− fj(v))(u− v) 6 cf (u− v)2, j ∈ N,

ïðè íåêîòîðîì cf > 0, â ïðåäïîëîæåíèè

cf · µ0 < 1

è µ0− íàèìåíüøåå ïîëîæèòåëüíîå ÷èñëî, óäîâëåòâîðÿþùåå ñëåäóþùåìó íåðàâåíñòâó:

‖Ay‖l2,τ 6 µ0(Ay, y), y ∈ l2,τ .
Çäåñü l2,τ−íåêîòîðîå âåñoâîå ïðîñòðàíñòâî áåñêîíå÷íûõ âåêòîðîâ, à A = (anj)

∞
n,j=1.

Â ðàáîòå [8] èññëåäîâàíà ñëåäóþùàÿ äèñêðåòíàÿ ñèñòåìà Ãàììåðøòåéíà-Âîëüòåððà:

xn =
n∑

j=n−N0

anjhj(xj), n ∈ N, (1.9)

îòíîñèòåëüíî áåñêîíå÷íîãî âåêòîðà x = (x0, x1, . . . , xn, . . .)
T . Ïðè îïðåäåëåííûõ îãðàíè-

÷åíèÿõ íà {anj}∞n,j=1 è {hj(u)}∞j=1 â ýòîé ðàáîòå äîêàçàíî ñóùåñòâîâàíèå ïåðèîäè÷åñêèõ
ðåøåíèé.
Âîïðîñû ëèíåàðèçàöèè äëÿ îáùèõ íåëèíåéíûõ äèñêðåòíûõ óðàâíåíèé Âîëüòåððà îá-

ñóæäàëèñü â ðàáîòå [9].
Ñëåäóåò îòìåòèòü, ÷òî óñëîâèå (1.6) â îïðåäåëåííîì ñìûñëå çàòðóäíÿåò ñèòóàöèþ, èáî

èç (1.6) ñðàçó ñëåäóåò, ÷òî òîæäåñòâåííî íóëåâîé âåêòîð óäîâëåòâîðÿåò ñèñòåìå (1.1).
Çäåñü âîçíèêàþò ñëåäóþùèå âîïðîñû:
1) Ïðè êàêèõ îãðàíè÷åíèÿõ íà {hj(u)}∞j=0 ñèñòåìà (1.1), êðîìå òðèâèàëüíîãî ðåøåíèÿ,

èìååò ïîêîìïîíåíòíî ïîëîæèòåëüíîå ðåøåíèå?
2) Èç êàêîãî ïðîñòðàíñòâà ðåøåíèå?
3) Îáëàäàåò ëè ñâîéñòâîì åäèíñòâåííîñòè ïîñòðîåííîå ðåøåíèå â îïðåäåëåííîì êëàññå

áåñêîíå÷íûõ âåêòîðîâ ñ ïîëîæèòåëüíûìè êîîðäèíàòàìè?
4) Èëè ñóùåñòâóåò îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî ïîëîæèòåëüíûõ ðåøåíèé?
5) Åñëè ñóùåñòâóåò îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî ðåøåíèé, òî êàêóþ ñòðóêòóðó èìååò

ñîîòâåòñòâóþùåå ìíîæåñòâî ïàðàìåòðîâ?
Â íàñòîÿùåé çàìåòêå ïðè îïðåäåëåííûõ îãðàíè÷åíèÿõ îòíîñèòåëüíî ïîñëåäîâàòåëüíî-

ñòè ôóíêöèé {hj(u)}∞j=0 äîêàçûâàåòñÿ ñóùåñòâîâàíèå îäíîïàðàìåòðè÷åñêîãî ñåìåéñòâà ïî-
êîìïîíåíòíî ïîëîæèòåëüíûõ ðåøåíèé. Óñòàíàâëèâàåòñÿ, ÷òî êàæäîå ðåøåíèå èç ýòîãî
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ñåìåéñòâà ïðèíàäëåæèò ïðîñòðàíñòâó l1. Îïèñûâàåòñÿ ìíîæåñòâî ïàðàìåòðîâ. Óñòàíàâ-
ëèâàåòñÿ òàêæå ìîíîòîííàÿ çàâèñèìîñòü êàæäîãî ðåøåíèÿ êàê ïî ïàðàìåòðó, òàê è ïî
ñîîòâåòñòâóþùåìó èíäåêñó. Â êîíöå ðàáîòû ïðèâåäåíû ÷àñòíûå ïðèìåðû ïîñëåäîâàòåëü-
íîñòè ôóíêöèé {hj(u)}∞j=0, óäîâëåòâîðÿþùèå óñëîâèÿì ñôîðìóëèðîâàííîé òåîðåìû. Ñëå-
äóåò îòìåòèòü, ÷òî ñôîðìóëèðîâàííàÿ òåîðåìà íîñèò êîíñòðóêòèâíûé õàðàêòåð, èáî â
äîêàçàòåëüñòâå ýòîé òåîðåìû, êðîìå ñîîòâåòñòâóþùèõ àïðèîðíûõ îöåíîê, ïðèìåíÿåòñÿ
ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé.
Òàêæå îòìåòèì, ÷òî ìåòîäû, ðàçðàáîòàííûå â ðàáîòå, ïîçâîëÿþò óñïåøíî ïðîäîëæèòü

èññëåäîâàíèÿ äëÿ ïîñòðîåíèÿ îäíîïàðàìåòðè÷åñêîãî ñåìåéñòâà ïîëîæèòåëüíûõ ðåøåíèé
â L1(0,∞) ñîîòâåòñòâóþùåãî íåëèíåéíîãî èíòåãðàëüíîãî óðàâíåíèÿ (1.7).

2. Ôîðìóëèðîâêà òåîðåìû

Ïðåæäå ÷åì ñôîðìóëèðóåì îñíîâíîé ðåçóëüòàò íàñòîÿùåé ðàáîòû, ââåäåì íåêîòîðûå
îáîçíà÷åíèÿ.
Ðàññìîòðèì ñëåäóþùóþ ôóíêöèþ, îïðåäåëåííóþ íà îòðåçêå [0, 1] :

χ(p) =
∞∑

k=0

akp
k, p ∈ [0, 1], (2.1)

ãäå {ak}∞k=0− óäîâëåòâîðÿåò óñëîâèÿì (1.3)�(1.5). Èç (1.3)�(1.5) ñëåäóåò

• χ(0) = a0 = 0, χ(1) = µ > 1, χ ∈ C[0, 1], (2.2)

• χ(p) ↑ ïî p íà [0, 1]. (2.3)

Ñëåäîâàòåëüíî, ñóùåñòâóåò åäèíñòâåííîå ÷èñëî p0 > 0 òàêîå, ÷òî χ(p0) = 1. Çàôèêñèðóåì
ýòî ÷èñëî è ñäåëàåì ñëåäóþùèå ïðåäïîëîæåíèÿ îòíîñèòåëüíî

ωj(u) ≡ hj(u)− u, j = 0, 1, 2, . . . : (2.4)

I) ïóñòü ñóùåñòâóåò ÷èñëî α > 0 òàêîå, ÷òî ïðè êàæäîì ôèêñèðîâàííîì
j ∈ N ∪ {0} ôóíêöèè ωj(u) ↑ ïî u íà [αpj0,+∞),

II) ωj ∈ C(Ωj), ãäå Ωj ≡ [αpj0,+∞), j = 0, 1, 2, . . . ,
III) ñóùåñòâóåò sup

u≥α
ωj(u) ≡ τj, j = 0, 1, 2, . . . , ãäå {τj}∞j=0 − ïîñëåäîâàòåëüíîñòü ïîëî-

æèòåëüíûõ ÷èñåë, óäîâëåòâîðÿþùèõ óñëîâèþ:
∞∑

j=0

jτjp
−j
0 < +∞, (2.5)

IV ) ωj(u) ≥ 0, u ∈ Ωj, j = 0, 1, 2, . . . .
Ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 1. Ïóñòü ïîñëåäîâàòåëüíîñòü {ak}∞k=0 óäîâëåòâîðÿåò óñëîâèÿì (1.3)�(1.5),
à {ωj(u)}∞j=0 îáëàäàåò ñâîéñòâàìè (2.4) è I) − IV ). Òîãäà ñèñòåìà (1.1) èìååò

îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî ïîêîìïîíåíòíî ïîëîæèòåëüíûõ ðåøåíèé {xγ}γ∈Π,
xγ = (x0,γ, x1,γ, . . . , xn,γ, . . .)

T , ïðè÷åì
1) xγ ∈ l1, ∀γ ∈ Π ≡ [α,+∞),
2) åñëè γ1, γ2 ∈ Π è γ1 > γ2, òî ñïðàâåäëèâû îöåíêè ñíèçó:

xn,γ1 − xn,γ2 ≥ (γ1 − γ2)pn0 , ∀n ∈ N ∪ {0}, (2.6)

3) åñëè ñóùåñòâóåò íàòóðàëüíîå ÷èñëî N0 òàêîå, ÷òî ïðè âñÿêîì ôèêñèðîâàííîì u ≥ 0

ωj+1(u) 6 ωj(u), j = N0, N0 + 1, N0 + 2, . . . , (2.7)

òî

xn+1,γ 6 xn,γ, n = N0, N0 + 1, N0 + 2, . . . , (2.8)

∀γ ∈ Π.
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3. Äîêàçàòåëüñòâî òåîðåìû

Ñíà÷àëà ðàññìîòðèì ñëåäóþùóþ âñïîìîãàòåëüíóþ äèñêðåòíóþ ñèñòåìó òèïà Âîëü-
òåððà:

yn = zn +
∞∑

j=n

aj−nyj, n = 0, 1, 2, . . . , (3.1)

îòíîñèòåëüíî èñêîìîãî áåñêîíå÷íîãî âåêòîðà

y = (y0, y1, . . . , yn . . .)
T , (3.2)

ãäå

zn ≡
∞∑

j=n

aj−nτj, n = 0, 1, 2, . . . . (3.3)

Óìíîæèì îáå ÷àñòè ñèñòåìû (3.1) íà p−n0 (n ∈ N ∪ {0}), è ïîñëå îáîçíà÷åíèé

y∗n ≡ p−n0 yn, z∗n ≡ p−n0 zn, bn ≡ pn0an, n = 0, 1, 2, . . . . (3.4)

îòíîñèòåëüíî y∗ = (y∗0, y
∗
1, . . . , y

∗
n . . .)

T ïðèõîäèì ê ñëåäóþùåé ñèñòåìå:

y∗n = z∗n +
∞∑

j=n

bj−ny
∗
j , n = 0, 1, 2, . . . . (3.5)

Òàê êàê χ(p0) = 1, òî èç (3.4) ñðàçó ñëåäóåò, ÷òî
∞∑

n=0

bn = 1. (3.6)

Íèæå óáåäèìñÿ, ÷òî
• z∗ ∈ l1, z∗ = (z∗0 , z

∗
1 , . . . , z

∗
n . . .)

T , (3.7)

•
∞∑

n=0

nz∗n < +∞. (3.8)

Çàìåòèì, ÷òî (3.7) î÷åâèäíûì îáðàçîì ñëåäóåò èç (3.8). Ïîýòîìó äîñòàòî÷íî äîêàçàòü
(3.8). Ïðè ëþáîì N ∈ N, ó÷èòûâàÿ (3.4) è (2.5), îöåíèì ÷àñòè÷íóþ ñóììó ðÿäà (3.8):

N∑

j=0

jz∗j =
N∑

j=0

jp−j0

∞∑

i=j

ai−jτi 6
N∑

j=0

∞∑

i=j

ai−jip
−i
0 τi =

N∑

j=0

N∑

i=j

ai−jip
−i
0 τi+

+
N∑

j=0

∞∑

i=N+1

ai−jip
−i
0 τi =

N∑

i=0

ip−i0 τi

i∑

j=0

ai−j +
∞∑

i=N+1

ip−i0 τi

N∑

j=0

ai−j 6

6
N∑

i=0

ip−i0 τi

i∑

j=0

ai−j +
∞∑

i=N+1

ip−i0 τi

i∑

j=0

ai−j =
N∑

i=0

ip−i0 τi

i∑

m=0

am +
∞∑

i=N+1

ip−i0 τi

i∑

m=0

am 6

6 µ

(
N∑

i=0

ip−i0 τi +
∞∑

i=N+1

ip−i0 τi

)
= µ

∞∑

i=0

ip−i0 τi < +∞.

Ïîñêîëüêó N ∈ N− ïðîèçâîëüíîå, à z∗n ≥ 0, n ∈ N∪{0}, òî èç ïîëó÷åííîé îöåíêè ñëåäóåò
(3.8).
Òàêèì îáðàçîì, ìû ïîëó÷èëè, ÷òî ñâîáîäíûé ÷ëåí z∗ ñèñòåìû (3.5) è ïîñëåäîâàòåëü-

íîñòü {bn}∞n=0 óäîâëåòâîðÿþò ñîîòâåòñòâåííî óñëîâèÿì (3.8),(3.7) è (3.6). Ñëåäîâàòåëüíî,
èç ðåçóëüòàòîâ ðàáîòû [10] (ñì. ñòð. 81, ëåììà 4.8) ñëåäóåò, ÷òî ñèñòåìà (3.5) èìååò ïîêîì-
ïîíåíòíî ïîëîæèòåëüíîå ðåøåíèå â ïðîñòðàíñòâå l1.
Èç (3.4) ñëåäóåò

yn = pn0 · y∗n, n = 0, 1, 2, . . . (3.9)
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ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû (3.1). Òàê êàê y∗ ∈ l1 è p0 ∈ (0, 1), òî èç (3.9) ïîëó÷àåì

y = (y0, y1, . . . , yn, . . .)
T ∈ l1. (3.10)

Òåïåðü äëÿ îñíîâíîé ñèñòåìû (1.1) ââåäåì â ðàññìîòðåíèå ñëåäóþùèå èòåðàöèè:

x(m+1)
n,γ =

∞∑

j=n

aj−nhj(x
(m)
j,γ ), x(0)

n,γ = γpn0 , n = 0, 1, 2, . . . , m = 0, 1, 2, . . . , γ ∈ Π. (3.11)

Èíäóêöèåé ïî m äîêàæåì, ÷òî

A) x(m)
n,γ ↑ ïî m, ∀γ ∈ Π, ∀n ∈ N ∪ {0},

B) x(m)
n,γ 6 γpn0 + yn, ∀m ∈ N ∪ {0}, ∀γ ∈ Π, ∀n ∈ N ∪ {0}.

Ñíà÷àëà äîêàæåì ìîíîòîííîñòü ïîñëåäîâàòåëüíîñòè {x(m)
n,γ }∞m=0 ïî m. Äåéñòâèòåëüíî, â

ñèëó ìîíîòîííîñòè {ωj(u)}∞j=0 ïî u íà [αpj0,+∞), j = 0, 1, 2, . . . , ñ ó÷åòîì óñëîâèÿ IV )
òåîðåìû, èç (3.11) èìååì

x(1)
n,γ =

∞∑

j=n

aj−n(x
(0)
j,γ + ωj(x

(0)
j,γ)) ≥ γ

∞∑

j=n

aj−np
j
0 =

= γ
∞∑

i=0

aip
n+i
0 = γpn0χ(p0) = γpn0 = x(0)

n,γ.

Ïðåäïîëàãàÿ
x(m)
n,γ ≥ x(m−1)

n,γ

ïðè íåêîòîðîì m ∈ N, n ∈ N∪{0}, γ ∈ Π è ó÷èòûâàÿ ìîíîòîííîñòü ωj(u) ïî u, èç (3.11)
ïîëó÷èì

x(m+1)
n,γ ≥

∞∑

j=n

aj−n(x
(m−1)
j,γ + ωj(x

(m−1)
j,γ )) = x(m)

n,γ .

Òåïåðü äîêàæåì íåðàâåíñòâà B). Ïðè m = 0 îíî î÷åâèäíî, èáî yn ≥ 0, n = 0, 1, 2, . . . .
Ïðåäïîëîæèì, ÷òî B) âûïîëíÿåòñÿ ïðè íåêîòîðîì m ∈ N. Òîãäà, ó÷èòûâàÿ I), III)
è IV ), èç (3.11) áóäåì èìåòü

x(m+1)
n,γ 6

∞∑

j=n

aj−n(γpj0 + yj + ωj(γp
j
0 + yj)) 6

∞∑

j=n

aj−n(γpj0 + yj + ωj(γ + yj)) 6

6
∞∑

j=n

aj−n(γpj0 + yj + τj) = γ
∞∑

j=n

aj−np
j
0 +

∞∑

j=n

aj−nyj + zn = γpn0 + yn.

Èç A) è B) ñëåäóåò, ÷òî ïðè êàæäîì ôèêñèðîâàííîì γ ∈ Π ïîñëåäîâàòåëüíîñòü áåñ-

êîíå÷íûõ âåêòîðîâ {x(m)
γ }∞m=0, x

(m)
γ = (x

(m)
0,γ , x

(m)
1,γ , . . . , x

(m)
n,γ , . . .)T èìååò ïðåäåë, êîãäà

m → ∞ : lim
m→∞

x
(m)
γ = xγ, ïðè÷åì ïðåäåëüíûé âåêòîð â ñèëó óñëîâèÿ II) è èç òîãî ôàêòà,

÷òî

sup
n∈N∪{0}

∞∑

j=n

aj−n(xj,γ + ωj(xj,γ)) 6 γ + sup
n∈N∪{0}

yn < +∞

óäîâëåòâîðÿåò ñèñòåìå (1.1). Èç A) è B), ñëåäóåò òàêæå

γpn0 6 xn,γ 6 γpn0 + yn, γ ∈ Π, n ∈ N ∪ {0}.
Òåïåðü äîêàæåì íåðàâåíñòâî (2.6). Ñ ýòîé öåëüþ ñíà÷àëà èíäóêöèåé ïî m óáåäèìñÿ, ÷òî
åñëè γ1, γ2 ∈ Π, γ1 > γ2, òî

x(m)
n,γ1
− x(m)

n,γ2
≥ (γ1 − γ2)pn0 , n = 0, 1, 2, . . . , m = 0, 1, 2, . . . . (3.12)
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Â ñëó÷àå m = 0− (3.12) âûïîëíÿåòñÿ î÷åâèäíûì îáðàçîì, èáî îíî ïðåâðàùàåòñÿ â ðàâåí-
ñòâî. Ïóñòü (3.12) âûïîëíÿåòñÿ ïðè íåêîòîðîì m ∈ N. Òîãäà èç ìîíîòîííîñòè ωj(u) ïî u

íà [αpj0,+∞), j = 0, 1, 2, . . . è ñ ó÷åòîì γi ≥ α, i = 1, 2, áóäåì èìåòü

x(m+1)
n,γ1

− x(m+1)
n,γ2

=
∞∑

j=n

aj−n(x
(m)
j,γ1
− x(m)

j,γ2
+ ωj(x

(m)
j,γ1

)− ωj(x(m)
j,γ2

)) ≥
∞∑

j=n

aj−n(x
(m)
j,γ1
− x(m)

j,γ2
) ≥

≥ (γ1 − γ2)
∞∑

j=n

aj−np
j
0 = (γ1 − γ2)pn0 · χ(p0) = (γ1 − γ2)pn0 .

Óñòðåìëÿÿ â (3.12) m→∞, ïðèõîäèì ê (2.6).
Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà òåîðåìû íàì îñòàëîñü óáåäèòüñÿ, ÷òî ïðè âûïîëíåíèè

óñëîâèÿ (2.7) ñëåäóåò íåðàâåíñòâî (2.8).
Ñíà÷àëà äîêàæåì, ÷òî ïðè âûïîëíåíèè óñëîâèÿ (2.7) èìååò ìåñòî

x
(m)
n+1,γ 6 x(m)

n,γ , n = 0, 1, 2, . . . , m = 0, 1, 2, . . . , γ ∈ Π. (3.13)

Ïðè m = 0 ýòî ñëåäóåò èç ñëåäóþùåãî ïðîñòîãî íåðàâåíñòâà:

x
(0)
n+1,γ = γpn+1

0 6 γpn0 = x(0)
n,γ.

Ïóñòü (3.13) âûïîëíÿåòñÿ äëÿ íåêîòîðîãî m ∈ N. Òîãäà, ó÷èòûâàÿ (2.7), ìîíîòîííîñòü
ωj(u) ïî u íà [αpj0,+∞), j = 0, 1, 2, . . . , èç (3.11) ïîëó÷èì

x
(m+1)
n+1,γ − x(m+1)

n,γ =
∞∑

j=n+1

aj−(n+1)(x
(m)
j,γ + ωj(x

(m)
j,γ ))−

∞∑

j=n

aj−n(x
(m)
j,γ + ωj(x

(m)
j,γ )) =

=
∞∑

k=0

ak(x
(m)
k+n+1,γ + ωk+n+1(x

(m)
k+n+1,γ))−

∞∑

k=0

ak(x
(m)
k+n,γ + ωk+n(x

(m)
k+n,γ)) =

=
∞∑

k=0

ak(x
(m)
k+n+1,γ − x

(m)
k+n,γ + ωk+n+1(x

(m)
k+n+1,γ)− ωk+n(x

(m)
k+n,γ)) = I1 + I2 + I3,

ãäå

I1 ≡
∞∑

k=0

ak(x
(m)
k+n+1,γ − x

(m)
k+n,γ) 6 0

â ñèëó èíäóêöèîííîãî ïðåäïîëîæåíèÿ,

I2 ≡
∞∑

k=0

ak(ωk+n+1(x
(m)
k+n+1,γ)− ωk+n+1(x

(m)
k+n,γ)) 6 0,

â ñèëó òîãî, ÷òî ωj(u) ↑ ïî u íà [αpj0,+∞), j = 0, 1, 2, . . . , è èíäóêöèîííîãî ïðåäïîëîæåíèÿ,
à

I3 ≡
∞∑

k=0

ak(ωk+n+1(x
(m)
k+n,γ)− ωk+n(x

(m)
k+n,γ)) 6 0

â ñèëó âûïîëíåíèÿ óñëîâèÿ (2.7).
Ñëåäîâàòåëüíî,

x
(m+1)
n+1,γ 6 x(m+1)

n,γ , n = 0, 1, 2, . . . , γ ∈ Π.

Â îáåèõ ÷àñòÿõ (3.13) m óñòðåìëÿÿ ê áåñêîíå÷íîñòè, ïðèõîäèì ê (2.8). Òàêèì îáðàçîì,
òåîðåìà ïîëíîñòüþ äîêàçàíà.

Â êîíöå ðàáîòû ïðèâåäåì íåñêîëüêî ïðèìåðîâ ïîñëåäîâàòåëüíîñòè {ωj(u)}∞j=0, äëÿ êî-
òîðûõ âûïîëíÿþòñÿ âñå óñëîâèÿ ñôîðìóëèðîâàííîé òåîðåìû:

a) ωj(u) = p2j
0 (1− e−u), j = 0, 1, 2, . . . , u ≥ 0,
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b) ωj(u) = p2j
0

u

u+ c
, ∀c > 0, j = 0, 1, 2, . . . , u ≥ 0,

c) ωj(u) = p2j
0

uq

uq + c
, ∀c > 0, ∀q > 2, j = 0, 1, 2, . . . , u ≥ 0,

d) ωj(u) = p2j
0

u+ sin2u

u+ sin2u+ 1
, j = 0, 1, 2, . . . , u ≥ 0.

Àâòîðû âûðàæàþò áëàãîäàðíîñòü ðåöåíçåíòó çà ïîëåçíûå çàìå÷àíèÿ.
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ÏÅÐÈÎÄÈ×ÅÑÊÈÅ ÐÅØÅÍÈß ÓÐÀÂÍÅÍÈÉ ÒÈÏÀ

ÑÂÅÐÒÊÈ Ñ ÌÎÍÎÒÎÍÍÎÉ ÍÅËÈÍÅÉÍÎÑÒÜÞ

Ñ.Í. ÀÑÕÀÁÎÂ

Àííîòàöèÿ. Ìåòîäîì ìîíîòîííûõ îïåðàòîðîâ óñòàíàâëèâàþòñÿ ãëîáàëüíûå òåîðåìû
î ñóùåñòâîâàíèè, åäèíñòâåííîñòè, îöåíêàõ è ñïîñîáàõ íàõîæäåíèÿ ðåøåíèé äëÿ ðàç-
ëè÷íûõ êëàññîâ íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé òèïà ñâåðòêè â âåùåñòâåííûõ
ïðîñòðàíñòâàõ 2π-ïåðèîäè÷åñêèõ ôóíêöèé Lp(−π, π).
Êëþ÷åâûå ñëîâà: íåëèíåéíîå óðàâíåíèå òèïà ñâåðòêè, ìîíîòîííûé îïåðàòîð, ïîòåí-
öèàëüíûé îïåðàòîð.

Mathematics Subject Classi�cation: 45G10, 47H05

1. Ââåäåíèå

Ìíîãèå çàäà÷è ñîâðåìåííîé ìàòåìàòèêè, ôèçèêè, ìåõàíèêè è áèîëîãèè ïðèâîäÿò ê
íåëèíåéíûì èíòåãðàëüíûì óðàâíåíèÿì òèïà ñâåðòêè. Íàïðèìåð, îáùèé êëàññ íåëèíåéíûõ
ñåðâîìåõàíèçìîâ (ñëåäÿùèõ ñèñòåì) îïèñûâàåòñÿ [1] íåëèíåéíûì èíòåãðàëüíûì óðàâíå-
íèåì òèïà ñâåðòêè âèäà

u(x) +

∞∫

−∞

h(x− t) · F [t, u(t)] dt = f(x) , (1)

ãäå f(x) åñòü âõîäíîé ñèãíàë, à h(x) � îòâåòíûé èìïóëüñ ñèñòåìû. Óðàâíåíèå (1) âîçíè-
êàåò òàêæå [2] â òåîðèè ýëåêòðè÷åñêèõ ñåòåé (ñèãíàëüíîé òðàíñìèññèè ÷åðåç îáùóþ ýëåê-
òðè÷åñêóþ ñåòü), ñîäåðæàùèõ íåëèíåéíûå ýëåìåíòû (íåëèíåéíûé ðåçèñòð). Ïðè f(x) = 0
óðàâíåíèå âèäà (1) îïèñûâàåò [3], [4] äåòåðìåíèñòè÷åñêèå ìîäåëè ïðîñòðàíñòâåííîãî ðàñ-
ïðîñòðàíåíèÿ ýïèäåìèè èëè áëàãîïðèÿòíîãî ãåíà ñðåäè ïîïóëÿöèè âäîëü ëèíèè ñ ðàçëè÷-
íûìè íåëèíåéíîñòÿìè â ýïèäåìè÷åñêîé è ãåíåòè÷åñêîé ìîäåëÿõ, à òàêæå èñïîëüçóåòñÿ êàê
ìàòåìàòè÷åñêàÿ ìîäåëü íåêîòîðûõ èíôåêöèîííûõ çàáîëåâàíèé èëè êàê óðàâíåíèå ðîñòà
íåêîòîðûõ âèäîâ ïîïóëÿöèè.
Èíòåãðàëüíûå óðàâíåíèÿ òèïà ñâåðòêè ñî ñòåïåííîé íåëèíåéíîñòüþ âîçíèêàþò [5], [6]

â òåîðèè èíôèëüòðàöèè æèäêîñòè èç öèëèíäðè÷åñêîãî ðåçåðâóàðà â èçîòðîïíóþ îäíî-
ðîäíóþ ïîðèñòóþ ñðåäó, ïðè îïèñàíèè ïðîöåññà ðàñïðîñòðàíåíèÿ óäàðíûõ âîëí â òðóáàõ,
íàïîëíåííûõ ãàçîì [7], à òàêæå ïðè îïèñàíèè äèíàìèêè îòêðûòîé p-àäè÷åñêîé ñòðóíû
äëÿ ñêàëÿðíîãî ïîëÿ òàõèîíîâ [8]�[10].
Èíôîðìàöèþ î äðóãèõ ïðèëîæåíèÿõ íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé òèïà ñâåðòêè

ìîæíî íàéòè â ìîíîãðàôèè [11].
Â äàííîé ðàáîòå, èñïîëüçóÿ íîâûé ïîäõîä, ìåòîäîì ìîíîòîííûõ îïåðàòîðîâ [12]�[14]

óñòàíàâëèâàþòñÿ ãëîáàëüíûå òåîðåìû î ñóùåñòâîâàíèè, åäèíñòâåííîñòè è îöåíêàõ ðåøå-
íèé äëÿ ðàçëè÷íûõ êëàññîâ íåëèíåéíûõ óðàâíåíèé òèïà ñâåðòêè â âåùåñòâåííûõ ïðî-
ñòðàíñòâàõ 2 π-ïåðèîäè÷åñêèõ ôóíêöèé Lp(−π, π) ïðè ëþáûõ çíà÷åíèÿõ p ∈ (1,∞) (ñì.

S.N. Askhabov, Periodic solutions of convolution type equations with monotone

nonlinearity.

c© Àñõàáîâ Ñ.Í. 2016.

Ðàáîòà ïîääåðæàíà ÐÔÔÈ (ãðàíò 13-01-00422-à).
Ïîñòóïèëà 5 èþëÿ 2015 ã.
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[16]). Ðàíåå ïîäîáíûå ðåçóëüòàòû â ñëó÷àå ïðîñòðàíñòâ Lp(−∞,∞) áûëè äîêàçàíû â [11],
â çàâèñèìîñòè îò ðàññìàòðèâàåìîãî êëàññà óðàâíåíèé, ëèáî òîëüêî ïðè p ∈ (1, 2], ëèáî
òîëüêî ïðè p ∈ [2,∞) (ïî ñóòè äåëà, ýòî áûëî ñâÿçàíî ñ òåì, ÷òî ñîãëàñíî íåðàâåíñòâó
Þíãà [11, c. 30], îïåðàòîð ñâåðòêè äåéñòâóåò èç ïðîñòðàíñòâà Lp(−∞,∞) â ñîïðÿæåííîå
ñ íèì ïðîñòðàíñòâî Lp′(−∞,∞), p′ = p/(p − 1), ëèøü ïðè p ∈ (1, 2]). Â ðàññìàòðèâàå-
ìîì çäåñü ñëó÷àå ïðîñòðàíñòâ Lp(−π, π), èñïîëüçóÿ íåðàâåíñòâî Þíãà ïðè p ∈ (1, 2] è
âëîæåíèÿ Lp(−π, π) ⊂ L2(−π, π) ⊂ Lp′(−π, π) ïðè p ∈ [2,∞), ïîêàçàíî, ÷òî îïåðàòîð
ñâåðòêè äåéñòâóåò íåïðåðûâíî èç ïðîñòðàíñòâà Lp(−π, π) â ñîïðÿæåííîå ñ íèì ïðîñòðàí-
ñòâî Lp′(−π, π) ïðè ëþáûõ çíà÷åíèÿõ p ∈ (1,∞) è ïîëîæèòåëåí, ÷òî ïîçâîëèëî äîêàçàòü
òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ äëÿ âñåõ ðàññìàòðèâàåìûõ óðàâíåíèé
áåç äîïîëíèòåëüíûõ îãðàíè÷åíèé íà p. Êðîìå òîãî, â ñëó÷àå ìîíîòîííûõ (íå ñòåïåííûõ)
íåëèíåéíîñòåé îáùåãî âèäà, êîìáèíèðîâàíèåì ïðèíöèïîâ Áàíàõà-Êà÷÷èîïîëè è Áðàóäåðà-
Ìèíòè, ïîêàçàíî, ÷òî ðåøåíèÿ ýòèõ óðàâíåíèé â ðàìêàõ ïðîñòðàíñòâà L2(−π, π) ìîãóò
áûòü íàéäåíû ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé ïèêàðîâñêîãî òèïà (ñð. [17]), à â
ñëó÷àå ñòåïåííûõ íåëèíåéíîñòåé âèäà up−1, èñïîëüçóÿ òåîðèþ ïîòåíöèàëüíûõ ìîíîòîííûõ
îïåðàòîðîâ, äîêàçàíî, ÷òî ðåøåíèÿ ìîãóò áûòü íàéäåíû ìåòîäîì íàèñêîðåéøåãî ñïóñêà
(ãðàäèåíòíûì ìåòîäîì) â ïðîñòðàíñòâàõ Lp(−π, π) ïðè ëþáîì ÷åòíîì p > 2 (ñð. [18]).
Äëÿ óäîáñòâà ññûëîê, ïðèâåäåì îñíîâíûå îïðåäåëåíèÿ è âñïîìîãàòåëüíûå óòâåðæäåíèÿ,

èñïîëüçóåìûå â äàííîé ðàáîòå, ïðèäåðæèâàÿñü òåðìèíîëîãèè è îáîçíà÷åíèé, ïðèíÿòûõ
â ìîíîãðàôèè [14].
Ïóñòü X � âåùåñòâåííîå áàíàõîâî ïðîñòðàíñòâî è X∗ ñîïðÿæåííîå ñ íèì ïðîñòðàíñòâî.

Îáîçíà÷èì ÷åðåç 〈y, x〉 çíà÷åíèå ëèíåéíîãî íåïðåðûâíîãî ôóíêöèîíàëà y ∈ X∗ íà ýëåìåíòå
x ∈ X, à ÷åðåç ‖ · ‖ è ‖ · ‖∗ íîðìû â X è X∗, ñîîòâåòñòâåííî.

Îïðåäåëåíèå 1. Ïóñòü u, v ∈ X � ïðîèçâîëüíûå ýëåìåíòû. Îïåðàòîð A : X → X∗

(ò.å. äåéñòâóþùèé èç X â X∗) íàçûâàåòñÿ:
ìîíîòîííûì, åñëè 〈Au− Av, u− v〉 ≥ 0;
ñòðîãî ìîíîòîííûì, åñëè 〈Au− Av, u− v〉 > 0 ïðè u 6= v;
ñèëüíî ìîíîòîííûì, åñëè 〈Au− Av, u− v〉 ≥ m · ‖u− v‖2, m > 0;
ðàâíîìåðíî ìîíîòîííûì, åñëè 〈Au−Av, u− v〉 ≥ β(‖u− v‖), ãäå β � âîçðàñòàþùàÿ íà

[0,∞) ôóíêöèÿ òàêàÿ, ÷òî β(0) = 0;
êîýðöèòèâíûì, åñëè 〈Au, u〉 ≥ γ(‖u‖) · ‖u‖, ãäå γ(s) � âåùåñòâåííàÿ ôóíêöèÿ íåîòðè-

öàòåëüíîãî àðãóìåíòà òàêàÿ, ÷òî γ(s)→∞ ïðè s→∞;
ëèïøèö-íåïðåðûâíûì, åñëè ‖Au− Av‖∗ 6M · ‖u− v‖, M > 0;
îãðàíè÷åííî ëèïøèö-íåïðåðûâíûì, åñëè ‖Au−Av‖∗ 6 µ(r) · ‖u− v‖, ãäå µ � âîçðàñòà-

þùàÿ íà [0,∞) ôóíêöèÿ, à r = max(‖u‖, ‖v‖);
õåìèíåïðåðûâíûì, åñëè ôóíêöèÿ s → 〈A(u + s · v), w〉 íåïðåðûâíà íà [0, 1] ïðè ëþáûõ

ôèêñèðîâàííûõ u, v, w ∈ X.

Îñíîâíàÿ òåîðåìà òåîðèè ìîíîòîííûõ îïåðàòîðîâ (ñì, íàïðèìåð, [14]) � òåîðåìà (ïðèí-
öèï) Áðàóäåðà-Ìèíòè � ñîõðàíÿåòñÿ, åñëè âìåñòî óñëîâèÿ êîýðöèòèâíîñòè ïðåäïîëîæèòü,

÷òî îïåðàòîð A : X → X∗ óäîâëåòâîðÿåò óñëîâèþ: `im
‖u‖→∞

〈Au,u〉
‖u‖ =∞.

Åñëè A � ëèíåéíûé îïåðàòîð, òî îïðåäåëåíèå ìîíîòîííîãî, ñòðîãî ìîíîòîííîãî è ñèëü-
íî ìîíîòîííîãî îïåðàòîðà ñîâïàäàåò, ñîîòâåòñòâåííî, ñ îïðåäåëåíèåì ïîëîæèòåëüíîãî,
ñòðîãî ïîëîæèòåëüíîãî è ñèëüíî ïîëîæèòåëüíîãî (ïîëîæèòåëüíî îïðåäåëåííîãî) îïå-
ðàòîðà [14].
Ïóñòü f : X → R, ãäå R = (−∞,∞), � ïðîèçâîëüíûé (íå îáÿçàòåëüíî ëèíåéíûé)

ôóíêöèîíàë.
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Îïðåäåëåíèå 2. Ôóíêöèîíàë f : X → R íàçûâàåòñÿ äèôôåðåíöèðóåìûì ïî Ãàòî,
åñëè ñóùåñòâóåò îïåðàòîð A : X → X∗ òàêîé, ÷òî äëÿ âñåõ u, v ∈ X âûïîëíÿåòñÿ

ðàâåíñòâî `im
t→0

f(u+t·v)−f(u)
t =〈Au, v〉. Ïðè ýòîì îïåðàòîð A íàçûâàþò ãðàäèåíòîì

ôóíêöèîíàëà f è ïèøóò A = grad f .

Îïðåäåëåíèå 3. Îïåðàòîð A : X → X∗ íàçûâàåòñÿ ïîòåíöèàëüíûì, åñëè ñóùåñòâó-
åò ôóíêöèîíàë f : X → R òàêîé, ÷òî îïåðàòîð A ÿâëÿåòñÿ åãî ãðàäèåíòîì. Ïðè ýòîì
ôóíêöèîíàë f íàçûâàþò ïîòåíöèàëîì îïåðàòîðà A.

Ïðèìåð 1 [14]. Ïóñòü X � âåùåñòâåííîå ðåôëåêñèâíîå áàíàõîâî ïðîñòðàíñòâî è
A : X → X∗ � ëèíåéíûé îãðàíè÷åííûé ñèììåòðè÷åñêèé îïåðàòîð, ò. å. 〈Au, v〉 = 〈u,Av〉,
∀u, v ∈ X. Òîãäà A ÿâëÿåòñÿ ïîòåíöèàëüíûì îïåðàòîðîì, è åãî ïîòåíöèàë f(u) = 1

2
〈Au, u〉.

2. Î ïîëîæèòåëüíîñòè è ïîòåíöèàëüíîñòè îïåðàòîðà ñâåðòêè

Ðàññìîòðèì â ïðîñòðàíñòâå Ëåáåãà Lp(−π, π), 1 < p < ∞, ñîñòîÿùåì èç âåùåñòâåííûõ
2π-ïåðèîäè÷åñêèõ ôóíêöèé, èíòåãðàëüíûé îïåðàòîð ñâåðòêè

(Hu)(x) =

π∫

−π

h(x− t)u(t) dt,

ãäå ÿäðî h(x) ∈ L1(−π, π) åñòü 2π-ïåðèîäè÷åñêè ïðîäîëæåííàÿ íà îòðåçîê [−2 π, 2 π] ôóíê-
öèÿ.
Äëÿ âûÿñíåíèÿ âîïðîñà î òîì, ïðè êàêèõ óñëîâèÿõ íà ÿäðî h(x) îïåðàòîð ñâåðòêè H

ÿâëÿåòñÿ ïîëîæèòåëüíûì â ïðîñòðàíñòâå Lp(−π, π), ââåäåì äèñêðåòíîå ïðåîáðàçîâàíèå
Ôóðüå (èçîáðàæåíèå) ïîñëåäîâàòåëüíîñòè êîìïëåêñíûõ ÷èñåë a = {ak}∞k=−∞:

a(x) =
∞∑

k=−∞
ak · ei k x, ãäå ak =

1

2 π

π∫

−π

a(x) e−i k xdx .

Íàì ïîíàäîáÿòñÿ ñëåäóþùèå äâà ðàâåíñòâà
ôîðìóëà ñâåðòêè èçîáðàæåíèé [21, c. 233]:

π∫

−π

a(x− t) b(t) dt = 2π
∞∑

k=−∞
ak bk e

i k x,

îáîáùåííîå ðàâåíñòâî Ïàðñåâàëÿ [22, c. 158]:

π∫

−π

a(x) b(x) dx = 2π
∞∑

k=−∞
ak bk ,

ãäå b(x) =
∞∑

k=−∞
bk e

i k x , bk = 1
2π

π∫
−π
b(x) e−i k xdx.
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Ëåììà 1. Ïóñòü 1 < p <∞ è âûïîëíåíû óñëîâèÿ:
{
h(x) ∈ Lp/[2 (p−1)](−π, π), åñëè 1 < p 6 2,

h(x) ∈ L1(−π, π), åñëè 2 < p <∞. (2)

hc(k) =

π∫

−π

h(t) cos(k · t) dt ≥ 0 ïðè k = 0, 1, 2, 3, ... . (3)

Òîãäà îïåðàòîð ñâåðòêè H äåéñòâóåò íåïðåðûâíî èç ïðîñòðàíñòâà Lp(−π, π) â ñî-
ïðÿæåííîå ñ íèì ïðîñòðàíñòâî Lp′(−π, π), p′ = p/(p − 1), è ïîëîæèòåëåí, ïðè÷åì
∀u(x) ∈ Lp(−π, π) âûïîëíÿþòñÿ íåðàâåíñòâà:

‖Hu‖p′ 6 cp,h · ‖u‖p , (4)

〈Hu, u〉 =

π∫

−π




π∫

−π

h(x− t)u(t) dt


u(x) dx ≥ 0,

ãäå

cp,h =

{
2π · ‖h‖p′/2, åñëè 1 < p 6 2,

(2π)2/p
′‖h‖1, åñëè 2 < p <∞. (5)

Äîêàçàòåëüñòâî. Ïóñòü 1 < p 6 2 è u(x) ∈ Lp(−π, π) � ïðîèçâîëüíàÿ ôóíêöèÿ. Òàê êàê
h(x) ∈ Lp/[2 (p−1)](−π, π), òî èç íåðàâåíñòâà Þíãà [23, c. 67] íåïîñðåäñòâåííî âûòåêàåò, ÷òî

‖Hu‖p′ 6 2 π ‖h‖p′/2‖u‖p , ∀u(x) ∈ Lp(−π, π), 1 < p 6 2 . (6)

Ïóñòü òåïåðü 2 < p < ∞. Òîãäà èìåþò ìåñòî íåïðåðûâíûå âëîæåíèÿ
Lp(−π, π) ⊂ L2(−π, π) ⊂ Lp′(−π, π), ïðè÷åì, â ñèëó íåðàâåíñòâà Ãåëüäåðà, âûïîëíÿþò-
ñÿ íåðàâåíñòâà

‖u‖p′ 6 (2π)(p−2)/(2p)‖u‖2 , ∀u(x) ∈ L2(−π, π) ,

‖u‖2 6 (2π)(p−2)/(2p)‖u‖p , ∀u(x) ∈ Lp(−π, π).

Èñïîëüçóÿ ïîñëåäíèå äâà íåðàâåíñòâà, à òàêæå íåðàâåíñòâî (6) ïðè p = p′ = 2, èìååì

‖Hu‖p′ 6 (2π)(p−2)/(2p)‖Hu‖2 6 (2π)(p−2)/(2p)2π · ‖h‖1 · ‖u‖2 6

6 (2π)(p−2)/(2p)2π · (2π)(p−2)/(2p)‖h‖1 · ‖u‖p = (2π)2(p−1)/p‖h‖1 · ‖u‖p ,
ò.å.

‖Hu‖p′ 6 (2π)2/p
′‖h‖1 · ‖u‖p , ∀u(x) ∈ Lp(−π, π), 2 < p <∞ . (7)

Èç íåðàâåíñòâ (6) è (7) íåïîñðåäñòâåííî âûòåêàåò, ÷òî îïåðàòîðH äåéñòâóåò íåïðåðûâíî
èç Lp(−π, π) â Lp′(−π, π) ïðè ëþáîì p ∈ (1,∞), ïðè÷åì ñïðàâåäëèâî íåðàâåíñòâî (4).
Äîêàæåì ïîëîæèòåëüíîñòü îïåðàòîðà H. Â ñèëó ôîðìóëû ñâåðòêè èçîáðàæåíèé, èìååì

(Hu)(x) = 2π
∞∑

k=−∞
hk · uk · ei k x, ãäå

hk =
1

2 π

π∫

−π

h(x) · e−i k xdx , uk =
1

2 π

π∫

−π

u(x) · e−i k xdx .

Çíà÷èò,

2π · hk · uk =
1

2 π

π∫

−π

(Hu)(x) · e−i k xdx .
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Ïîýòîìó, èñïîëüçóÿ îáîáùåííîå ðàâåíñòâî Ïàðñåâàëÿ, ñ ó÷åòîì, ÷òî ðàññìàòðèâàþòñÿ
âåùåñòâåííûå ôóíêöèè u(x), èìååì

〈Hu, u〉 =

π∫

−π

(Hu)(x) · u(x) dx = 2π
∞∑

k=−∞
2 π · hk · uk · uk =

= (2π)2 ·
(
h0 · |u0|2 +

−1∑

k=−∞
hk · |uk|2 +

∞∑

k=1

hk · |uk|2
)

=

= (2π)2 ·
(
h0 · |u0|2 +

∞∑

k=1

[
h−k · |u−k|2 + hk · |uk|2

])
. (8)

Çàìå÷àÿ òåïåðü, ÷òî

|u−k|2 = u−k · u−k =

=


 1

2 π

π∫

−π

u(t) · eiktdt


 ·


 1

2π

π∫

−π

u(t) · e−iktdt


 = uk · uk = |uk|2 ,

hk + h−k =
1

2π

π∫

−π

h(t)
[
eikt + e−ikt

]
dt =

1

π

π∫

−π

h(t) cos(kt)dt =
1

π
hc(k),

èç ðàâåíñòâà (8) ïîëó÷àåì

〈Hu, u〉 = (2π)2

(
1

2π
· hc(0) · |u0|2 +

∞∑

k=1

1

π
hc(k) · |uk|2

)
=

= 2π · hc(0) · |u0|2 + 4 π
∞∑

k=1

hc(k) · |uk|2 . (9)

Èç ôîðìóëû (9) âèäíî, ÷òî îïåðàòîð ñâåðòêè H ÿâëÿåòñÿ ïîëîæèòåëüíûì, åñëè hc(k) ≥ 0,
ò.å. åñëè âûïîëíåíî óñëîâèå (3).

Àíàëîãè÷íî äîêàçûâàåòñÿ ñëåäóþùàÿ ëåììà, äâîéñòâåííàÿ ëåììå 1.

Ëåììà 2. Ïóñòü 1 < p <∞,
{

h(x) ∈ L1(−π, π), åñëè 1 < p 6 2,
h(x) ∈ Lp/2(−π, π), åñëè 2 < p <∞ (10)

è âûïîëíåíî óñëîâèå (3). Òîãäà îïåðàòîð ñâåðòêè H äåéñòâóåò íåïðåðûâíî èç Lp′(−π, π)
â Lp(−π, π), p′ = p/(p− 1), è ïîëîæèòåëåí, ïðè÷åì

‖Hu‖p 6 c∗p,h · ‖u‖p′ , ∀u(x) ∈ Lp′(−π, π) ,

ãäå

c∗p,h =

{
(2π)2/p · ‖h‖1, åñëè 1 < p 6 2,
2π‖h‖p/2, åñëè 2 < p <∞.

Çàìå÷àíèå 1. Åñëè â ëåììàõ 1 è 2 äîïîëíèòåëüíî ïðåäïîëîæèòü, ÷òî ÿäðî h(x) åñòü
÷åòíàÿ ôóíêöèÿ, òî îïåðàòîð ñâåðòêè H áóäåò ïîòåíöèàëüíûì. Â ñàìîì äåëå, â ñëó÷àå
÷åòíîãî ÿäðà h(x) îïåðàòîð H ÿâëÿåòñÿ ñèììåòðè÷åñêèì è, ñëåäîâàòåëüíî, íà îñíîâàíèè
ïðèìåðà 1, ïîòåíöèàëåí.
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3. Òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè

Âñþäó äàëåå ïðåäïîëàãàåòñÿ, ÷òî çàäàííàÿ ôóíêöèÿ F (x, u), ïîðîæäàþùàÿ íåëèíåé-
íîñòü ðàññìàòðèâàåìûõ óðàâíåíèé, îïðåäåëåíà ïðè x ∈ [−π, π], u ∈ R, èìååò ïåðèîä 2π ïî
x è óäîâëåòâîðÿåò óñëîâèÿì Êàðàòåîäîðè [15, c. 15]: îíà èçìåðèìà ïî x ïðè êàæäîì ôèê-
ñèðîâàííîì u è íåïðåðûâíà ïî u ïî÷òè äëÿ âñåõ x. Îáîçíà÷èì ÷åðåç L+

p (−π, π) ìíîæåñòâî
âñåõ íåîòðèöàòåëüíûõ ôóíêöèé èç Lp(−π, π), à ÷åðåç F îïåðàòîð ñóïåðïîçèöèè (îïåðàòîð
Íåìûöêîãî), ïîðîæäàåìûé ôóíêöèåé F (x, u).

Òåîðåìà 1. Ïóñòü 1 < p < ∞, ÿäðî h(x) óäîâëåòâîðÿåò óñëîâèÿì (2) è (3), à íåëè-
íåéíîñòü F (x, u) äëÿ ïî÷òè âñåõ x ∈ [−π, π] è âñåõ u ∈ R óäîâëåòâîðÿåò óñëîâèÿì:

3.1) |F (x, u)| 6 c(x) + d1 · |u|p−1, ãäå c(x) ∈ L+
p′(−π, π), d1 > 0;

3.2) F (x, u) íå óáûâàåò ïî u ïî÷òè ïðè êàæäîì x;

3.3) F (x, u) · u ≥ d2 · |u|p −D(x), ãäå D(x) ∈ L+
1 (−π, π), d2 > 0.

Òîãäà ïðè ëþáûõ λ > 0 è f(x) ∈ Lp′(−π, π) óðàâíåíèå

λ · F [x, u(x)] +

π∫

−π

h(x− t)u(t) dt = f(x) (11)

èìååò ðåøåíèå u∗(x) ∈ Lp(−π, π). Ýòî ðåøåíèå åäèíñòâåííî, åñëè â óñëîâèè 3.2) ôóíêöèÿ
F (x, u) ñòðîãî âîçðàñòàåò ïî u. Êðîìå òîãî, åñëè óñëîâèå 3.3) âûïîëíåíî ïðè D(x) = 0,

òî ‖u∗‖p 6
(
λ−1 · d−12 ‖f‖p′

)1/(p−1)
.

Äîêàçàòåëüñòâî. Çàïèøåì äàííîå óðàâíåíèå (11) â îïåðàòîðíîì âèäå: Au = f , ãäå
Au = λ · Fu+Hu. Â ñèëó ëåììû 1 è óñëîâèé 3.1)�3.3) ïîëó÷àåì, ÷òî îïåðàòîð A äåéñòâóåò
íåïðåðûâíî èç Lp(−π, π) â Lp′(−π, π) è ÿâëÿåòñÿ ìîíîòîííûì è êîýðöèòèâíûì. Ïðè ýòîì
îïåðàòîð A ÿâëÿåòñÿ ñòðîãî ìîíîòîííûì, åñëè ôóíêöèÿ F (x, u) ñòðîãî âîçðàñòàåò ïî u.
Ïîýòîìó óòâåðæäåíèÿ î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèÿ âûòåêàþò èç òåîðåìû
(ïðèíöèïà) Áðàóäåðà-Ìèíòè (ñì., íàïðèìåð, [14]) � îñíîâíîé òåîðåìû òåîðèè ìîíîòîííûõ
îïåðàòîðîâ. Íàêîíåö, èñïîëüçóÿ óñëîâèå 3.3) ïðè D(x) = 0, ïîëîæèòåëüíîñòü îïåðàòîðà
H è ðàâåíñòâî Au∗ = f , èìååì

λ · d2 · ‖u∗‖pp 6 λ · 〈Fu∗, u∗〉 6 λ · 〈Fu∗, u∗〉+ 〈Hu∗, u∗〉 =

= 〈Au∗, u∗〉 = 〈f, u∗〉 6 ‖f‖p′‖u‖p,
îòêóäà íåïîñðåäñòâåííî âûòåêàåò äîêàçûâàåìàÿ îöåíêà äëÿ íîðìû ðåøåíèÿ.

Ñëåäñòâèå 1. Ïóñòü p ≥ 2 � ëþáîå ÷åòíîå ÷èñëî, ÿäðî h(x) ∈ L1(−π, π) è óäîâëåòâî-
ðÿåò óñëîâèþ (3). Òîãäà óðàâíåíèå

up−1(x) +

π∫

−π

h(x− t)u(t) dt = f(x)

èìååò åäèíñòâåííîå ðåøåíèå u∗(x) ∈ Lp(−π, π) ïðè ëþáîì f(x) ∈ Lp′(−π, π), ïðè÷åì

‖u∗‖p 6 ‖f‖1/(p−1)p′ .

Â ñëåäóþùåé òåîðåìå ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ ðàññìàòðèâàåìîãî óðàâ-
íåíèÿ òèïà Ãàììåðøòåéíà óñòàíàâëèâàþòñÿ áåç òðåáîâàíèÿ êîýðöèòèâíîñòè íåëèíåéíîñòè.

Òåîðåìà 2. Ïóñòü 1 < p < ∞, h(x) ∈ L1(−π, π) ïðè 1 < p 6 2 è h(x) ∈ Lp/2(−π, π)
ïðè 2 < p < ∞. Åñëè ÿäðî h(x) óäîâëåòâîðÿåò óñëîâèþ (3), à íåëèíåéíîñòü F (x, u)
óäîâëåòâîðÿåò óñëîâèÿì 3.1) è 3.2) òåîðåìû 1, òî óðàâíåíèå

u(x) + λ

π∫

−π

h(x− t)F [t, u(t)] dt = f(x) (12)
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èìååò åäèíñòâåííîå ðåøåíèå u∗(x) ∈ Lp(−π, π) ïðè ëþáîì λ ≥ 0 è ëþáîì
f(x) ∈ Lp(−π, π). Êðîìå òîãî, åñëè âûïîëíåíû óñëîâèÿ 3.1) è 3.3) ïðè c(x) = D(x) = 0,
òî ‖u∗‖p 6 d1 · d−12 · ‖f‖p.
Äîêàçàòåëüñòâî. Ïðè λ = 0 óòâåðæäåíèÿ òåîðåìû î÷åâèäíû, ïîýòîìó ñ÷èòàåì äàëåå,
÷òî λ > 0. Çàïèøåì óðàâíåíèå (12) â îïåðàòîðíîì âèäå: u + λ · HFu = f . Èç óñëîâèé
3.1) è 3.2) âûòåêàåò, ÷òî îïåðàòîð F äåéñòâóåò íåïðåðûâíî èç Lp(−π, π) â Lp′(−π, π) è
ÿâëÿåòñÿ ìîíîòîííûì, à èç ëåììû 2 âûòåêàåò, ÷òî îïåðàòîð H äåéñòâóåò íåïðåðûâíî èç
Lp′(−π, π) îáðàòíî â Lp(−π, π) è ïîëîæèòåëåí. Íî òîãäà, ïî òåîðåìå 3 èç [19] (ñì. íèæå
çàìå÷àíèå 2), äàííîå óðàâíåíèå èìååò åäèíñòâåííîå ðåøåíèå u∗(x) ∈ Lp(−π, π).
Îñòàëîñü äîêàçàòü îöåíêó íîðìû ðåøåíèÿ u∗(x). Èñïîëüçóÿ óñëîâèÿ 3.1) è 3.3) ïðè

c(x) = D(x) = 0, ïîëîæèòåëüíîñòü îïåðàòîðà ñâåðòêè H è ðàâåíñòâî u∗ + λ ·HFu∗ = f ,
èìååì

d2‖u∗‖pp 6 〈u∗, Fu∗〉+ λ〈HFu∗, Fu∗〉 =

= 〈f, Fu∗〉 6 ‖f‖p‖Fu∗‖p′ 6 d1‖f‖p‖u∗‖p−1p ,

îòêóäà íåïîñðåäñòâåííî âûòåêàåò äîêàçûâàåìàÿ îöåíêà.

Ñëåäñòâèå 2. Ïóñòü p ≥ 2 � ëþáîå ÷åòíîå ÷èñëî, ÿäðî h(x) ∈ L1(−π, π) è óäîâëåòâî-
ðÿåò óñëîâèþ (3). Òîãäà óðàâíåíèå

u(x) +

π∫

−π

h(x− t)up−1(t) dt = f(x)

èìååò åäèíñòâåííîå ðåøåíèå u∗(x) ∈ Lp(−π, π) ïðè ëþáîì f(x) ∈ Lp(−π, π), ïðè÷åì
‖u∗‖p 6 ‖f‖p.

Çàìå÷àíèå 2. Äîêàçàòåëüñòâî òåîðåìû 2 â ÷àñòè ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøå-
íèÿ îñíîâàíî íà òåîðåìå 3 èç [19]. Âàæíî îòìåòèòü, ÷òî â ýòîé òåîðåìå 3, îòíîñÿùåéñÿ
ê óðàâíåíèÿì Ãàììåðøòåéíà âèäà

u(x) +

b∫

a

K(x, s)F [s, u(s)] ds = f(x),

íåëèíåéíîñòü F (x, u) äîëæíà íå óáûâàòü ïî u (â [19] ïðåäïîëàãàåòñÿ, ÷òî íåëèíåéíîñòü
F (x, u) íå âîçðàñòàåò ïî u). Ýòî ñëåäóåò èç ðàáîòû [20] ýòèõ æå àâòîðîâ, â êîòîðîé ïðè-
âåäåíî äîêàçàòåëüñòâî òåîðåìû 3 èç [19]. Áîëåå òîãî, ïðèìåð óðàâíåíèÿ

u(x)− w(x)

b∫

a

w(s)u1/3(s) ds = 0

ñ óáûâàþùåé íåëèíåéíîñòüþ F (s, u) = −u1/3 è âûðîæäåííûì ÿäðîìK(x, s) = w(x) · w(s) ñ
w(x) ∈ L4/3(a, b), èìåþùåãî äâà ðàçëè÷íûõ ðåøåíèÿ u1(x) = 0 è

u2(x) = w(x)




b∫

a

w4/3(s) ds




3/2

â ïðîñòðàíñòâå L4/3(a, b), ïîêàçûâàåò, ÷òî óòâåðæäåíèå

î åäèíñòâåííîñòè ðåøåíèÿ â òåîðåìå 3 èç [19] íå âûïîëíÿåòñÿ.
Ðàññìîòðèì òåïåðü èíòåãðàëüíîå óðàâíåíèå, â êîòîðîå îïåðàòîð ñâåðòêè H âõîäèò íåëè-

íåéíî. Â ýòîì ñëó÷àå, â îòëè÷èå îò òåîðåì 1 è 2, íà íåëèíåéíîñòü F (x, u) íàêëàäûâàþòñÿ
óñëîâèÿ, îáåñïå÷èâàþùèå äåéñòâèå îïåðàòîðà Íåìûöêîãî F èç ñîïðÿæåííîãî ïðîñòðàí-
ñòâà Lp′(−π, π) â èñõîäíîå ïðîñòðàíñòâî Lp(−π, π), â êîòîðîì èùóòñÿ ðåøåíèÿ, à òàêæå
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åãî íåïðåðûâíîñòü, ñòðîãóþ ìîíîòîííîñòü è êîýðöèòèâíîñòü. Âàæíóþ ðîëü ïðè èññëåäî-
âàíèè òàêîãî óðàâíåíèÿ èãðàþò ñóùåñòâîâàíèå, ñòðîãàÿ ìîíîòîííîñòü è êîýðöèòèâíîñòü
îáðàòíîãî îïåðàòîðà F−1.

Òåîðåìà 3. Ïóñòü 1 < p < ∞, ÿäðî h(x) óäîâëåòâîðÿåò óñëîâèÿì (2) è (3), à íåëè-
íåéíîñòü F (x, u) äëÿ ïî÷òè âñåõ x ∈ [−π, π] è âñåõ u ∈ R óäîâëåòâîðÿåò óñëîâèÿì:

3.4) |F (x, u)| 6 g(x) + d3|u|1/(p−1), ãäå g(x) ∈ L+
p (−π, π), d3 > 0;

3.5) F (x, u) ñòðîãî âîçðàñòàåò ïî u ïî÷òè ïðè êàæäîì x;

3.6) F (x, u) · u ≥ d4|u|p/(p−1) −D(x), ãäå D(x) ∈ L+
1 (−π, π), d4 > 0.

Òîãäà ïðè ëþáûõ λ ≥ 0 è f(x) ∈ Lp(−π, π) óðàâíåíèå

u(x) + λ · F


x,

π∫

−π

h(x− t)u(t) dt


 = f(x) (13)

èìååò åäèíñòâåííîå ðåøåíèå u∗(x) ∈ Lp(−π, π). Êðîìå òîãî, åñëè â óñëîâèÿõ 3.4) è 3.6)
g(x) = D(x) = 0, òî ñïðàâåäëèâà îöåíêà

‖u∗ − f‖p 6 λ ·
[
dp3 · d−14 · cp,h · ‖f‖p

]1/(p−1)
,

ãäå êîíñòàíòà cp,h îïðåäåëåíà â (5).

Äîêàçàòåëüñòâî. Ïðè λ = 0 óòâåðæäåíèÿ òåîðåìû î÷åâèäíû, ïîýòîìó ñ÷èòàåì äàëåå, ÷òî
λ > 0. Â ñèëó ëåììû 1, îïåðàòîð H äåéñòâóåò èç Lp(−π, π) â Lp′(−π, π), íåïðåðûâåí è ïî-
ëîæèòåëåí. Èç óñëîâèé 3.4)-3.6) âûòåêàåò, ÷òî îïåðàòîð F äåéñòâóåò îáðàòíî èç Lp′(−π, π)
â Lp(−π, π), íåïðåðûâåí, ñòðîãî ìîíîòîíåí è êîýðöèòèâåí. Ñëåäîâàòåëüíî, ïî ëåììå 2.1 èç
[11], îïåðàòîð F èìååò îáðàòíûé F−1, êîòîðûé äåéñòâóåò èç Lp(−π, π) â Lp′(−π, π), õåìè-
íåïðåðûâåí è ñòðîãî ìîíîòîíåí, ïðè÷åì lim

‖v‖p→∞
〈F−1v, v〉 · ‖v‖−1p =∞. Çàïèøåì óðàâíåíèå

(13) â îïåðàòîðíîì âèäå: u+ λ ·FHu = f . Ïîëàãàÿ â íåì f − u = λ · v è ïðèìåíÿÿ çàòåì ê
îáåèì ÷àñòÿì ïîëó÷èâøåãîñÿ óðàâíåíèÿ îáðàòíûé îïåðàòîð F−1, ïðèõîäèì ê óðàâíåíèþ

Φv = Hf, ãäå Φv = F−1v + λ ·Hv. (14)

Â ñèëó óêàçàííûõ ñâîéñòâ îïåðàòîðîâ F−1 è H, îïåðàòîð Φ äåéñòâóåò èç Lp(−π, π)
â Lp′(−π, π), õåìèíåïðåðûâåí è ñòðîãî ìîíîòîíåí, ïðè÷åì

〈Φv, v〉
‖v‖p

≥ 〈F
−1v, v〉
‖v‖p

→∞ ïðè ‖v‖p →∞.

Çíà÷èò, ïî òåîðåìå Áðàóäåðà-Ìèíòè, óðàâíåíèå (14) èìååò åäèíñòâåííîå ðåøåíèå
v∗(x) ∈ Lp(−π, π). Íî òîãäà óðàâíåíèå (13) èìååò ðåøåíèå u∗ = f − λ · v∗ ∈ Lp(−π, π).
Ïîêàæåì, ÷òî ýòî ðåøåíèå u∗ åäèíñòâåííî. Ïðåäïîëîæèì ïðîòèâíîå, ò.å. ÷òî óðàâíåíèå
(13) èìååò äâà ðàçëè÷íûõ ðåøåíèÿ u1, u2 ∈ Lp(−π, π). Òîãäà ñïðàâåäëèâû ðàâåíñòâà:

u1 + λ · FHu1 = f è u2 + λ · FHu2 = f . (15)

Èç (15), ïóòåì âû÷èòàíèÿ ïåðâîãî ðàâåíñòâà èç âòîðîãî, èìååì:

u2 − u1 + λ · FHu2 − λ · FHu1 = 0

è, çíà÷èò,
〈u2 − u1 + λ · FHu2 − λ · FHu1, Hu2 −Hu1〉 = 0

èëè
〈u2 − u1, Hu2 −Hu1〉+ λ · 〈FHu2 − FHu1, Hu2 −Hu1〉 = 0.

Íî ïîñëåäíåå ðàâåíñòâî íåâîçìîæíî, òàê êàê ïåðâîå ñëàãàåìîå â ëåâîé ÷àñòè íåîòðèöà-
òåëüíî, â ñèëó ïîëîæèòåëüíîñòè îïåðàòîðà H, à âòîðîå ñëàãàåìîå ñòðîãî ïîëîæèòåëüíî, â
ñèëó ñòðîãîé ìîíîòîííîñòè îïåðàòîðà F è òîãî, ÷òîHu1 6= Hu2. Ïîêàæåì, ÷òîHu1 6= Hu2.
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Â ñàìîì äåëå, åñëè ïðåäïîëîæèòü ïðîòèâíîå, ÷òî Hu1 = Hu2 , òî èç (15) ñëåäóåò, ÷òî
u1 + λ · FHu2 = f è u2 + λ · FHu2 = f , îòêóäà, ïóòåì âû÷èòàíèÿ ëåâûõ è ïðàâûõ ÷àñòåé,
ïîëó÷àåì u1 − u2 = 0 � ÷òî ïðîòèâîðå÷èò òîìó, ÷òî u1 è u2 ðàçëè÷íû.
Îñòàëîñü äîêàçàòü îöåíêó íîðìû ðåøåíèÿ. Ïîëîæèì ψ = F−1v∗. Òîãäà Fψ = v∗. Òàê

êàê F−1v∗ + λ ·Hv∗ = Hf , òî â ñèëó ëåììû 1 è ðàâåíñòâ g(x) = D(x) = 0, èìååì

d4‖ψ‖p
′

p′ 6 〈Fψ, ψ〉 = 〈v∗, F−1v∗〉 6 〈v∗, F−1v∗〉+ λ〈v∗, Hv∗〉 =

= 〈Fψ,Hf〉 6 ‖Fψ‖p‖Hf‖p′ 6 cp,h‖Fψ‖p‖f‖p 6 cp,hd3‖ψ‖p
′−1
p′ ‖f‖p.

Ñëåäîâàòåëüíî,
‖ψ‖p′ 6 d3d

−1
4 cp,h‖f‖p. (16)

Ïîñêîëüêó ‖v∗‖p = ‖Fψ‖p 6 d3 · ‖ψ‖p
′−1
p′ è v∗ = λ−1 · (f − u∗), òî

‖f − u∗‖p 6 λd3‖ψ‖1/(p−1)p′ ,

îòêóäà ñ ó÷åòîì íåðàâåíñòâà (16) ïîëó÷àåì äîêàçûâàåìóþ îöåíêó íîðìû ðåøåíèÿ.

Ñëåäñòâèå 3. Ïóñòü ÿäðî h(x) ∈ L2(−π, π) è óäîâëåòâîðÿåò óñëîâèþ (3). Òîãäà óðàâ-
íåíèå

u(x) +




π∫

−π

h(x− t)u(t) dt




3

= f(x)

èìååò åäèíñòâåííîå ðåøåíèå u∗ ∈ L4/3(−π, π) ïðè ëþáîì f(x) ∈ L4/3(−π, π), ïðè÷åì

‖u∗‖p 6 (‖h‖2‖f‖p)3.
Çàìåòèì, ÷òî èç îöåíîê äëÿ íîðì ðåøåíèé, äîêàçàííûõ â òåîðåìàõ 1�3, íåïîñðåäñòâåí-

íî âûòåêàåò, ÷òî ïðè óñëîâèÿõ ýòèõ òåîðåì îäíîðîäíûå (ò.å. ïðè f(x) = 0) óðàâíåíèÿ,
ñîîòâåòñòâóþùèå óðàâíåíèÿì (11)�(13), èìåþò ëèøü íóëåâîå ðåøåíèå u∗(x) = 0.

4. Ïðèáëèæåííîå ðåøåíèå. Ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé

Òåîðåìû 1�3 íå ñîäåðæàò èíôîðìàöèè î òîì, êàê ìîæíî íàéòè ðåøåíèÿ óðàâíåíèé
(11)�(13). Â ýòîì ïóíêòå ïðè p = 2 è áîëåå æåñòêèõ, ÷åì ï. 3, îãðàíè÷åíèÿõ íà íåëèíåé-
íîñòü äîêàçûâàåòñÿ íå òîëüêî ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèé ðàññìàòðèâàåìûõ
íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé òèïà ñâåðòêè, íî è îáîñíîâûâàåòñÿ âîçìîæíîñòü íà-
õîæäåíèÿ ýòèõ ðåøåíèé ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé ïèêàðîâñêîãî òèïà áåç
îãðàíè÷åíèé íà âåëè÷èíó ÷èñëîâîãî ïàðàìåòðà λ. Âñþäó íèæå, êàê îáû÷íî, ïðåäïîëàãà-
åòñÿ, ÷òî íåëèíåéíîñòü F (x, u) óäîâëåòâîðÿåò óñëîâèÿì Êàðàòåîäîðè (ñì. ï. 3).
Äàëåå íàì ïîíàäîáèòñÿ ñëåäóþùàÿ òåîðåìà, ÿâëÿþùàÿñÿ ñëåäñòâèåì èçâåñòíûõ ðåçóëü-

òàòîâ, äîêàçàííûõ â ìîíîãðàôèè [14].

Òåîðåìà 4. Ïóñòü H � âåùåñòâåííîå ãèëüáåðòîâî ïðîñòðàíñòâî, è îïåðàòîð A äåé-
ñòâóåò èç H â H. Åñëè ñóùåñòâóþò ïîñòîÿííûå m > 0 è M > 0 (M > m) òàêèå, ÷òî
äëÿ ëþáûõ u, v ∈ H âûïîëíÿþòñÿ íåðàâåíñòâà:

‖Au− Av‖H 6M · ‖u− v‖H , (Au− Av, u− v) ≥ m · ‖u− v‖2H , (17)

òî îïåðàòîðíîå óðàâíåíèå Au = f èìååò åäèíñòâåííîå ðåøåíèå u∗ ∈ H ïðè ëþáîì
f ∈ H. Ýòî ðåøåíèå ìîæíî íàéòè ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé, êîòîðûå
îïðåäåëÿþòñÿ ïî ôîðìóëå:

un = un−1 −
m

M2
· (Aun−1 − f), n ∈ N, (18)

è äëÿ êîòîðûõ èìååò ìåñòî ñëåäóþùàÿ îöåíêà ïîãðåøíîñòè:

‖un − u∗‖H 6 m

M2
· αn

1− α · ‖Au0 − f‖H , (19)
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ãäå α =
√

1−m2 ·M−2, u0 ∈ H � ïðîèçâîëüíûé ýëåìåíò.
Åñëè, äîïîëíèòåëüíî, A ÿâëÿåòñÿ ïîòåíöèàëüíûì îïåðàòîðîì, òî ýòî ðåøåíèå ìîæ-

íî íàéòè ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé, êîòîðûå îïðåäåëÿþòñÿ ïî ôîðìóëå:

un = un−1 −
2

M +m
· (Aun−1 − f), n ∈ N, (20)

è äëÿ êîòîðûõ èìååò ìåñòî ñëåäóþùàÿ îöåíêà ïîãðåøíîñòè:

‖un − u∗‖H 6 2

M +m
· αn

1− α · ‖Au0 − f‖H , (21)

ãäå α = (M −m)/(M +m).

Äîêàçàòåëüñòâî. Òàê êàê îïåðàòîð A óäîâëåòâîðÿåò äâóñòîðîííèì îöåíêàì (17), òî èç
òåîðåìû 1.4 [11] âûòåêàåò, ÷òî óðàâíåíèå Au = f èìååò åäèíñòâåííîå ðåøåíèå u∗ ∈ H è åãî
ìîæíî íàéòè ïî èòåðàöèîííîé ôîðìóëå (18) ñ îöåíêîé ïîãðåøíîñòè (19). Åñëè îïåðàòîð
A ÿâëÿåòñÿ åùå è ïîòåíöèàëüíûì, òî ïî òåîðåìå 1.7 [11] ýòî ðåøåíèå ìîæíî íàéòè ïî
èòåðàöèîííîé ôîðìóëå (20) ñ îöåíêîé ïîãðåøíîñòè (21).

Çàìå÷àíèå 3. Â ñèëó íåðàâåíñòâà Êîøè-Áóíÿêîâñêîãî, îäíîâðåìåííîå âûïîëíåíèå íåðà-
âåíñòâ èç (17) âîçìîæíî ëèøü ïðè óñëîâèè, ÷òî m 6M . Ïîýòîìó, òàê êàê ïðè m < M

M −m
M +m

<

√
M −m
M +m

<
M +m

M
·
√
M −m
M +m

=

√
1− m2

M2
,

ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ (20) ñõîäÿòñÿ ê ðåøåíèþ u∗ çíà÷èòåëüíî áûñòðåå, ÷åì
(18), ò.å. ïðè n→∞ ïðàâàÿ ÷àñòü â (21) ñòðåìèòñÿ ê íóëþ áûñòðåå, ÷åì â (19).
Òåîðåìà 4 íåïîñðåäñòâåííî ïðèìåíèìà ê óðàâíåíèÿì âèäà (11). Ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 5. Ïóñòü ÿäðî h(x) ∈ L1(−π, π) è óäîâëåòâîðÿåò óñëîâèþ (3). Åñëè äëÿ ïî-
÷òè âñåõ x ∈ [−π, π] è âñåõ u1, u2 ∈ R íåëèíåéíîñòü F (x, u) óäîâëåòâîðÿåò óñëîâèÿì:

4.1) ñóùåñòâóåò ïîñòîÿííàÿ M > 0 òàêàÿ, ÷òî âûïîëíÿåòñÿ íåðàâåíñòâî:

|F (x, u1)− F (x, u2)| 6M · |u1 − u2| ;

4.2) ñóùåñòâóåò ïîñòîÿííàÿ m > 0 òàêàÿ, ÷òî âûïîëíÿåòñÿ íåðàâåíñòâî:

[F (x, u1)− F (x, u2)] · [u1 − u2] ≥ m · |u1 − u2|2 ,

òî ïðè ëþáîì λ > 0 è ëþáîì f(x) ∈ L2(−π, π) óðàâíåíèå (11) èìååò åäèíñòâåííîå ðåøå-
íèå u∗(x) ∈ L2(−π, π). Ýòî ðåøåíèå ìîæíî íàéòè ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëè-
æåíèé, êîòîðûå îïðåäåëÿþòñÿ ïî ôîðìóëå:

un = un−1 − µ · (λ · Fun−1 +Hun−1 − f), n ∈ N , (22)

ãäå µ = λ ·m ·
(
λ ·M + ‖h‖1

)−2
, ñ îöåíêîé ïîãðåøíîñòè:

‖un − u∗‖2 6 µ · αn

1− α · ‖λ · Fu0 +Hu0 − f‖2 , (23)

ãäå α =
√

1− λ2m2(λ ·M + ‖h‖1)−2, u0(x) ∈ L2(−π, π) � íà÷àëüíîå ïðèáëèæåíèå (ïðî-
èçâîëüíàÿ ôóíêöèÿ). Åñëè, äîïîëíèòåëüíî, ÿäðî h(x) ÿâëÿåòñÿ ÷åòíîé ôóíêöèåé, òî
ðåøåíèå u∗(x) ìîæíî íàéòè ïî ôîðìóëå (22), ãäå µ = 2/[λ · (M + m) + ‖h‖1], ñ îöåíêîé
ïîãðåøíîñòè (23), ãäå α = [λ · (M −m) + ‖h‖1]/[λ · (M +m) + ‖h‖1].
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Äîêàçàòåëüñòâî. Çàïèøåì óðàâíåíèå (11) â îïåðàòîðíîì âèäå: Au = f , ãäå
Au = λ · Fu+Hu. Èç óñëîâèé 4.1) è 4.2) âûòåêàåò, ñîîòâåòñòâåííî,
÷òî ∀u(x), v(x) ∈ L2(−π, π) âûïîëíÿþòñÿ íåðàâåíñòâà:

‖Fu− Fv‖2 6M · ‖u− v‖2 , (Fu− Fv, u− v) ≥ m · ‖u− v‖22 , (24)

ò.å. îïåðàòîð F : L2(−π, π) → L2(−π, π) ÿâëÿåòñÿ ëèïøèö-íåïðåðûâíûì è ñèëüíî ìîíî-
òîííûì.
Èñïîëüçóÿ îöåíêè (24), óñëîâèå (3) è íåðàâåíñòâî (4), èìååì:

‖Au− Av‖2 6 λ · ‖Fu− Fv‖2 + ‖H(u− v)‖2 6
(
λ ·M + ‖h‖1

)
· ‖u− v‖2 ,

(Au− Av, u− v) = λ · (Fu− Fv, u− v) + (H(u− v), u− v) ≥ λ ·m · ‖u− v‖22 .
Òàê êàê îïåðàòîð A óäîâëåòâîðÿåò âñåì òðåáîâàíèÿì òåîðåìû 4, òî óðàâíåíèå Au = f ,
à çíà÷èò, è äàííîå óðàâíåíèå (11) èìååò åäèíñòâåííîå ðåøåíèå u∗(x) ∈ L2(−π, π), è ýòî
ðåøåíèå ìîæíî íàéòè ïî èòåðàöèîííîé ôîðìóëå (22) ñ îöåíêîé ïîãðåøíîñòè (23).
Åñëè, äîïîëíèòåëüíî, ïðåäïîëîæèòü, ÷òî ÿäðî h(x) ÿâëÿåòñÿ ÷åòíîé ôóíêöèåé, òî

îïåðàòîð ñâåðòêè H ÿâëÿåòñÿ ïîòåíöèàëüíûì îïåðàòîðîì. Èç óñëîâèÿ 4.1) âûòåêàåò
[15, c. 89 è 214], ÷òî îïåðàòîð ñóïåðïîçèöèè F òàêæå ÿâëÿåòñÿ ïîòåíöèàëüíûì îïåðà-
òîðîì. Çíà÷èò, îïåðàòîð A = λ · F + H óäîâëåòâîðÿåò âñåì òðåáîâàíèÿì òåîðåìû 4, èç
êîòîðîé, ñîãëàñíî ôîðìóëå (20) è îöåíêå (21), âûòåêàåò, ÷òî â (22) è (23) ìîæíî âçÿòü
µ = 2/[λ · (M +m) + ‖h‖1], α = [λ · (M −m) + ‖h‖1]/[λ · (M +m) + ‖h‖1].
Âàæíî îòìåòèòü (ñì. çàìå÷àíèå 3), ÷òî ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ (22), ñîîòâåò-

ñòâóþùèå ÷åòíîìó ÿäðó h(x), ñõîäÿòñÿ çíà÷èòåëüíî áûñòðåå ê ðåøåíèþ u∗(x).

Ðàññìîòðèì òåïåðü íåëèíåéíûå èíòåãðàëüíûå óðàâíåíèÿ òèïà ñâåðòêè (12) è (13).
Ê óðàâíåíèÿì òàêîãî âèäà ïðèìåíèòü íåïîñðåäñòâåííî òåîðåìó 4 íåëüçÿ, òàê êàê ïðî-
èçâåäåíèå ìîíîòîííûõ îïåðàòîðîâ íå ÿâëÿåòñÿ, âîîáùå ãîâîðÿ, ìîíîòîííûì îïåðàòîðîì.
Ïîýòîìó â ñëó÷àå óðàâíåíèé (12) è (13) óäàåòñÿ ïîñòðîèòü ïîñëåäîâàòåëüíûå ïðèáëèæå-
íèÿ è ïîëó÷èòü îöåíêè ñêîðîñòè èõ ñõîäèìîñòè ê òî÷íîìó ðåøåíèþ ëèøü â òåðìèíàõ
îáðàòíîãî îïåðàòîðà F−1 ê îïåðàòîðó ñóïåðïîçèöèè F .

Òåîðåìà 6. Ïóñòü ÿäðî h(x) ∈ L1(−π, π) è óäîâëåòâîðÿåò óñëîâèþ (3), à íåëèíåé-
íîñòü F (x, u) � óñëîâèÿì 4.1) è 4.2) òåîðåìû 5. Òîãäà ïðè ëþáîì λ > 0 è ëþáîì
f(x) ∈ L2(−π, π) óðàâíåíèå (12) èìååò åäèíñòâåííîå ðåøåíèå u∗(x) ∈ L2(−π, π). Ýòî
ðåøåíèå ìîæíî íàéòè ïî ôîðìóëå: un = F−1vn, n ∈ N, ãäå F−1 � îïåðàòîð, îáðàòíûé
F ,

vn = vn−1 − µ · (F−1vn−1 + λ ·Hvn−1 − f) , (25)

ñ îöåíêîé ïîãðåøíîñòè:

‖un − u∗‖2 6 µ · αn

1− α · ‖F
−1v0 + λ ·Hv0 − f‖2 , (26)

ãäå µ = m/[M2(m−1 + λ‖h‖1)2], α =
√

1−m4M−4(1 + λm‖h‖1)−2, v0(x) ∈ L2(−π, π)
� íà÷àëüíîå ïðèáëèæåíèå (ïðîèçâîëüíàÿ ôóíêöèÿ). Åñëè, äîïîëíèòåëüíî, ÿäðî h(x)
ÿâëÿåòñÿ ÷åòíîé ôóíêöèåé, òî ðåøåíèå u∗(x) ìîæíî íàéòè ïî èòåðàöèîííîé ôîð-
ìóëå (25), ãäå µ = 2/[m−1 + λ · ‖h‖1 + m · M−2] ñ îöåíêîé ïîãðåøíîñòè (26), ãäå
α = [1 + λ · ‖h‖1 −m2 ·M−2]/[1 + λ · ‖h‖1 +m2 ·M−2] .

Äîêàçàòåëüñòâî. Èç óñëîâèé 4.1) è 4.2) ñëåäóåò, ÷òî îïåðàòîð Íåìûöêîãî F äåéñòâó-
åò íåïðåðûâíî èç L2(−π, π) â L2(−π, π) è ñèëüíî ìîíîòîíåí, ïðè÷åì âûïîëíÿþòñÿ íåðà-
âåíñòâà (24). Ïîýòîìó, â ñèëó òåîðåì 1.3 è 1.5 [11], ñóùåñòâóåò îáðàòíûé îïåðàòîð F−1,
êîòîðûé òàê æå, êàê è F, ÿâëÿåòñÿ ïîòåíöèàëüíûì, ïðè÷åì ∀u(x), v(x) ∈ L2(−π, π) âûïîë-
íÿþòñÿ íåðàâåíñòâà:

‖F−1u− F−1v‖2 6 m−1 · ‖u− v‖2 , (27)
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(F−1u− F−1v, u− v) ≥ m ·M−2 · ‖u− v‖22 . (28)

Ðàññìîòðèì òåïåðü óðàâíåíèå (12). Çàïèøåì åãî â îïåðàòîðíîì âèäå:

u+ λ ·H Fu = f . (29)

Ëåãêî âèäåòü, ÷òî åñëè v∗ ∈ L2(−π, π) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

Av = f, ãäå Av = F−1v + λ ·Hv , (30)

òî u∗ = F−1v∗ ∈ L2(−π, π) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (29), ïðè÷åì ýòè ðåøåíèÿ
ÿâëÿþòñÿ åäèíñòâåííûìè â L2(−π, π), òàê êàê F è F−1 ÿâëÿþòñÿ ñòðîãî ìîíîòîííû-
ìè îïåðàòîðàìè. Äàëåå, òàê êàê â ñèëó íåðàâåíñòâ (27), (28), óñëîâèÿ (3) è îöåíêè (4),
∀u(x), v(x) ∈ L2(−π, π) âûïîëíÿþòñÿ íåðàâåíñòâà:

‖Au− Av‖2 6 ‖F−1u− F−1v‖2 + λ · ‖H(u− v)‖2 6
6
(
m−1 + λ · ‖h‖1

)
· ‖u− v‖2 , (31)

(Au− Av, u− v) = (F−1u− F−1v, u− v) + λ · (H(u− v), u− v) ≥
≥ m ·M−2 · ‖u− v‖22 , (32)

òî îïåðàòîð A óäîâëåòâîðÿåò âñåì òðåáîâàíèÿì òåîðåìû 4. Ñëåäîâàòåëüíî, óðàâíåíèå (30)
èìååò åäèíñòâåííîå ðåøåíèå v∗(x) ∈ L2(−π, π), è ýòî ðåøåíèå ìîæíî íàéòè ïî èòåðàöèîí-
íîé ôîðìóëå (25) ñ îöåíêîé ïîãðåøíîñòè

‖vn − v∗‖2 6
m ·M−2

(m−1 + λ · ‖h‖1)2
· αn

1− α · ‖F
−1v0 + λ ·Hv0 − f‖2 , (33)

ãäå α =
√

1−m4 ·M−4 · (1 + λ ·m · ‖h‖1)−2. Ïîñêîëüêó, â ñèëó íåðàâåíñòâà (27),
‖un − u∗‖2 = ‖F−1vn − F−1v∗‖2 6 m−1 · ‖vn − v∗‖2 ,

òî èç (33) ëåãêî ïîëó÷àåì îöåíêó (26) � ÷òî è òðåáîâàëîñü.
Åñëè, äîïîëíèòåëüíî, ÿäðî h(x) ÿâëÿåòñÿ ÷åòíîé ôóíêöèåé, òî îïåðàòîð ñâåðòêè H

ÿâëÿåòñÿ ïîòåíöèàëüíûì. Çíà÷èò, îïåðàòîð A óäîâëåòâîðÿåò âñåì òðåáîâàíèÿì òåîðåìû 4,
èç êîòîðîé ñîãëàñíî ôîðìóëå (20) è îöåíêå (21) âûòåêàåò, ÷òî â (25) è (26) ìîæíî âçÿòü
µ = 2/[m−1 + λ · ‖h‖1 +m ·M−2] è α = [1 + λ · ‖h‖1−m2 ·M−2]/[1 + λ · ‖h‖1 +m2 ·M−2].

Äîêàæåì, íàêîíåö, ñëåäóþùóþ òåîðåìó.

Òåîðåìà 7. Ïóñòü ÿäðî h(x) ∈ L1(−π, π) è óäîâëåòâîðÿåò óñëîâèþ (3), à íåëèíåé-
íîñòü F (x, u) � óñëîâèÿì 4.1) è 4.2) òåîðåìû 5. Òîãäà ïðè ëþáîì λ > 0 è ëþáîì
f(x) ∈ L2(−π, π) óðàâíåíèå (13) èìååò åäèíñòâåííîå ðåøåíèå u∗(x) ∈ L2(−π, π). Ýòî
ðåøåíèå ìîæíî íàéòè ïî èòåðàöèîííîé ôîðìóëå:

un = un−1 + λ · µ ·
(
F−1(λ−1(f − un−1))−Hun−1

)
, (34)

ãäå µ = m ·M−2/(m−1 + λ · ‖h‖1)2, ñ îöåíêîé ïîãðåøíîñòè:

‖un − u∗‖2 6 λ · µ · αn

1− α · ‖F
−1(λ−1(f − u0))−Hu0‖2 , (35)

ãäå α =
√

1−m4 ·M−4 · (1 + λ ·m · ‖h‖1)−2, u0(x) ∈ L2(−π, π) � íà÷àëüíîå ïðèáëèæåíèå
(ïðîèçâîëüíàÿ ôóíêöèÿ). Åñëè, äîïîëíèòåëüíî, ÿäðî h(x) ÿâëÿåòñÿ ÷åòíîé ôóíêöèåé, òî
ðåøåíèå u∗(x) ìîæíî íàéòè ïî èòåðàöèîííîé ôîðìóëå (34), ãäå µ = 2/[m−1+λ·‖h‖1+m·
M−2] ñ îöåíêîé ïîãðåøíîñòè (35), ãäå α = [1 +λ · ‖h‖1−m2 ·M−2]/[1 +λ · ‖h‖1 +m2 ·M−2].
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Äîêàçàòåëüñòâî. Èç óñëîâèé 4.1) è 4.2) ñëåäóåò (ñì. äîêàçàòåëüñòâî òåîðåìû 6), ÷òî îïå-
ðàòîð ñóïåðïîçèöèè F èìååò îáðàòíûé îïåðàòîð F−1, ïðè÷åì îáà îïåðàòîðà ÿâëÿþòñÿ ïî-
òåíöèàëüíûìè è âûïîëíÿþòñÿ íåðàâåíñòâà (24), (27) è (28). Ðàññìîòðèì óðàâíåíèå (13).
Çàïèøåì åãî â îïåðàòîðíîì âèäå:

u+ λ · F Hu = f . (36)

Ëåãêî âèäåòü, ÷òî åñëè v∗ ∈ L2(−π, π) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

F−1v + λ ·Hv = Hf , (37)

òî u∗ = f − λ · v∗ ∈ L2(−π, π) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (36), ò.å. äàííîãî óðàâíåíèÿ
(13).
Çàìå÷àÿ, ÷òî óðàâíåíèå (37) èìååò òàêîé æå âèä, ÷òî è óðàâíåíèå (30) (ñ Hf âìåñòî f),

ïîëó÷àåì (ñì. äîêàçàòåëüñòâî òåîðåìû 6), ÷òî óðàâíåíèå (37) èìååò åäèíñòâåííîå ðåøåíèå
v∗ ∈ L2(−π, π), è ýòî ðåøåíèå ìîæíî íàéòè ïî èòåðàöèîííîé ôîðìóëå âèäà (25):

vn = vn−1 −
m ·M−2

(m−1 + λ · ‖h‖1)2
· (F−1vn−1 + λ ·Hvn−1 −Hf) , (38)

ñ îöåíêîé ïîãðåøíîñòè âèäà (33):

‖vn − v∗‖2 6
m ·M−2

(m−1 + λ · ‖h‖1)2
· αn

1− α · ‖F
−1v0 + λ ·Hv0 −Hf‖2 , (39)

ãäå α =
√

1−m4 ·M−4 · (1 + λ ·m · ‖h‖1)−2.
Èç (38) è (39), óìíîæàÿ íà λ è ó÷èòûâàÿ çàòåì, ÷òî λ · v∗ = f − u∗ è λ · vn−1 = f − un−1,

ëåãêî ïîëó÷àåì ôîðìóëó (34) è îöåíêó (35).
Äàëåå, åñëè ÿäðî h(x) ÿâëÿåòñÿ ÷åòíîé ôóíêöèåé, òî, â ñèëó óêàçàííîé ñâÿçè ìåæäó

óðàâíåíèÿìè (37) è (30), èç äîêàçàòåëüñòâà òåîðåìû 6 î÷åâèäíûì îáðàçîì âûòåêàåò, ÷òî
â (34) è (35) ìîæíî âçÿòü

µ =
2

m−1 + λ · ‖h‖1 +m ·M−2 è α =
1 + λ · ‖h‖1 −m2 ·M−2

1 + λ · ‖h‖1 +m2 ·M−2 .

5. Ïðèáëèæåííîå ðåøåíèå. Ãðàäèåíòíûé ìåòîä

Â ï. 4 áûëè ðàññìîòðåíû âîïðîñû, êàñàþùèåñÿ ïðèáëèæåííîãî ðåøåíèÿ óðàâíåíèé òè-
ïà ñâåðòêè (11)�(13) ñ íåëèíåéíîñòÿìè îáùåãî âèäà â ïðîñòðàíñòâàõ Ëåáåãà ïðè p = 2.
Ìåòîäû, èñïîëüçîâàííûå ïðè ýòîì, îêàçûâàþòñÿ íå ïðèãîäíûìè ïðè p 6= 2, òàê êàê â ýòîì
ñëó÷àå íå óäàåòñÿ êîìáèíèðîâàòü ïðèíöèï ñæèìàþùèõ îòîáðàæåíèé, â êîòîðîì òðåáóåò-
ñÿ, ÷òîáû îïåðàòîð îòîáðàæàë äàííîå ïðîñòðàíñòâî â ñåáÿ, ñ ïðèíöèïîì Áðàóäåðà-Ìèíòè,
â êîòîðîì òðåáóåòñÿ, ÷òîáû îïåðàòîð îòîáðàæàë äàííîå ïðîñòðàíñòâî â ñîïðÿæåííîå ñ
íèì ïðîñòðàíñòâî. Â ýòîì ïóíêòå áóäåò ïîêàçàíî, ÷òî åñëè îãðàíè÷èòüñÿ ðàññìîòðåíèåì
óðàâíåíèé òèïà ñâåðòêè ñ íå÷åòíîñòåïåííîé íåëèíåéíîñòüþ âèäà up−1, òî òàêèå óðàâíå-
íèÿ ìîæíî ïðèáëèæåííî ðåøàòü â ïðîñòðàíñòâàõ Ëåáåãà Lp(−π, π) ïðè ÷åòíûõ p > 2. Ïðè
ýòîì, â îòëè÷èå îò ï. 4, èñïîëüçóåòñÿ îäèí èç ìåòîäîâ òåîðèè ïîòåíöèàëüíûõ ìîíîòîííûõ
îïåðàòîðîâ, èçâåñòíûé êàê ìåòîä íàèñêîðåéøåãî ñïóñêà èëè ãðàäèåíòíûé ìåòîä.

Îïðåäåëåíèå 4. Áàíàõîâî ïðîñòðàíñòâî X íàçûâàåòñÿ ñòðîãî âûïóêëûì, åñëè
∀u, v ∈ X èç òîãî, ÷òî u 6= v, ‖u‖ 6 1, ‖v‖ 6 1 ñëåäóåò, ÷òî ‖u+ v‖ < 2.

Îïðåäåëåíèå 5. Îïåðàòîð J : X → X∗, ãäå X∗ ñòðîãî âûïóêëîå ïðîñòðàíñòâî, íà-
çûâàåòñÿ äóàëèçóþùèì îòîáðàæåíèåì, åñëè äëÿ ëþáîãî u ∈ X âûïîëíÿþòñÿ ðàâåíñòâà
〈Ju, u〉 = ‖u‖2 = ‖Ju‖2∗.
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Çàìåòèì, ÷òî óñëîâèå ñòðîãîé âûïóêëîñòè ñîïðÿæåííîãî ïðîñòðàíñòâà X∗ â îïðå-
äåëåíèè 5 îáåñïå÷èâàåò [13, c. 312�313] åäèíñòâåííîñòü äóàëèçóþùåãî îòîáðàæåíèÿ
J : X → X∗, ïðè÷åì J ÿâëÿåòñÿ [14, c. 115] ïîòåíöèàëüíûì îïåðàòîðîì ñ ïîòåíöèàëîì
f(u) = 1

2
‖u‖2.

Äàëåå íàì ïîíàäîáèòñÿ ñëåäóþùàÿ òåîðåìà, ÿâëÿþùàÿñÿ ñëåäñòâèåì èçâåñòíûõ ðåçóëü-
òàòîâ, äîêàçàííûõ â ìîíîãðàôèè [14].

Òåîðåìà 8. Ïóñòü X � âåùåñòâåííîå ðåôëåêñèâíîå áàíàõîâî ïðîñòðàíñòâî è
A : X → X∗ � õåìèíåïðåðûâíûé ðàâíîìåðíî ìîíîòîííûé êîýðöèòèâíûé îïåðàòîð. Òîãäà
óðàâíåíèå Au = f èìååò åäèíñòâåííîå ðåøåíèå u∗ ∈ X ïðè ëþáîì f ∈ X∗. Êðîìå òîãî,
åñëè X è X∗ ñòðîãî âûïóêëûå ïðîñòðàíñòâà, à îïåðàòîð A ÿâëÿåòñÿ ïîòåíöèàëüíûì
îãðàíè÷åííî ëèïøèö-íåïðåðûâíûì, òî ïîñëåäîâàòåëüíîñòü un+1 = un − δn · J∗(Aun − f),
ãäå δn = min{1, 2/[ε + µ(‖un‖ + ‖Aun − f‖∗)]}, n = 0, 1, 2, 3, . . . , J∗ : X∗ → X � äóàëè-
çóþùåå îòîáðàæåíèå äëÿ X∗, ε > 0 � ïðîèçâîëüíîå ÷èñëî, ñõîäèòñÿ ê u∗ ïî íîðìå
ïðîñòðàíñòâà X.

Äîêàçàòåëüñòâî. Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ u∗ âûòåêàåò èç òåîðåìû
Áðàóäåðà-Ìèíòè, à ñèëüíàÿ ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè {un} ê u∗ ïî óêàçàííîé ñõå-
ìå � èç òåîðåìû 4.2 [14, c. 122] è çàìå÷àíèÿ 4.13 [14, c. 125], ïîñêîëüêó âñÿêèé ðàâíîìåðíî
ìîíîòîííûé îïåðàòîð ÿâëÿåòñÿ ñòðîãî ìîíîòîííûì îïåðàòîðîì è îáëàäàåò (S)-ñâîéñòâîì
[14, c. 80�81].

Óêàçàííûé â òåîðåìå 8 ñïîñîá ïðèáëèæåííîãî íàõîæäåíèÿ ðåøåíèÿ u∗ èçâåñòåí [14]
êàê ìåòîä íàèñêîðåéøåãî ñïóñêà (èëè ãðàäèåíòíûé ìåòîä, òàê êàê J∗v = ‖v‖∗ · grad ‖v‖∗,
∀v ∈ X∗).
Òåîðåìà 8, â îòëè÷èå îò òåîðåìû 4, ïðèìåíèìà ê èíòåãðàëüíûì óðàâíåíèÿì òèïà ñâåðò-

êè ñî ñòåïåííûìè íåëèíåéíîñòÿìè. À èìåííî, ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà, ñîãëàñó-
þùàÿñÿ ñî ñëåäñòâèåì 1.

Òåîðåìà 9. Ïóñòü α = r/s ∈ [1,∞), ãäå r, s = 1, 3, 5, . . . � íå÷åòíûå ÷èñëà,
f(x) ∈ L1+1/α(−π, π), h(x) ∈ L1(−π, π) è âûïîëíåíî óñëîâèå (3). Òîãäà óðàâíåíèå

uα(x) +

π∫

−π

h(x− t)u(t) dt = f(x) (40)

èìååò åäèíñòâåííîå ðåøåíèå u∗(x) ∈ L1+α(−π, π). Åñëè, äîïîëíèòåëüíî, ÿäðî h(x) ÿâëÿ-
åòñÿ ÷åòíîé ôóíêöèåé è α > 1 � íå÷åòíîå ÷èñëî, òî ýòî ðåøåíèå ìîæåò áûòü íàéäåíî
ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé ïî ôîðìóëå:

un+1 = un − δn · ‖Aun − f‖1−1/α1+1/α · |Aun − f |−1+1/α · [Aun − f ], (41)

ãäå n = 0, 1, 2, 3, ... , u0(x) ∈ L1+α(−π, π) � ïðîèçâîëüíàÿ ôóíêöèÿ (íà÷àëüíîå ïðèáëèæå-
íèå), Au = uα +Hu,

δn = min


1,

2

ε+ α ·
(
‖un‖1+α + ‖Aun − f‖1+1/α

)α−1
+ γ · ‖h‖1


 , (42)

ε > 0 � ëþáîå ÷èñëî, γ = (2π)2α/(α+1).

Äîêàçàòåëüñòâî. Çàïèøåì óðàâíåíèå (40) â îïåðàòîðíîì âèäå:

Au = f, ãäå Au = uα +Hu. (43)

Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ u∗(x) ∈ L1+α(−π, π) óðàâíåíèÿ (43) âûòåêàåò
èç òåîðåìû 1, â êîòîðîé ñëåäóåò âçÿòü p = 1 + α, λ = 1, F (x, u) = uα è α = r/s.
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Îñòàëîñü äîêàçàòü îñíîâíîå óòâåðæäåíèå òåîðåìû î òîì, ÷òî ïîñëåäîâàòåëüíîñòü (41)
ñõîäèòñÿ ê u∗(x) ïî íîðìå ïðîñòðàíñòâà L1+α(−π, π). Äëÿ ýòîãî âîñïîëüçóåìñÿ òåîðåìîé 8.
Ïî ëåììå 1 ïðè p = α+ 1 ≥ 2 ïîëó÷àåì, ÷òî îïåðàòîð ñâåðòêè H äåéñòâóåò íåïðåðûâíî

èç L1+α(−π, π) â L1+1/α(−π, π), ïðè÷åì

‖Hu‖1+1/α 6 γ · ‖h‖1 · ‖u‖1+α , ãäå γ = (2π)2α/(α+1). (44)

Ïîñêîëüêó uα(x) ∈ L1+1/α(−π, π), òî îïåðàòîð A òàêæå äåéñòâóåò èç L1+α(−π, π) â
L1+1/α(−π, π). Ïîêàæåì, ÷òî îïåðàòîð A ÿâëÿåòñÿ îãðàíè÷åííî ëèïøèö-íåïðåðûâíûì. Äëÿ
ëþáûõ u, v ∈ L1+α(−π, π) èìååì

‖Au− Av‖1+1/α 6 ‖uα − vα‖1+1/α + ‖H(u− v)‖1+1/α = I1 + I2 .

Òàê êàê |tα − sα| 6 (α/2) · |t− s| · (tα−1 + sα−1) , ∀t, s ∈ R è íå÷åòíîì α ≥ 3, òî

I1 6
α

2




π∫

−π

|u(x)− v(x)|1+1/α|uα−1(x) + vα−1(x)|1+1/αdx



α/(α+1)

6

6 α

2
‖u− v‖1+α




π∫

−π

|uα−1(x) + vα−1(x)|(α+1)/(α−1)dx




(α−1)/(α+1)

6

6 α

2
‖u− v‖1+α

(
‖u‖α−11+α + ‖v‖α−11+α

)
6 α · rα−1 · ‖u− v‖1+α ,

ãäå r = max (‖u‖1+α, ‖v‖1+α). Òàêèì îáðàçîì, îöåíèâ I2 ñ ïîìîùüþ íåðàâåíñòâà (44), èìååì

‖Au− Av‖1+1/α 6 µ(r) · ‖u− v‖1+α ,

ãäå µ(r) = α · rα−1 + γ · ‖h‖1 � âîçðàñòàþùàÿ íà [0,∞) ôóíêöèÿ. Çíà÷èò, A � îãðàíè÷åííî
ëèïøèö-íåïðåðûâíûé îïåðàòîð.
Ïîêàæåì òåïåðü, ÷òî A � ðàâíîìåðíî ìîíîòîííûé îïåðàòîð. Èñïîëüçóÿ ëåììó 1 è

íåðàâåíñòâî (tα − sα) · (t − s) ≥ 21−α|t − s|α+1, ñïðàâåäëèâîå äëÿ âñåõ t, s ∈ R è íå÷åòíûõ
α ≥ 3, èìååì

〈Au− Av, u− v〉 ≥
π∫

−π

[uα(x)− vα(x)] · [u(x)− v(x)] dx ≥

≥ 21−α · ‖u− v‖1+α1+α = β(‖u− v‖1+α) , ∀u, v ∈ L1+α(−π, π) ,

ãäå β(s) = 21−α · sα+1 � ñòðîãî âîçðàñòàþùàÿ íà [0,∞) ôóíêöèÿ òàêàÿ, ÷òî β(0) = 0, ò.å.
A � ðàâíîìåðíî ìîíîòîííûé îïåðàòîð.
Äàëåå, ïîñêîëüêó Fu = uα è H � ïîòåíöèàëüíûå îïåðàòîðû (ñì. [13, c. 62]

è çàìå÷àíèå 1), òî îïåðàòîð A òàêæå ÿâëÿåòñÿ ïîòåíöèàëüíûì. Çàìåòèì, íàêîíåö, ÷òî
ïðîñòðàíñòâà L1+α(−π, π) è L1+1/α(−π, π) ÿâëÿþòñÿ ñòðîãî âûïóêëûìè, è äóàëèçóþùåå
îòîáðàæåíèå J∗ äëÿ ïðîñòðàíñòâà L1+1/α(−π, π) èìååò âèä [15]:

J∗w(·) = ‖w‖1−1/α1+1/α · |w(·)|1/α−1 · w(·).

Ñëåäîâàòåëüíî, íà îñíîâàíèè òåîðåìû 8, ïîñëåäîâàòåëüíîñòü (41) ñõîäèòñÿ ê u∗(x) ïî íîð-
ìå ïðîñòðàíñòâà L1+α(−π, π).
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Àííîòàöèÿ. Äëÿ ëèíåéíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ äâîéíûì
âûðîæäåíèåì µ(x)ut = (ρ(x)aij(t, x)uxi)xj â íåîãðàíè÷åííîé îáëàñòè ïîëó÷åíà îöåíêà
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ñå îáëàñòåé âðàùåíèÿ äîêàçàíà îöåíêà ñíèçó. Ïðèâåäåíû ïðèìåðû, ïîêàçûâàþùèå, ÷òî
îöåíêè ñâåðõó è ñíèçó, â îïðåäåëåííîì ñìûñëå, òî÷íû.
Äîêàçûâàåòñÿ ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è â íåîãðàíè÷åííîé

îáëàñòè ìåòîäîì ãàëåðêèíñêèõ ïðèáëèæåíèé.

Êëþ÷åâûå ñëîâà: ïàðàáîëè÷åñêîå óðàâíåíèå c äâîéíûì âûðîæäåíèåì, ñêîðîñòü óáû-
âàíèÿ ðåøåíèÿ, îöåíêè ñâåðõó, ñóùåñòâîâàíèå ðåøåíèÿ.
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1. Ââåäåíèå

Ïóñòü Ω � íåîãðàíè÷åííàÿ îáëàñòü ïðîñòðàíñòâà Rn, x = (x1, x2, ..., xn) ∈ Rn, n ≥ 2. Ðàññìîò-
ðèì â öèëèíäðè÷åñêîé îáëàñòè D = {t > 0 } × Ω ëèíåéíîå óðàâíåíèå âòîðîãî ïîðÿäêà:

µ(x)ut =
n∑

i,j=1

(ρ(x)aij(t, x)uxi)xj , (1)

ãäå âåñà µ(x) > 0 è ρ(x) > 0 � èçìåðèìûå ôóíêöèè, ñóììèðóåìûå íà ëþáîì îãðàíè÷åííîì ïîä-
ìíîæåñòâå Ω: µ, ρ ∈ L1

loc(Ω). Íà ñèììåòðè÷íûå êîýôôèöèåíòû aij = aji íàêëàäûâàåòñÿ óñëîâèå
ðàâíîìåðíîé ýëëèïòè÷íîñòè: ñóùåñòâóþò ïîëîæèòåëüíûå ïîñòîÿííûå γ, γ1 òàêèå, ÷òî äëÿ ëþáîãî
âåêòîðà y ∈ Rn è ïî÷òè âñåõ (t, x) ∈ D ñïðàâåäëèâû íåðàâåíñòâà:

γ|y|2 6
n∑

i,j=1

aij(t, x)yiyj 6 γ1|y|2. (2)

Íà áîêîâîé ãðàíèöå öèëèíäðà D çàäàíî êðàåâîå óñëîâèå Äèðèõëå:

u(t, x)
∣∣∣
Γ

= 0, Γ = (0,∞)× ∂Ω. (3)

Ìû áóäåì èìåòü äåëî ñ îáîáùåííûì ðåøåíèåì çàäà÷è (1), (3) ñ íà÷àëüíûì óñëîâèåì

u(0, x) = ϕ(x) ∈ L2(Ω, µdx). (4)

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ çàâèñèìîñòè ñêîðîñòè óáûâàíèÿ ïðè t → ∞ ðå-
øåíèÿ çàäà÷è (1), (3), (4) îò ãåîìåòðèè íåîãðàíè÷åííîé îáëàñòè Ω è ïîâåäåíèÿ âåñîâ µ, ρ ïðè
x→∞.
Ïåðâûå èññëåäîâàíèÿ çàâèñèìîñòè ñêîðîñòè óáûâàíèÿ ðåøåíèÿ ñìåøàííîé çàäà÷è äëÿ ðàâíî-

ìåðíî ïàðàáîëè÷åñêîãî óðàâíåíèÿ (µ = ρ ≡ 1) âòîðîãî ïîðÿäêà îò ãåîìåòðèè íåîãðàíè÷åííîé

V.F. Vil'danova, On decay of solution to linear parabolic equation with double degeneracy.

c© Âèëüäàíîâà Â.Ô. 2016.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ó÷åíîãî ñîâåòà ÁÃÏÓ èì. Ì.Àêìóëëû äëÿ ìîëîäûõ ó÷¼íûõ.
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îáëàñòè áûëè âûïîëíåíû À.Ê. Ãóùèíûì â ðàáîòàõ [1, 2]. Äëÿ øèðîêîãî êëàññà îáëàñòåé â íèõ
äëÿ ðåøåíèÿ âòîðîé ñìåøàííîé çàäà÷è óñòàíîâëåíà îöåíêà

|u(t, x)| 6
‖ϕ‖L1(Ω)

v(
√
t)

, x ∈ Ω,

ãäå v(r) = mes{x ∈ Ω : |x| < r}. Äîêàçàíà òàêæå òî÷íîñòü ýòîé îöåíêè. Â ÷àñòíîñòè, äëÿ ðåøåíèÿ
çàäà÷è Êîøè ýòà îöåíêà ïðèíèìàåò âèä

|u(t, x)| 6 C
‖ϕ‖L1(Rn)

(
√
t)n

.

Áîëåå ïîëíûå èññëåäîâàíèÿ çàâèñèìîñòè ïîâåäåíèÿ ïðè áîëüøîì çíà÷åíèè âðåìåíè ðåøåíèÿ
âòîðîé ñìåøàííîé çàäà÷è îò ãåîìåòðèè îáëàñòè è îò íà÷àëüíîé ôóíêöèè âûïîëíåíû À.Â. Ëåæ-
íåâûì â [3]. Â.È. Óøàêîâ [4] ïîëó÷èë ðåçóëüòàòû, áëèçêèå ê ðåçóëüòàòàì À.Ê. Ãóùèíà, äëÿ
òðåòüåé ñìåøàííîé çàäà÷è â íåöèëèíäðè÷åñêîé îáëàñòè. Ðàíåå â ðàáîòå [5] Ô.Õ. Ìóêìèíîâûì
áûëà äîêàçàíà îöåíêà ñêîðîñòè óáûâàíèÿ ðåøåíèÿ ïåðâîé ñìåøàííîé çàäà÷è â ñëó÷àå ðàâíîìåð-
íî ïàðàáîëè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà è äîêàçàíà åå òî÷íîñòü â êëàññå íåîãðàíè÷åííûõ
ìîíîòîííî ðàñøèðÿþùèõñÿ îáëàñòåé âðàùåíèÿ. Â ðàáîòå [6] ïîëó÷åíû òî÷íûå îöåíêè ðåøåíèÿ
ïàðàáîëè÷åñêîãî óðàâíåíèÿ ÷åòâåðòîãî è øåñòîãî ïîðÿäêà ñ êðàåâûìè óñëîâèÿìè Ðèêêüå íà áî-
êîâîé ãðàíèöå íåîãðàíè÷åííîé öèëèíäðè÷åñêîé îáëàñòè.
Óïîìÿíåì åù¼ ðàáîòó [7], â êîòîðîé äëÿ êâàçèëèíåéíûõ ïàðàáîëè÷åñêèõ óðàâíåíèé â íåîãðà-

íè÷åííîé îáëàñòè èçó÷àëàñü çàâèñèìîñòü ïîâåäåíèÿ ðåøåíèÿ îò ñòðóêòóðû íåëèíåéíîñòè óðàâ-
íåíèé.
Áîëåå ïîëíûé îáçîð ðåçóëüòàòîâ, ïðèìûêàþùèõ ê òåìå íàøåé ðàáîòû, ìîæíî íàéòè â [6]�[14].
Ïðèñòóïèì ê ôîðìóëèðîâêå íàøåãî ðåçóëüòàòà.
Îïðåäåëèì ôóíêöèè

λ(r) = inf
g∈C∞0 (Ω)

Fr(g), Fr(g) =

∫
Ω[r]

ρ(x)|∇g|2dx
∫

Ω[r]

µg2dx
, (5)

ãäå Ω[r] = {x ∈ Ω | |x| < r};

λ̃(r) = inf
g∈C∞0 (Ω)

∫
Sr

ρ(x)|∇g|2dS
∫
Sr

ρg2dS
, (6)

ãäå Sr = {x ∈ Ω| |x| = r}. Î÷åâèäíî, ÷òî ôóíêöèÿ λ(r) îãðàíè÷åíà íà èíòåðâàëå r > r0, åñëè
ìíîæåñòâî Ω[r0] íå ïóñòî.
Â ñëåäóþùåì óòâåðæäåíèè ðå÷ü èäåò îá îáîáùåííîì ðåøåíèè çàäà÷è (ñì. �2).

Òåîðåìà 1. Ïóñòü u(t, x) � ðåøåíèå çàäà÷è (1), (3), (4) ñ íà÷àëüíîé ôóíêöèåé ϕ, ðàâíîé íóëþ
ïðè |x| > R0. Òîãäà íàéäåòñÿ ÷èñëî ν1 > 0, çàâèñÿùåå òîëüêî îò n, γ1, R0, è T, çàâèñÿùåå åùå

è îò ôóíêöèé λ, λ̃, òàêèå, ÷òî äëÿ âñåõ t > T ñïðàâåäëèâî íåðàâåíñòâî

∫

Ω

µ(x)u2(t, x)dx 6 C exp


−ν1

r(t)∫

R0+1

√
λ̃(s)ds



∫

Ω

µ(x)ϕ2(x)dx, (7)

ãäå r = r(t) � ïðîèçâîëüíàÿ íåïðåðûâíàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ íåðàâåíñòâó

tλ(r) ≥
r∫

R0+1

√
λ̃(s) ds. Ïîñòîÿííàÿ C çàâèñèò îò γ, γ1 è îò ôóíêöèè λ̃.

Èçâåñòíî, ÷òî â ñëó÷àå ïëîñêîãî óãëà Ω = {(r, ψ)| r > 0, 0 < ψ < α} ïðè µ = ρ ≡ 1 óáûâàíèå

ðåøåíèÿ çàäà÷è (1), (3), (4) áóäåò ñòåïåííûì: u(t, x) = O(t−(π/α+1)) (ñì.[5]). Äëÿ òàêèõ ñèòóàöèé
(òî åñòü êîãäà ðåøåíèå óáûâàåò ñòåïåííûì îáðàçîì) îöåíêà (7) äàåò íåàäåêâàòíûé ðåçóëüòàò,
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ïîñêîëüêó òî÷íîå çíà÷åíèå ïîñòîÿííîé ν1 íå îïðåäåëåíî (ò.å. íå îïðåäåëÿåòñÿ òî÷íî ïîêàçàòåëü
ñòåïåíè t).
Åñëè âûïîëíåíî íåðàâåíñòâî ρ(x) ≤ µ(x) äëÿ ïî÷òè âñåõ x ∈ Ω, òî ìîæíî ïîëó÷èòü îöåíêó,

íåñêîëüêî ñëàáåå, ÷åì (7), íå èñïîëüçóÿ ôóíêöèþ λ̃ (ñì. òåîðåìó 2, �3).
Îòìåòèì, ÷òî óòâåðæäåíèå òåîðåìû îñòàíåòñÿ âåðíûì, åñëè îáëàñòè Ω[r], Sr çàìåíèòü íà

Ω(r) = {x ∈ Ω | x1 < r} è Sr = {(x1, x
′) ∈ Ω| x1 = r}. Ïðè ýòîì ïðåäïîëàãàåòñÿ, ÷òî îáëàñòè

Ω(r) îãðàíè÷åíû ïðè âñåõ r > 0.
Ôîðìàëüíî ôóíêöèÿ r(t) = R0 + 1 óäîâëåòâîðÿåò íåðàâåíñòâó èç òåîðåìû. Íî ÿñíî, ÷òî íåðà-

âåíñòâî (7) áóäåò áîëåå ñèëüíûì, åñëè âûáðàòü ôóíêöèþ r(t) ≥ R0 + 1 íàèáîëüøåé ñðåäè äîïó-
ñòèìûõ. Â ñëó÷àå, êîãäà ôóíêöèÿ λ(r) íåïðåðûâíà è ïîëîæèòåëüíà õîòÿ áû â îäíîé òî÷êå r ≥

R0 + 1, âûáèðàåì ôóíêöèþ r(t), êàê íàèáîëüøèé ñðåäè êîðíåé óðàâíåíèÿ tλ(r) =

r∫

R0+1

√
λ̃(s)ds.

(Ïðè äîñòàòî÷íî áîëüøèõ t ñóùåñòâóåò õîòÿ áû îäèí êîðåíü.) Â êîíöå �3 ïðèâåäåíî óñëîâèå,
ïðè êîòîðîì ôóíêöèÿ λ(r) áóäåò íåïðåðûâíîé. Òàêîé æå ïîäõîä ïðèìåíèì ïðè íàëè÷èè îöåíêè
λ(r) ≥ h(r) ñ çàìåíîé λ(r) íà íåïðåðûâíóþ ôóíêöèþ h(r). Â ïðîñòåéøåì ñëó÷àå ρ = µ = 1 âû-
áîð ôóíêöèè h(r) ìîæíî ñäåëàòü, èñïîëüçóÿ íåðàâåíñòâî (5.4) ([21], ãë.II, �5), êîòîðîå â ñëó÷àå
mes Ω[r] 6 (1− ε)mes B(r), ãäå mes B(r) � øàð ðàäèóñà r çàïèøåòñÿ â âèäå

∫

Ω[r]

u2(t, x)dx 6 βε−2r2

∫

Ω[r]

|∇u|2(t, x)dx, β > 0. (8)

Îòñþäà ñëåäóåò íåðàâåíñòâî λ(r) ≥ ε2

βr2
. Îòìåòèì åùå, ÷òî íåðàâåíñòâî (8), ïðèìåíåííîå âìåñòî

Ω[r] ê êîíóñó ñ âåðøèíîé â òî÷êå O è ñôåðè÷åñêèì îñíîâàíèåì Sr, äàåò îöåíêó λ̃(r) ≥ δ2(r)/(βr2),
ãäå 1 − δ(r) = mesn−1Srr

1−n/ωn, ωn � ìåðà åäèíè÷íîé ñôåðû. Â ÷àñòíîñòè, êîãäà ôóíêöèÿ δ(r)

äîñòàòî÷íî áûñòðî óáûâàåò, âîçìîæíî íåðàâåíñòâî
r∫

R0+1

√
λ̃(s)ds <∞, è òîãäà îöåíêà (7) ñòàíî-

âèòñÿ íåñîäåðæàòåëüíîé.
Â �4 òàêæå ïðèâåäåíû ïðèìåðû âûáîðà ôóíêöèé r(t) äëÿ ôóíêöèé µ, ρ, îòëè÷íûõ îò 1.

Â �5 ïðèâåäåíà òåîðåìà 2 îá îöåíêå íåîòðèöàòåëüíîãî ðåøåíèÿ ñíèçó â ñëó÷àå, êîãäà îáëàñòü
Ω ÿâëÿåòñÿ îáëàñòüþ âðàùåíèÿ. Íà ïðèìåðàõ ïîêàçàíî, ÷òî íåðàâåíñòâî (7) òåîðåìû 1 ÿâëÿåòñÿ,
â îïðåäåëåííîì ñìûñëå, òî÷íûì.

2. Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ: Db
a = (a, b)× Ω, DT = DT

0 , D = D∞0 ,

‖u‖2DT ,µ =

∫

DT

µu2dxdt, ‖∇u‖DT ,ρ =

∫

DT

ρ|∇u|2dxdt.

Íà ìíîæåñòâå ñóæåíèé íà DT ôóíêöèé èç C∞0 (DT
−1) îïðåäåëèì íîðìû

‖u‖2H0,1(DT ) = ‖u‖2DT ,µ + ‖∇u‖2DT ,ρ; ‖u‖2H1,1(DT ) = ‖u‖2H0,1(DT ) + ‖ut‖2DT ,µ.

Ñîîòâåòñòâóþùèå ïîïîëíåíèÿ ýòèõ ëèíåéíûõ íîðìèðîâàííûõ ïðîñòðàíñòâ îáîçíà÷èì H̊0,1(DT ) è

H̊1,1(DT ). Äëÿ åäèíñòâåííîñòè ãðàäèåíòà ôóíêöèé èç ââåäåííûõ âåñîâûõ ïðîñòðàíñòâ ïîòðåáóåì
âûïîëíåíèÿ óñëîâèÿ èç ðàáîòû [20]:

ρ−1 ∈ L1
loc(Ω).

Ïðîñòðàíñòâî H̊1(Ω) îïðåäåëèì êàê ïîïîëíåíèå ïðîñòðàíñòâà C∞0 (Ω) ïî íîðìå
‖u‖2H1(Ω) =

∫
Ω

(µu2 + ρ|∇u|2)dx.

Îáîáùåííûì ðåøåíèåì çàäà÷è (1), (3), (4) â DT áóäåì íàçûâàòü ôóíêöèþ u(t, x) ∈ H̊0,1(DT ),
óäîâëåòâîðÿþùóþ èíòåãðàëüíîìó òîæäåñòâó:
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∫

DT


−µuvt +

n∑

i,j=1

ρaij(t, x)uxivxj


 dxdt =

∫

Ω

µϕ(x)v(0, x)dx, (9)

äëÿ ëþáîé ôóíêöèè v(t, x) ∈ H̊1,1(DT ).
Ôóíêöèÿ u(t, x) � ðåøåíèå çàäà÷è (1), (3), (4) â D, åñëè ïðè âñåõ T > 0 îíà ÿâëÿåòñÿ ðåøåíèåì

çàäà÷è (1), (3), (4) â DT .
Îáîáùåííîå ðåøåíèå çàäà÷è (1), (3), (4) â DT ñóùåñòâóåò è åäèíñòâåííî. Ñóùåñòâîâàíèå äî-

êàçûâàåòñÿ ìåòîäîì Ãàëåðêèíà (ñì., íàïðèìåð, [21, c.181�186]).
Âûáåðåì íàáîð ëèíåéíî íåçàâèñèìûõ ôóíêöèé wi(x) ∈ C∞0 (Ω) òàê, ÷òîáû èõ ëèíåéíàÿ îáîëî÷-

êà áûëà ïëîòíà â H̊1(Ω). Íå îãðàíè÷èâàÿ îáùíîñòü, ìîæíî ñ÷èòàòü, ÷òî ýòè ôóíêöèè îðòîíîð-
ìèðîâàíû â L2(Ω, µdx).
Ãàëåðêèíñêèå ïðèáëèæåíèÿ áóäåì èñêàòü â âèäå

ul(t, x) =

n∑

i=1

C li(t)wi(x). (10)

Óðàâíåíèÿ íà èñêîìûå êîýôôèöèåíòû ïîëó÷èì èç òðåáîâàíèÿ
∫

Ω

(µ(x)ultws +
n∑

i,j=1

ρ(x)aij(t, x)ulxi(ws)xjdx = 0, s = 1, l. (11)

Óñëîâèÿ (11), áëàãîäàðÿ îðòîíîðìèðîâàííîñòè ôóíêöèé wi, ïðèâîäÿò ê ñèñòåìå îáûêíîâåííûõ
óðàâíåíèé

(C li)
′ +

n∑

j=1

bij(t)C
l
j = 0, i = 1, n. (12)

Íà÷àëüíûå óñëîâèÿ äëÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé (12) âûáåðåì ñëåäóþùèìè

C li(0) = (ϕ,wi). (13)

Óñëîâèÿ (12), (13) îïðåäåëÿþò åäèíñòâåííûé íàáîð ôóíêöèé C li(t).

Äîêàæåì îãðàíè÷åííîñòü ìíîæåñòâà ul ãàëåðêèíñêèõ ïðèáëèæåíèé â ïðîñòðàíñòâå H̊0,1(DT ).
Óìíîæèì ðàâåíñòâî (11) íà C ls è ñëîæèì. Ïîëó÷èì

∫

Ω

(µultu
l +

n∑

i,j=1

ρaij(t, x)ulxiu
l
xj )dxdt = 0. (14)

Ïðîèíòåãðèðîâàâ (14) ïî t ∈ (0, T ) è âîñïîëüçîâàâøèñü óñëîâèåì (2), áóäåì èìåòü

1

2

∫

Ω

µ(x)
[
(ul(t, x))2 − (ul(0, x))2

]
dx+ γ

∫

DT

ρ(x)|∇ul|2dxdt 6 0. (15)

Î÷åâèäíî, ÷òî

‖ul(0, x)‖2L2(Ω,µdx) =
l∑

i=1

(ϕ,wi)
2.

Òîãäà (15) ìîæíî ïåðåïèñàòü â âèäå

∫

Ω

µ(x)ul(t, x))2dx+ 2γ

∫

DT

ρ(x)|∇ul|2dxdt 6 ‖ϕ‖2DT ,µ. (16)

Îòñþäà ñëåäóåò îãðàíè÷åííîñòü ìíîæåñòâà ul â ïðîñòðàíñòâå H̊0,1(DT ). Ïîýòîìó ìîæíî âû-
äåëèòü ïîäïîñëåäîâàòåëüíîñòü, ñëàáî ñõîäÿùóþñÿ â ýòîì ïðîñòðàíñòâå ê íåêîòîðîé ôóíêöèè
u ∈ H̊0,1(DT ). ×òîáû íå íàãðîìîæäàòü èíäåêñû, áóäåì ñ÷èòàòü, ÷òî ñàìà ïîñëåäîâàòåëüíîñòü
ñëàáî ñõîäèòñÿ.
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Óìíîæèì (11) íà ôóíêöèþ ds(t) ∈ C∞0 (−1, T ) è ïðîèíòåãðèðóåì ïî t ∈ (0, T ). Ïîñëå îáîçíà÷å-
íèÿ v = dsws, èíòåãðèðîâàíèÿ ïî ÷àñòÿì è ïðåäåëüíîãî ïåðåõîäà ïðè l→∞ ïîëó÷èì

∫

DT


−µu(v)t +

n∑

i,j=1

ρaij(t, x)uxi(v)xjdxdt


 =

∫

Ω

µϕ(x)v(0, x)dx. (17)

Îòìåòèì, ÷òî (17) ñïðàâåäëèâî íå òîëüêî äëÿ ôóíêöèé v = dsws, íî è äëÿ ñóìì òàêèõ ôóíêöèé.

Îñòàåòñÿ åùå äîáàâèòü, ÷òî ôóíêöèÿìè âèäà vm =
m∑
s=1

dsws ìîæíî ïðèáëèçèòü ëþáóþ ôóíêöèþ

w èç C∞0 (DT
−1) ïî íîðìå ïðîñòðàíñòâà H̊1,1(DT ).

Òåïåðü ïîêàæåì åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (1), (3), (4).
×åðåç vh(t, x) áóäåì îáîçíà÷àòü îñðåäíåíèå Ñòåêëîâà ôóíêöèè v(t, x):

vh(t, x) =
1

h

∫ t+h

t
v(τ, x)dτ,

êîòîðîå îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:
1)(v, u−h) = (vh, u)L2(Rn+1,µdxdt), ãäå (v, u)L2(Rn+1,µdxdt) =

∫
Rn+1

µvu dxdt,

2)åñëè v ∈ H̊0,1(DT
0 ), òî (vh)xi = (vxi)h,

3)åñëè v, vt ∈ L2(Rn+1, µdxdt), òî (vt)h = (vh)t,
4) åñëè v ∈ L2(DT , µdxdt), òî äëÿ ëþáîãî δ > 0 èìååò ìåñòî ñõîäèìîñòü vh → v

â L2(DT−δ, µdxdt) ïðè h→ 0 (h < δ).
Ïîäñòàâèì â èíòåãðàëüíîå òîæäåñòâî (9) ïðîáíóþ ôóíêöèþ v−h, ãäå v � èç ïðîñòðàíñòâà

C∞0 (DT−δ
0 ). Ýòî äîïóñòèìî, òàê êàê v−h ∈ C∞0 (DT

0 ) ïðè 0 < h < δ. Âîñïîëüçîâàâøèñü ñâîéñòâàìè
îñðåäíåíèÿ Ñòåêëîâà, áóäåì èìåòü

∫

DT


µ(uh)tv + ρ

n∑

i,j=1

(aijuxi)hvxj


 dxdt = 0. (18)

Ïðåäåëüíûì ïåðåõîäîì äîêàçûâàåòñÿ, ÷òî ïîñëåäíåå ñîîòíîøåíèå ñïðàâåäëèâî íå òîëüêî äëÿ
ôóíêöèé v ∈ C∞0 (DT−δ

0 ), íî è äëÿ ôóíêöèé v ∈ H̊0,1(DT−δ
0 ).

Çàìåòèì, ÷òî ðàâåíñòâà (18) èìåþò âèä
∫

DT

µ(uh)tvdxdt = lh(v), (19)

ãäå lh(v) ëèíåéíûé ôóíêöèîíàë â ïðîñòðàíñòâå H̊0,1(DT−δ
0 ).

Äîêàæåì ðàâíîìåðíóþ îãðàíè÷åííîñòü ëèíåéíîãî ôóíêöèîíàëà lh(v) ïðè |h| < δ0 â åäèíè÷íîì

øàðå ïðîñòðàíñòâà H̊0,1(DT−δ
0 ).

Ðàññìîòðèì lh(v), ñ ó÷åòîì ðàâíîìåðíîé ýëëèïòè÷íîñòè áóäåì èìåòü:

|lh(v)| = |
∫

DT−δ

ρ

n∑

i,j=1

(aijuxi)hvxjdxdt| 6

6
∫

DT−δ


γ1

h

t+h∫

t

ρ|∇u(τ, x)|dτ


 |∇v(t, x)|dxdt 6

6
∫

DT−δ

γ1ρ


 1

h2




t+h∫

t

|∇u(τ, x)|dτ




2

+ |∇v(t, x)|2

 dxdt.

Òàêèì îáðàçîì ïîëó÷àåì, ÷òî |lh(v)| 6 C.
Èòàê, îãðàíè÷åííîñòü ëèíåéíîãî ôóíêöèîíàëà lh(v) äîêàçàíà.
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Ïîäñòàâèì â ðàâåíñòâî (19)h1�(19)h2 ôóíêöèþ v = (uh1−uh2)χ(t1, t2) ∈ H̊0,1(DT−δ
0 ), ãäå χ(t1, t2)

õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ èíòåðâàëà (t1, t2). Ïîëó÷èì

∣∣∣∣∣∣

t2∫

t1

∫

Ω

µ((uh1)t − (uh2)t)(uh1 − uh2)dxdt

∣∣∣∣∣∣
=

= |(lh1 − lh2)(χ(uh1 − uh2))| 6 C‖(uh1 − uh2)‖H0,1 6 ε.

Ïîñëåäíåå íåðàâåíñòâî âûòåêàåò ïðè äîñòàòî÷íî ìàëûõ h1, h2 èç ñõîäèìîñòè uh → u â ïðîñòðàí-
ñòâå H̊0,1(DT−δ

0 ). Ïîñëå èíòåãðèðîâàíèÿ ïî t áóäåì èìåòü

∫

Ω

µ(uh1 − uh2)2(t1, x)dx 6
∫

Ω

µ(uh1 − uh2)2(t2, x)dx+ 2ε.

Ïîñëåäíåå íåðàâåíñòâî ïðîèíòåãðèðóåì ïî t2 ∈ [t1, T − δ] :

(T − δ − t1)

∫

Ω

µ(uh1 − uh2)2(t1, x)dx 6 µ‖(uh1 − uh2)‖2L2(DT−δ,µdx) + 2ε(T − δ − t1).

Ïîñêîëüêó uh → u â L2(DT−δ, µdx), òî ïðè t1 < T − 2δ áóäåì èìåòü íåðàâåíñòâî

∫

Ω

µ(uh1 − uh2)2(t1, x)dx 6 ε1

δ
+ 2ε.

Îòñþäà ñëåäóåò ðàâíîìåðíàÿ ôóíäàìåíòàëüíîñòü â L2(Ω, µdx) ïî t1 ñåìåéñòâà ôóíêöèé uh(t1, x).
Ïîýòîìó uh(t, x) ⇒ u(t, x) â L2(Ω, µdx) ïðè h → 0 ðàâíîìåðíî ïî t ∈ [0, T − 2δ], è ïðåäåëüíàÿ
ôóíêöèÿ íåïðåðûâíà ïî t â íîðìå L2(Ω, µdx). Ïîäñòàâèì òåïåðü â (18) ôóíêöèþ v = uhχ(0, t) :

∫

Dt0

(µ(uh)tuh + ρ

n∑

i,j=1

(aijuxi)h(uh)xj ) dxdt = 0.

Ïîñëå èíòåãðèðîâàíèÿ ïåðâîãî ñëàãàåìîãî ïî t è ïðåäåëüíîãî ïåðåõîäà h→ 0 áóäåì èìåòü

1

2

∫

Ω

µu2(t, x)dx+

∫

Dt0

ρ
n∑

i,j=1

aijuxiuxjdxdt =
1

2

∫

Ω

µu2(0, x)dx. (20)

Åñëè äîêàçàòü, ÷òî u(0, x) = ϕ(x), òî ïîñëåäíåå ñîîòíîøåíèå ñîâïàäåò ñ (9). Ñ ýòîé öåëüþ ïîä-
ñòàâèì â òîæäåñòâî (9) íåïðåðûâíóþ ïðîáíóþ ôóíêöèþ v(t, x) = η( tε)ψ(x), ãäå η(t) = 1 − t ïðè
t ∈ [0, 1] è η(t) ïîñòîÿííà â îñòàâøèõñÿ èíòåðâàëàõ (−∞, 0], [1,∞). Ïîñêîëüêó vt = −1

εψ(x), òî
òîæäåñòâî (9) ïðèíèìàåò âèä

ε∫

0

∫

Ω

1

ε
µ(x)ψ(x)u(t, x)dtdx+ lε(ψ) =

∫

Ω

µ(x)ϕ(x)ψ(x)dx,

ãäå ëèíåéíûé ôóíêöèîíàë lε(ψ) ñòðåìèòñÿ ê íóëþ ïðè ε → 0. Ïîñëå ïðåäåëüíîãî ïåðåõîäà ïðè
ε→ 0 áóäåì èìåòü

∫

Ω

µ(x)ψ(x)u(0, x)dx =

∫

Ω

µ(x)ϕ(x)ψ(x)dx

ïðè ëþáîì ψ ∈ C∞0 (Ω). Ýòî äîêàçûâàåò âûïîëíåíèå íà÷àëüíîãî óñëîâèÿ u(0, x) = ϕ(x).
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3. Îöåíêà ðåøåíèÿ ñâåðõó

Ñíà÷àëà óñòàíîâèì äâå îöåíêè, õàðàêòåðèçóþùèå óáûâàíèå ðåøåíèÿ çàäà÷è (1), (3), (4) ïðè
|x| → ∞.
Ïðåäëîæåíèå 1. Ïóñòü u(t, x) � ðåøåíèå çàäà÷è (1), (3), (4) ñ íà÷àëüíîé ôóíêöèåé ϕ, ðàâíîé

íóëþ âíå øàðà ðàäèóñà R0. Ïóñòü âûïîëíåíî íåðàâåíñòâî

ρ(x) 6 Cµ(x), C > 0, x ∈ Ω. (21)

Òîãäà äëÿ âñåõ t > 0, r ≥ R0 ñïðàâåäëèâî íåðàâåíñòâî
∫

Ω\Ω[r]

µu2(t, x)dx 6 e exp
(
−C̃t−1(r −R0)2

)∫

Ω

µ(x)ϕ2(x)dx, (22)

ãäå C̃ � ïîñòîÿííàÿ çàâèñÿùàÿ îò γ è γ1.

Äîêàçàòåëüñòâî.

Ïóñòü ξ(τ, r, %) � íåïðåðûâíàÿ íåîòðèöàòåëüíàÿ ôóíêöèÿ, ðàâíàÿ íóëþ ïðè τ 6 r è åäèíèöå

ïðè τ ≥ r+%. Â îñòàâøåìñÿ èíòåðâàëå îíà ëèíåéíà
∂ξ

∂τ
=

1

%
. Ïîäñòàâèâ â òîæäåñòâî (18) ïðîáíóþ

ôóíêöèþ v = η(x; r, %)uh, η(x) = ξ2(|x|, r, %), ïîëó÷èì

∫

DT


1

2
µ(u2

hη)t +

n∑

i,j=1

ρ(aijuxi)h(ηuh)xj


 dxdt = 0. (23)

Ïîñëå ïðåäåëüíîãî ïåðåõîäà â ðàâåíñòâå (23) ïðè h→ 0 èìååì:

∫

Ω

µ(u2(T, x)− ϕ2(x))ηdx+ 2

∫

DT

n∑

i,j=1

ρaijuxi(ηu)xjdxdt = 0.

Îòñþäà, â ñèëó óñëîâèÿ suppϕ ⊂ Ω[R0], äëÿ ëþáûõ r ≥ R0 è % > 0 íåòðóäíî ïîëó÷èòü íåðàâåí-
ñòâî

∫

Ω

µηu2(T, x)dx+ 2

∫

DT

ρ

n∑

i,j=1

ηaijuxiuxjdxdt 6

6 −2

∫

DT

ρ
n∑

i,j=1

aijuxiu
∂η

∂xj
dxdt 6 2

∫

DT

ργ1|u∇u∇η|dxdt. (24)

Ïðåîáðàçóÿ ïîñëåäíåå, áóäåì èìåòü

∫

Ω

µηu2(T, x)dx+

∫

DT

γρη|∇u|2dxdt 6 2

∫

DT

ργ1|u∇u∇η|dxdt.

Èñïîëüçóÿ âèä ôóíêöèè η, íåòðóäíî ïîëó÷èòü íåðàâåíñòâî

∫

Ω\Ω[r+%]

µu2(t, x)dx+

t∫

0

∫

Ω\Ω[r+%]

ργ|∇u|2dxdt 6 C

%2

t∫

0

∫

Ω[r+%]\Ω[r]

ρu2dxdt.

Ââîäÿ îáîçíà÷åíèå

Hr(t) =

∫

Ω\Ω[r]

µu2(x, t)dx+

t∫

0

∫

Ω\Ω[r]

ργ|∇u|2dxdt,
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ïîëüçóÿñü óñëîâèåì (21), óñòàíàâëèâàåì, ÷òî

Hr+%(t) 6
C

%2

t∫

0

Hr(τ)dτ. (25)

Íåðàâåíñòâî (25) áóäåì ïðèìåíÿòü èíäóêòèâíî äëÿ ïîñëåäîâàòåëüíîñòè ri, i = 0, 1, 2, ...k,
ri+1 = ri + %, r0 = R0. Ó÷èòûâàÿ, ÷òî èç (20) ñëåäóåò íåðàâåíñòâî Hr(t) 6 A =

∫
Ω

µ(x)ϕ2(x)dx,

r > 0, t > 0 áóäåì èìåòü

HR0+%(t) =
ACt

%2
. (26)

Äàëåå èíäóêöèåé ïî k óñòàíîâèì íåðàâåíñòâî

Hrk(t) 6 ACktk

%2kk!
. (27)

Äåéñòâèòåëüíî,

Hrk+%(t) 6
C

%2

t∫

0

Hrk(τ)dτ 6 C

%2

t∫

0

ACkτk

%2kk!
dτ =

ACk+1tk+1

%2(k+1)(k + 1)!
,

÷òî çàâåðøàåò èíäóêöèþ. Ïîëüçóÿñü íåðàâåíñòâîì Ñòèðëèíãà, èç (27) íåòðóäíî ïîëó÷èòü

Hrk(t) 6 ACkektk√
2πk%2kkk

6 A exp

(
−k ln

%2k

Cet

)
. (28)

Âûáåðåì k ðàâíûì öåëîé ÷àñòè ÷èñëà
(r −R0)2

Ce2t
. Åñëè k = 0, òî

(r −R0)2

Ce2t
< 1 è

Hr(t) 6 A = eAe−1, îòêóäà ñëåäóåò íåðàâåíñòâî (22). Åñëè k ≥ 1, òî k ≥ (r −R0)2

2Ce2t
. Òåïåðü âûáè-

ðàåì % = (r − R0)/k. Òîãäà rk = r è %2k =
(r −R0)2

k
≥ Ce2t. Ñëåäîâàòåëüíî,

%2k

Cet
≥ 1. Ïîýòîìó

èç (28) ñëåäóåò, ÷òî Hr(t) = Hrk(t) 6 Ae−k. Òåì ñàìûì, íåðàâåíñòâî (22) óñòàíîâëåíî.

Ïðåäëîæåíèå 2. Ïóñòü u(t, x) � ðåøåíèå çàäà÷è (1), (3), (4) ñ íà÷àëüíîé ôóíêöèåé ϕ, ðàâíîé
íóëþ âíå øàðà ðàäèóñà R0. Òîãäà äëÿ âñåõ t > 0, r ≥ R0 + 1 ñïðàâåäëèâî íåðàâåíñòâî

∫

Ω\Ω[r]

µu2(t, x)dx 6 C exp


−2ν

r∫

R0+1

√
λ̃(s)ds



∫

Ω

µ(x)ϕ2(x)dx, (29)

ãäå C, ν � ïîñòîÿííûå çàâèñÿùèå îò γ è γ1, à C � åùå è îò ôóíêöèè λ̃.

Äîêàçàòåëüñòâî.

Ïóñòü ξ(τ, r) � íåïðåðûâíàÿ íåîòðèöàòåëüíàÿ ôóíêöèÿ, ðàâíàÿ íóëþ ïðè τ 6 R0, ëèíåéíàÿ
ïðè R0 < τ < R0 + 1 è ðàâíàÿ åäèíèöå ïðè τ ≥ r. Â îñòàâøåìñÿ èíòåðâàëå îíà óäîâëåòâîðÿåò

óñëîâèþ
∂ξ

∂τ
= ν

√
λ̃ξ, ÷èñëî ν âûáåðåì íèæå.

Ëåãêî âèäåòü, ÷òî ξτ = ξ(R0 + 1, r) ïðè τ ∈ (R0, R0 + 1), ãäå

ξ(R0 + 1, r) = exp


−ν

r∫

R0+1

√
λ̃(s)ds


 .

Ïîäñòàâèâ â òîæäåñòâî (18) ïðîáíóþ ôóíêöèþ v = η(x; r)uh, η(x; r) = ξ2(|x|, r), ïîëó÷èì

∫

DT


1

2
µ(u2

hη)t +
n∑

i,j=1

ρ(aijuxi)h(ηuh)xj


 dxdt = 0. (30)
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Ïîñëå ïðåäåëüíîãî ïåðåõîäà â ðàâåíñòâå (30) ïðè h→ 0 èìååì:

∫

Ω

µ(u2(T, x)− ϕ2(x))ηdx+ 2

∫

DT

n∑

i,j=1

ρaijuxi(ηu)xjdxdt = 0.

Îòñþäà íåòðóäíî ïîëó÷èòü íåðàâåíñòâî

∫

Ω

µηu2(T, x)dx+ 2

∫

DT

ρ
n∑

i,j=1

ηaijuxiuxjdxdt 6

6 2

∫

DT

ργ1|u∇u∇η|dxdt. (31)

Ïðåîáðàçóÿ ïîñëåäíåå, áóäåì èìåòü
∫

Ω

ξ2µu2dx+

∫

DT

γρξ2|∇u|2dxdt 6
∫

DT

ργ1

(
εξ2|∇u|2 +

u2ξ′2

ε
dx

)
dt.

Âçÿâ ε = γ
2γ1
, ïîëó÷àåì íåðàâåíñòâî

∫

Ω

ξ2µu2dx+
γ

2

∫

DT

ρξ2|∇u|2dxdt 6

6 2γ2
1

γ




T∫

0

∫

Ω[r]\Ω[R0+1]

ν2ρu2ξ2λ̃dxdt+

T∫

0

∫

Ω[R0+1]\Ω[R0]

ρu2ξ2(R0 + 1)dxdt


 . (32)

Èñïîëüçóÿ âèä ôóíêöèè ξ, ïðåîáðàçóåì ïîñëåäíèå ñëàãàåìûå

∫

Ω[r]\Ω[R0+1]

ν2ρu2ξ2λ̃dx =

r∫

R0+1

ν2ξ2(τ)λ̃(τ)dτ

∫

Sτ

ρu2dS 6

6
r∫

R0+1

ν2ξ2(τ)dτ

∫

Sτ

ρ|∇u|2dS = ν2

∫

Ω[r]\Ω[R0+1]

ρξ2|∇u|2dx. (33)

Àíàëîãè÷íî, ∫

Ω[R0+1]\Ω[R0]

ρu2dx 6 1

inf
[R0,R0+1]

λ̃(τ)

∫

Ω[R0+1]\Ω[R0]

ρ|∇u|2dx. (34)

Âîçüìåì ν =
γ

2γ1
. Ïîäñòàâëÿÿ (33) è (34) â (32) è îöåíèâàÿ ïðàâóþ ÷àñòü (34) ñ ïîìîùüþ (20),

óñòàíàâëèâàåì íåðàâåíñòâî (29), C = 2γ2
1/(γ inf

[R0,R0+1]
λ̃(τ)).

Òåîðåìà 2. Ïóñòü u(t, x) � ðåøåíèå çàäà÷è (1), (3), (4) ñ íà÷àëüíîé ôóíêöèåé ϕ, ðàâíîé íóëþ
ïðè |x| > R0, è âûïîëíåíî íåðàâåíñòâî (21). Òîãäà íàéäåòñÿ ÷èñëî ν2 > 0, çàâèñÿùåå òîëüêî îò
n, γ1, R0 òàêîå, ÷òî äëÿ âñåõ t > 0 ñïðàâåäëèâî íåðàâåíñòâî

∫

Ω

µ(x)u2(t, x)dx 6 C exp (−ν2tλ(r(t)))

∫

Ω

µ(x)ϕ2(x)dx, (35)

ãäå r = r(t) ïðîèçâîëüíàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ íåðàâåíñòâó tλ(r) 6 t−1(r −R0)2. Ïîñòî-
ÿííàÿ C çàâèñèò îò γ, γ1 è n.
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Äîêàçàòåëüñòâî òåîðåì 1,2.

Ïóñòü T > 0 � ïðîèçâîëüíîå ÷èñëî. Ââåäåì îáîçíà÷åíèå

ε = sup
t∈[0,T ]

∫

Ω\Ω[r]

µu2(t, x)dx.

Cïðàâåäëèâî íåðàâåíñòâî ∫

Ω

µu2(t, x)dx 6 ε+

∫

Ω[r]

µu2(t, x)dx. (36)

Òàê êàê ôóíêöèÿ u(t, x) äëÿ ïî÷òè âñåõ t ∈ (0, T ) ÿâëÿåòñÿ ýëåìåíòîì ïðîñòðàíñòâà H̊1(Ω), òî èç
(5) ïîëó÷àåì

∫

Ω

µu2(t, x)dx 6 ε+ λ−1(r)

∫

Ω

ρ|∇u|2dx. (37)

Äëÿ ôóíêöèè E(t) =
∫
Ω

µu2(t, x)dx ñ ïîìîùüþ ñîîòíîøåíèÿ, âûòåêàþùåãî èç (20)

d

dt

∫

Ω

µu2(t, x)dx 6 −γ
∫

Ω

ρ|∇u|2dx,

âûâîäèì íåðàâåíñòâî

γ(E(t)− ε)λ(r) 6 − d

dt
E(t).

Ðåøàÿ åãî, íàõîäèì

E(T )− ε 6 e−Tλ(r)γE(0). (38)

Äëÿ äîêàçàòåëüñòâà òåîðåìû 2 âîñïîëüçóåìñÿ îöåíêîé (22):

ε 6 e exp
(
−C̃T−1(r −R0)2

)∫

Ω

µ(x)ϕ2(x)dx.

Òîãäà

E(T ) 6 E(0)
(
e exp

(
−C̃T−1(r −R0)2

)
+ e−Tλ(r)γ

)
. (39)

Ïîñëåäíåå íåðàâåíñòâî ñïðàâåäëèâî ïðè âñåõ r ≥ R0. Åñòåñòâåííî âçÿòü èíôèìóì ïðàâîé ÷àñòè
ïî r. Íî, ïîñêîëüêó òî÷êà èíôèìóìà íå íàõîäèòñÿ êîíñòðóêòèâíûì ñïîñîáîì, ìîæíî âçÿòü òàêîå
çíà÷åíèå r(T ) > R0 (ïî âîçìîæíîñòè ìåíüøåå), ÷òîáû âûïîëíÿëîñü íåðàâåíñòâî

T−1(r −R0)2 ≥ Tλ(r).

Âîçìîæíîñòü âûáîðà òàêîãî r(T ) ñëåäóåò èç îãðàíè÷åííîñòè ôóíêöèè λ(r). Ïîäñòàâëÿÿ r = r(T )
â (39), ïîëó÷àåì îöåíêó òåîðåìû 2.
Äëÿ äîêàçàòåëüñòâà òåîðåìû 1 âîñïîëüçóåìñÿ îöåíêîé (29):

ε ≤ C exp


−2ν

r∫

R0+1

√
λ̃(s)ds



∫

Ω

µϕ2(x)dx.

Âûáåðåì ÷èñëî r = r(T ) (ïî âîçìîæíîñòè áîëüøåå) òàê, ÷òîáû

Tλ(r) ≥
r∫

R0+1

√
λ̃(s)ds.

Òîãäà èç (38) âûòåêàåò íåðàâåíñòâî (7) òåîðåìû 1.
Ïîêàæåì òåïåðü, ÷òî ôóíêöèÿ λ(r) íåïðåðûâíà â äîñòàòî÷íî øèðîêîé ñèòóàöèè. Íàçîâåì

îáëàñòü Ω ðåãóëÿðíîé, åñëè ñóùåñòâóåò ñåìåéñòâî äèôôåîìîðôèçìîâ ϕr1,r2 : Ω[r1] → Ω[r2],
0 < r1 < r2 òàêèõ, ÷òî ϕr1,r2(x)→ id â C1(Ω[r1]) êàê ïðè r1 → r2, òàê è ïðè r2 → r1.
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Ïîêàæåì, ÷òî äëÿ ðåãóëÿðíîé îáëàñòè ôóíêöèÿ λ(r) áóäåò íåïðåðûâíîé. Äëÿ ëþáîãî ε > 0,
r > 0 ñóùåñòâóåò ôóíêöèÿ gr ∈ C1

0 (Ω) (çàâèñÿùàÿ îò ε) òàêàÿ, ÷òî Fr(gr) < λ(r) + ε. Î÷åâèäíî,
÷òî λ(r1) ≤ Fr1(gr2). Ïîýòîìó

lim sup
r1→r2

λ(r1) ≤ λ(r2) + ε.

Äàëåå, Fr2(gr1(ϕr1,r2(x))) ≥ λ(r2). Ñëåäîâàòåëüíî,

λ(r2) ≤ lim inf
r1→r2

Fr2(gr1(ϕr1,r2(x))) =

= lim inf
r1→r2

Fr1(gr1(ϕr1,r2(x))) = lim inf
r1→r2

Fr1(gr1(x)) ≤ ε+ lim inf
r1→r2

λ(r1).

Èç ïîëó÷åííûõ ñîîòíîøåíèé, ââèäó ïðîèçâîëüíîñòè ε > 0, ñëåäóåò íåïðåðûâíîñòü ôóíêöèè λ(r)
ñëåâà. Íåïðåðûâíîñòü ñïðàâà äîêàçûâàåòñÿ àíàëîãè÷íî.

4. Ïðèìåðû

Îãðàíè÷èìñÿ ïîñòðîåíèåì ïðèìåðîâ â ñëó÷àå n = 2, õîòÿ àíàëîãè÷íûå ïðèìåðû íåñëîæíî
àäàïòèðîâàòü ê ìíîãîìåðíîé ñèòóàöèè äëÿ îáëàñòè âðàùåíèÿ

Ωf = {(x1, x
′)| x1 > 0; |x′| < f(x1)},

îïðåäåëÿåìîé íåïðåðûâíîé ïîëîæèòåëüíîé ôóíêöèåé f(x1), f(x1) ≥ 1, x1 > 0. Ïîëó÷èì

íåêîòîðûå îöåíêè ôóíêöèé λ, λ̃ â ñëó÷àå ïëîñêîé îáëàñòè Ωf . Äëÿ ïðîñòîòû áóäåì ññû-
ëàòüñÿ íà âàðèàíò òåîðåìû 1, êîãäà îáëàñòè Ω[r], Sr çàìåíåíû íà Ω(r) = {x ∈ Ω | x1 < r}
è Sr = {(x1, x

′) ∈ Ω| x1 = r}.
Âûâåäåì àíàëîã íåðàâåíñòâà Ñòåêëîâà-Ôðèäðèõñà ñ âåñàìè. Ïóñòü g(s) ∈ C1[0, r] è g(0) = 0.

Âîçâåäÿ â êâàäðàò ðàâåíñòâî

g(s) = g(s)− g(0) =

s∫

0

g′(t)dt,

íåòðóäíî ïîëó÷èòü

g2(s) 6
r∫

0

ρ−1(t)dt

r∫

0

ρ(t)(g′(t))2dt.

Äîìíîæèì ýòî íà µ(s) è ïðîèíòåãðèðóåì ïî s :

r∫

0

µ(s)g2(s)ds 6
r∫

0

µ(s)ds

r∫

0

ρ−1(t)dt

r∫

0

ρ(t)(g′(t))2dt.

Ïóñòü òåïåðü g(x1, x2) ∈ C∞0 (Ω). Òîãäà èìååì

f(x1)∫

0

µ(x)g2(x)dx2 6
f(x1)∫

0

µ(x)dx2

f(x1)∫

0

ρ−1(x)dx2

f(x1)∫

0

ρ(x)(g′x2(x))2dx2. (40)

Ââåäåì îáîçíà÷åíèå Λ(r) = sup
06x16r

M(x1), ãäå

M(x1) =

f(x1)∫

0

µ(x)dx2

f(x1)∫

0

ρ−1(x)dx2.

Òîãäà

f(x1)∫

0

µ(x)g2(x)dx2 6 Λ(r)

f(x1)∫

0

ρ(x)(g′x2(x))2dx2. (41)
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Èëè, èíòåãðèðóÿ ïî x1, ïîëó÷èì∫

Ω[r]

µ(x)g2(x)dx 6 Λ(r)

∫

Ω[r]

ρ(x)(g′x2(x))2dx. (42)

Â êà÷åñòâå µ(x) è ρ(x) ðàññìîòðèì ôóíêöèè

ρ(x1, x2) =

{
ρ̃(x1)(f(x1)− |x2|)α, |x2| ∈ [f(x1)− 1, f(x1)]|,
ρ̃(x1), |x2| < f(x1)− 1,

µ(x1, x2) =

{
µ̃(x1)(f(x1)− |x2|)β, |x2| ∈ [f(x1)− 1, f(x1)]|,
µ̃(x1), |x2| < f(x1)− 1,

ãäå |α| < 1, β > −1. Ôóíêöèè µ̃(x1), ρ̃(x1) îïðåäåëèì íèæå. Ïîòðåáóåì äëÿ ïðîñòîòû, ÷òîáû

f(r) ≥ |α|
1− |α| è f(r) ≥ −β

1 + β
ïðè r ≥ R0.

Âû÷èñëÿÿ M(x1) ïðè µ = ρ, èç (41) íàõîäèì, ÷òî

λ̃(r) ≥
[(
f(r)− α

1 + α

)(
f(r) +

α

1− α

)]−1

≥ 1

2f2(r)
, (43)

ïðè r ≥ R0. Ïîäñòàâëÿÿ ýòó îöåíêó â (29), ïîëó÷àåì

∫

Ω\Ω(r)

µu2(t, x)dx 6 C exp


−2ν

r∫

R0+1

ds

f(s)



∫

Ω

µ(x)ϕ2(x)dx.

Ëåãêî âèäåòü òàêæå, ÷òî

Λ(r) = sup
06x16r

µ̃(x1)

ρ̃(x1)

(
f(x1)− β

1 + β

)(
f(x1) +

α

1− α

)
6

max

(
sup

06x16r
4
µ̃(x1)

ρ̃(x1)
f2(x1), sup

06x16R0

4
µ̃(x1)

ρ̃(x1)

|β|
1 + β

|α|
1− α

)
.

Äëÿ ïðîñòîòû áóäåì ïðåäïîëàãàòü, ÷òî ôóíêöèÿ
µ̃(x1)

ρ̃(x1)
f2(x1) âîçðàñòàåò è

µ̃(R0)

ρ̃(R0)
f2(R0) ≥ sup

06x16R0

µ̃(x1)

ρ̃(x1)

|β|
1 + β

|α|
1− α . Ââèäó (42) èìååì λ(r) ≥ Λ−1(r), ïîýòîìó

λ(r) ≥ ρ̃(r)

4µ̃(r)f2(r)
. (44)

Íåñêîëüêî çàãðóáëÿÿ îöåíêó Òåîðåìû 1 (ñì. åå äîêàçàòåëüñòâî), ìîæíî ôóíêöèþ r(t) âûáðàòü

óäîâëåòâîðÿþùåé íåðàâåíñòâó
tρ̃(r)

µ̃(r)f2(r)
≥

r∫

R0+1

ds

f(s)
. Òîãäà îöåíêà (7) ïðèìåò âèä

∫

Ω

µ(x)u2(t, x)dx 6 C exp


−ν2

r(t)∫

R0+1

ds

f(s)



∫

Ω

µ(x)ϕ2(x)dx. (45)

Â ÷àñòíîñòè, åñëè f(s) = sp, p ∈ (0, 1) :

r(t)∫

R0+1

ds

f(s)
6 r1−p

1− p.Ïóñòü äëÿ ïðîñòîòû
ρ̃

µ̃
=

rq

1− p, q < 1−p,

òîãäà íåðàâåíñòâî äëÿ âûáîðà r(t) îáðåòàåò âèä t ≥ r1−p−q, äîïóñòèì âûáîð r(t) = t(1−p−q)
−1
.

Â òàêîì ñëó÷àå îöåíêà (45) îáðåòàåò âèä
∫

Ω

µ(x)u2(t, x)dx 6 C1 exp
(
−C2t

1−p
1−p−q

)∫

Ω

µ(x)ϕ2(x)dx.
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Îòìåòèì, ÷òî â ìíîãîìåðíîì ñëó÷àå ôóíêöèÿ f(s) = sp ïîðîæäàåò ïàðàáîëîèä âðàùåíèÿ è âñå
ïðåäûäóùèå âûêëàäêè ñîõðàíÿþòñÿ ñ ñîîòâåòñòâóþùèìè èçìåíåíèÿìè êîíñòàíò.
Â ñëó÷àå f(s) = s èìååì âíóòðåííîñòü óãëà íà ïëîñêîñòè (èëè êîíóñà â ìíîãîìåðíîì ñëó÷àå).

Òîãäà

r(t)∫

R0+1

ds

f(s)
6 ln r. Â êà÷åñòâå ïðèìåðà ïîäáåðåì ôóíêöèè ρ̃, µ̃ òàê, ÷òîáû

ρ̃

µ̃
=

ln r

rq
, q > 0.

Òîãäà íåðàâåíñòâî äëÿ âûáîðà r(t) îáðåòàåò âèä t ≥ rq. Âûáåðåì r(t) = t1/q. Òåïåðü îöåíêà (45)
ïðèìåò âèä ∫

Ω

µ(x)u2(t, x)dx 6 C3 exp (−C4 ln t)

∫

Ω

µ(x)ϕ2(x)dx.

5. Îöåíêà ñíèçó

Íàïîìíèì íåðàâåíñòâî Ãàðíàêà, óñòàíîâëåííîå Þ. Ìîçåðîì â [23] äëÿ ðàâíîìåðíî ïàðàáîëè-
÷åñêîãî óðàâíåíèÿ

ut =
n∑

i,j=1

(aij(t, x)uxi)xj . (46)

Ñôîðìóëèðóåì åãî â óäîáíîì äëÿ íàñ âèäå: äëÿ íåîòðèöàòåëüíîãî â öèëèíäðå
Q = (0, 9C1ρ

2]×B(2ρ,w) ⊂ Rn+1, C1 > 1, ðåøåíèÿ óðàâíåíèÿ (46) ñïðàâåäëèâî íåðàâåíñòâî

max
Q−

u(τ, x) 6 H min
Q+

u(τ, x),

ãäå Q− = [ρ2, 2ρ2]×B(ρ,w), Q+ = [8C1ρ
2, 9C1ρ

2]×B(ρ,w), B(ρ,w) � øàð ðàäèóñà ρ c öåíòðîì â
òî÷êå w ∈ Ω, à ïîñòîÿííàÿ H ≥ 1 çàâèñèò òîëüêî îò n,C1 è êîíñòàíò ïàðàáîëè÷íîñòè óðàâíåíèÿ.
Íàïîìíèì ïîíÿòèå A2-âåñà, ââåäåííîå Ìàêåíõàóïòîì. Ýòî èçìåðèìàÿ ôóíêöèÿ ϑ(x) : Rn → R+,

óäîâëåòâîðÿþùàÿ íåðàâåíñòâó ∫

K

ϑ(x)dx×
∫

K

1

ϑ(x)
dx < C0|K|2

äëÿ ëþáîãî êóáàK ⊂ Rn. Â ðàáîòå [24] äîêàçàíî, ÷òî åñëè â Q âûïîëíåíî ðàâåíñòâî ρ = µ = ϑ, ãäå
ϑ � íåêîòîðûé A2-âåñ, òî äëÿ ëþáîãî íåîòðèöàòåëüíîãî ðåøåíèÿ â Q óðàâíåíèÿ (1) âûïîëíåíî
íåðàâåíñòâî Ãàðíàêà. Ïðè ýòîì ïîñòîÿííàÿ H çàâèñèò òîëüêî îò C0, C1, n, γ è γ1. Ïîêàæåì, ÷òî
ìîæíî îòêàçàòüñÿ îò òðåáîâàíèÿ ρ = µ, åñëè µ = ϑ è âûïîëíåíû íåðàâåíñòâà

C−1
1 6 ρ(x)µ(w)

µ(x)ρ(w)
6 C1, x ∈ B(2ρ,w). (47)

Ïîñëå çàìåíû τ =
ρ(w)

µ(w)
t ïîëó÷àåì óðàâíåíèå

div(ρ(x)a(t, x)∇u) = µ(x)ut =
µ(x)ρ(w)

µ(w)
uτ

èëè ïðè x ∈ B(2ρ,w) :

div(ϑ(x)
ρ(x)µ(w)

µ(x)ρ(w)
a(τ, x)∇u) = ϑ(x)uτ .

Ïîñëåäíåå óðàâíåíèå â Q èìååò âèä (1) ñ ρ = µ = ϑ è ã =
ρ(x)µ(w)

µ(x)ρ(w)
a. Åñëè ïåðåìåííûå (τ, x) ∈ Q,

òî (t, x) ∈ Q̃ = (0, 9C1ρ
2µ(w)

ρ(w)
]×B(2ρ,w). Î÷åâèäíûì îáðàçîì èçìåíÿþòñÿ Q− → Q̃− è Q+ → Q̃+.

Äëÿ ýòèõ íîâûõ öèëèíäðîâ îñòàåòñÿ ñïðàâåäëèâûì íåðàâåíñòâî Ãàðíàêà.
Òàêèì îáðàçîì, åñëè â îêðåñòíîñòè êàæäîé òî÷êèw ∈ Ω âûïîëíåíî íåðàâåíñòâî (47) è ôóíêöèÿ

µ(x) â ýòîé îêðåñòíîñòè ñîâïàäàåò ñ íåêîòîðûì âåñîì ϑ (çàâèñÿùèì îò âûáîðà òî÷êè w), òî
íåîòðèöàòåëüíîå ðåøåíèå óðàâíåíèÿ (1) ëèáî âñþäó ïîëîæèòåëüíî â Ω, ëèáî òîæäåñòâåííî ðàâíî
íóëþ. Ýòî äîêàçûâàåòñÿ ñòàíäàðòíîé òåõíèêîé, åñëè ðàäèóñ îêðåñòíîñòè íåïðåðûâíî çàâèñèò îò
òî÷êè. Äàëåå áóäåò ðàññìàòðèâàòüñÿ ïîëîæèòåëüíîå ðåøåíèå óðàâíåíèÿ (1).



ÎÁ ÓÁÛÂÀÍÈÈ ÐÅØÅÍÈß ËÈÍÅÉÍÎÃÎ ÏÀÐÀÁÎËÈ×ÅÑÊÎÃÎ ÓÐÀÂÍÅÍÈß. . . 51

Òåîðåìà 3. Ïóñòü s > pf(s), p ∈ (0, 1) ïðè s ≥ z0, Ωf � îáëàñòü âðàùåíèÿ è âåñ µ(x) ñîâïà-
äàåò â Ωpf ∩ {x1 > z0} ñ íåêîòîðûì A2 � âåñîì ϑ. Ïóñòü âûïîëíåíû íåðàâåíñòâà

f(x′1)

f(x′′1)
6 2,

ρ(x′)µ(x′′)
µ(x′)ρ(x′′)

6 C1 (48)

ïðè âñåõ x′, x′′ ∈ Ωpf òàêèõ, ÷òî x′1, x
′′
1 ∈ [s− pf(s), s+ pf(s)] è âñåõ s ≥ z0. Òîãäà äëÿ ïîëîæè-

òåëüíîãî ðåøåíèÿ óðàâíåíèÿ (1) âûïîëíåíî íåðàâåíñòâî

min
x∈B(r′,w)

u(t, x) ≥ u(t1, (z0, 0)) exp


−C2

r̃(t)∫

z0

ds

f(s)


 ,

ãäå B(2r′,w) � íåêîòîðûé øàð, âïèñàííûé â Ωpf ∩ {z0 < x1 < r̃(t)}; t1 > 0 � íåêîòîðîå ôèêñèðî-
âàííîå ÷èñëî, r̃(t), t ≥ t1, îïðåäåëÿåòñÿ êàê íàèìåíüøåå r, óäîâëåòâîðÿþùåå íåðàâåíñòâó

r∫

z0

ds

f(s)
≥ tL(r), L(r) = inf

[z0,r]

4ρ(z, 0)

µ(z, 0)pf2(z)
,

à ïîñòîÿííàÿ C2 çàâèñèò òîëüêî îò p, C0, C1 n, γ, γ1.

Äîêàçàòåëüñòâî. Ïóñòü y0 = z0 è r ≥ z0 � ïðîèçâîëüíîå ÷èñëî. Ñòðîèì ïîñëåäîâàòåëüíîñòü
êàñàþùèõñÿ øàðîâ ñ ðàäèóñàìè ri, i = 1, 2, .. è òî÷êàìè êàñàíèÿ vi = (yi−1 + 2ri, 0), òàêèìè,
÷òî óäâîåííûé øàð B(2ri,wi), ãäå wi = (zi, 0), zi = yi−1 + ri, êàñàåòñÿ ìíîæåñòâà ∂Ωpf èçíóòðè.
Îòìåòèì, ÷òî ri+1 ≤ 3ri, òàê êàê â ïðîòèâíîì ñëó÷àå B(2ri,wi) ⊂ B(2ri+1,wi+1), òî åñòü øàð
B(2ri,wi) íå êàñàåòñÿ ãðàíèöû Ωpf .

Îáîçíà÷èì µi = µ(wi), ρi = ρ(wi), t1 = r2
1

µ1

ρ1
; ti+1 = ti + (9C1 − 1)

µi
ρi
r2
i .

Åñëè ïðè íåêîòîðîì i âûïîëíåíî íåðàâåíñòâî ri 6 ri+1, òî ïðè s = zi+1, èìååì
s− zi 6 2ri+1 6 pf(s), ïîýòîìó èç (48) ïîëó÷àåì íåðàâåíñòâî

µi+1ρi
ρi+1µi

6 C1. (49)

Åñëè æå ri > ri+1, òî ïîëàãàåì s = zi, zi+1−s < 2ri < pf(s), è èç (48) ñíîâà ïîëó÷àåì (49). Êðîìå
òîãî, ïðè s = zi èç (48) âûòåêàþò òàêæå àíàëîã íåðàâåíñòâà (47)

C−1
1 6 ρ(x)µ(wi)

µ(x)ρ(wi)
6 C1, x ∈ B(2ρi, wi)

è íåðàâåíñòâî

f(x′1)

f(x′′1)
6 2, ∀x′, x′′ ∈ [s− 2ri, s+ 2ri]. (50)

Ðàññìîòðèì öèëèíäðû

Q̃i =

[
ti −

µi
ρi
r2
i , ti + (9C1 − 1)

µi
ρi
r2
i

]
×B(2ri,wi),

Q̃−i =

[
ti, ti +

µi
ρi
r2
i

]
×B(ri,wi),

Q̃+
i =

[
ti + (8C1 − 1)

µi
ρi
r2
i , ti + (9C1 − 1)

µi
ρi
r2
i

]
×B(ri,wi).

Ïîêàæåì, ÷òî åñëè ti+1 ≤ T , òî Q̃i ⊂ (0, T ]×Ωpf . Äëÿ ýòîãî äîñòàòî÷íî óñòàíîâèòü, ÷òî ti ≥ µi
ρi
r2
i .

Ïåðâûé øàã èíäóêöèè âûïîëíåí. Äàëåå, ââèäó (49),

ti+1 = ti + (9C1 − 1)
µi
ρi
r2
i ≥ 9C1

µi
ρi
r2
i ≥

µi+1

ρi+1
r2
i+1,

÷òî çàâåðøàåò èíäóêöèþ.
Ïóñòü k � ïåðâûé íîìåð, òàêîé ÷òî yk+1 ≥ r èëè tk+1 ≥ T. Òîãäà ïî íåðàâåíñòâó Ãàðíàêà

u(t1, (y0, 0)) 6 Hu(t2,v1) 6 ... 6 Hku(tk+1,vk).



52 Â.Ô. ÂÈËÜÄÀÍÎÂÀ

Îòñþäà u(tk+1,vk) ≥ H−kC3. Îöåíèì ñâåðõó ÷èñëî k. Ïóñòü si � àáñöèññà îäíîé èç òî÷åê êàñàíèÿ
øàðà B(2ri,wi) ãðàíèöû îáëàñòè Ωpf . ßñíî, ÷òî |zi − si| ≤ 2ri, pf(si) ≤ 2ri, ïîýòîìó, ââèäó (50),
f(s)/2 ≤ f(si) ïðè s ∈ [yi−1, yi], è ri ≥ pf(zi)/4. Òîãäà

k =

k∑

i=1

yi − yi−1

2ri
≤

k∑

i=1

yi − yi−1

pf(si)
6

k∑

i=1

yi∫

yi−1

2ds

pf(s)
6

r∫

y0

2ds

pf(s)
.

Ïóñòü
µm
ρm

r2
m = max

j6k

µj
ρj
r2
j ≥ max

z∈[z0,r]

µ(z, 0)

64C1ρ(z, 0)
(pf(z))2. Ïîñëåäíåå íåðàâåíñòâî ñëåäóåò èç (48).

Äëÿ íîìåðîâ i = m + 1,m + 2, ... çàìåíèì øàðû B(2ri,wi) íà øàðû B(2rm,wm). Öèëèíäðû

Q̃i, i = m + 1,m + 2, ... èçìåíÿòñÿ ñîîòâåòñòâóþùèì îáðàçîì. Ïîñêîëüêó êàæäûé öèëèíäð

óâåëè÷èâàåò ti íà âåëè÷èíó (9Ci − 1)
µm
ρm

r2
m, òî äî çíà÷åíèÿ t ìîæåò ïîíàäîáèòüñÿ íå áîëåå

N =

[
tρm

(9C1 − 1)µmr2
m

]
6 2tL(r)/p öèëèíäðîâ. Òàêèì îáðàçîì, ïîëó÷àåì îöåíêó

min
x∈B(rm,wm)

u(t, x) ≥ H−(k+N)C3 ≥ exp


−




r∫

z0

2ds

pf(s)
+ 2tL(r)/p


 lnH


 , (51)

èç êîòîðîé ñëåäóåò óòâåðæäåíèå òåîðåìû.
Ïðèìåíèì íåðàâåíñòâî (51) ê ïðèìåðó èç �4, èìååì

L(r) = inf
[z0,r]

4ρ̃(z)

µ̃(z)pf2(z)
=

4ρ̃(r)

µ̃(r)pf2(r)
6 16λ(r)/p.

Âîñïîëüçîâàâøèñü åùå íåðàâåíñòâîì (43), ïîëó÷èì

∫

Ω(r)

µ(x)u2(t, x)dx ≥ πr2
m min
x∈B(rm,vm)

µ(x)C3 exp


− 8

p2
lnH




r∫

z0

p
√
λ̃(s)ds


+ 8tλ(r)


 .

Òåïåðü âûáîð r = r(t) êàê âî ââåäåíèè (â ïðåäïîëîæåíèè íåïðåðûâíîñòè ôóíêöèè λ(r)) :

tλ(r) =

r∫

R0+1

√
λ̃(s)ds,

â îïðåäåëåííîì ñìûñëå, ïîäòâåðæäàåò òî÷íîñòü îöåíêè ñâåðõó (7), åñëè ìíîæèòåëü ïåðåä ýêñïî-
íåíòîé â ïîñëåäíåì íåðàâåíñòâå íå ñëèøêîì ìàë.
Àâòîð âûðàæàåò èñêðåííþþ áëàãîäàðíîñòü Ô. Õ. Ìóêìèíîâó çà îáñóæäåíèå ðåçóëüòàòîâ ðà-

áîòû è ïîëåçíûå çàìå÷àíèÿ.
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ÂÛÐÎÆÄÅÍÈÅÌ È ÅÃÎ ÏÐÈËÎÆÅÍÈß

Ñ.À. ÈÑÕÎÊÎÂ, Ì.Ã. ÃÀÄÎÅÂ, È.À. ßÊÓØÅÂ

Àííîòàöèÿ. Äëÿ ýëëèïòè÷åñêèõ îïåðàòîðîâ âûñøåãî ïîðÿäêà â ïðîèçâîëüíîé (îãðà-
íè÷åííîé èëè íåîãðàíè÷åííîé) îáëàñòè n-ìåðíîãî åâêëèäîâîãî ïðîñòðàíñòâà Rn ñ
íåñòåïåííûì âûðîæäåíèåì äîêàçûâàåòñÿ âåñîâîé àíàëîã íåðàâåíñòâà Ãîðäèíãà, è ñ ïî-
ìîùüþ ýòîãî íåðàâåíñòâà èçó÷àåòñÿ îäíîçíà÷íàÿ ðàçðåøèìîñòü âàðèàöèîííîé çàäà÷è
Äèðèõëå, ðåøåíèå êîòîðîé èùåòñÿ â çàìûêàíèå êëàññà áåñêîíå÷íîäèôôåðåíöèðóåìûõ
ôèíèòíûõ ôóíêöèé. Âûðîæäåíèå êîýôôèöèåíòîâ îïåðàòîðà ïî ðàçíîé íåçàâèñèìîé
ïåðåìåííîé õàðàêòåðèçóåòñÿ ñ ïîìîùüþ ðàçíûõ ôóíêöèé. Ïðåäïîëàãàåòñÿ, ÷òî ìëàä-
øèå êîýôôèöèåíòû îïåðàòîðà ïðèíàäëåæàò íåêîòîðûì âåñîâûì Lp-ïðîñòðàíñòâàì.
Äëÿ îäíîãî êëàññà ýëëèïòè÷åñêèõ îïåðàòîðîâ ñî ñòåïåííûì âûðîæäåíèåì â ïîëóïðî-
ñòðàíñòâå èçó÷àåòñÿ ðàçðåøèìîñòü âàðèàöèîííîé çàäà÷è Äèðèõëå ñ íåîäíîðîäíûìè
ãðàíè÷íûìè óñëîâèÿìè.

Êëþ÷åâûå ñëîâà: ýëëèïòè÷åñêèé îïåðàòîð, íåñòåïåííîå âûðîæäåíèå, íåðàâåíñòâî
Ãîðäèíãà, âàðèàöèîííàÿ çàäà÷à Äèðèõëå.

Mathematics Subject Classi�cation: 35J35, 35D05, 35J70, 46E35, 35J40

1. Ââåäåíèå

Èç îáùåé òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ (ñì., íàïðèìåð,
[1, 2]) èçâåñòíî, ÷òî íåðàâåíñòâî Ãîðäèíãà [3] èãðàåò âàæíóþ ðîëü â èññëåäîâàíèè ðàçðåøè-
ìîñòè êðàåâûõ çàäà÷ äëÿ ðàâíîìåðíî ýëëèïòè÷åñêèõ óðàâíåíèé ìåòîäàìè ôóíêöèîíàëü-
íîãî àíàëèçà. Îäíàêî èññëåäîâàíèå êðàåâûõ çàäà÷ äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé ñ âûðîæ-
äåíèåì ìåòîäàìè ôóíêöèîíàëüíîãî àíàëèçà, â îñíîâíîì, ïðîâîäèëîñü áåç èñïîëüçîâàíèÿ
íåðàâåíñòâà Ãîðäèíãà (ñì., íàïðèìåð, [4]�[10] ). Â ñëó÷àå äèôôåðåíöèàëüíûõ îïåðàòîðîâ
ñ âûðîæäåíèåì, íåðàâåíñòâî Ãîðäèíãà áûëî äîêàçàíî â ðàáîòàõ [11, 12]. Ýëëèïòè÷åñêèå
îïåðàòîðû, ðàññìîòðåííûå â [11], èìåþò ñïåöèàëüíûé âèä, çàäàíû â îãðàíè÷åííîé îáëà-
ñòè Ω+, ðàñïîëîæåííîé â ïîëóïðîñòðàíñòâå E+

n+1 = {(x, y) = (x1, x2, . . . , xn, y) : y > 0}
è ïðèëåãàþùåé ê ãèïåðïëîñêîñòè y = 0. Â èõ îïðåäåëåíèè âìåñòî îáû÷íûõ îïåðàòîðîâ
äèôôåðåíöèðîâàíèÿ èñïîëüçîâàëèñü îïåðàòîðû âèäà

D̃m+r = Dm
x D̃

r
y, Dm

x =
∂|m|

∂xm1
1 · · · ∂xmnn

, D̃r
y = yr

∂r

(y∂y)r
,

è âñëåäñòâèå ýòîãî âûðîæäåíèå èìåëî ìåñòî òîëüêî íà ÷àñòè Γ0 ãðàíèöû îáëàñòè Ω+,
ëåæàùåé íà ãèïåðïëîñêîñòè y = 0. Ýëëèïòè÷åñêèå îïåðàòîðû, ðàññìîòðåííûå â [12], çà-
äàíû â ïðîèçâîëüíîé (îãðàíè÷åííîé èëè íåîãðàíè÷åííîé) îáëàñòè è èìåþò îäèíàêîâîå
âûðîæäåíèå ïî âñåì íåçàâèñèìûì ïåðåìåííûì.

S.A. Iskhokov, M.G. Gadoev, I.A. Yakushev, Garding inequality for higher order elliptic

operators with a non-power degeneration and its applications.

c© Èñõîêîâ Ñ.À., Ãàäîåâ Ì.Ã., ßêóøåâ È.À. 2016.

Ïîñòóïèëà 12 ìàÿ 2015 ã.

54



ÍÅÐÀÂÅÍÑÒÂÎ ÃÎÐÄÈÍÃÀ ÄËß ÝËËÈÏÒÈ×ÅÑÊÈÕ ÎÏÅÐÀÒÎÐÎÂ . . . 55

Â îòëè÷èå îò ðàáîò [11, 12], çäåñü ðàññìàòðèâàþòñÿ îáùèå ýëëèïòè÷åñêèå îïåðàòîðû
âûñøåãî ïîðÿäêà â ïðîèçâîëüíîé (îãðàíè÷åííîé èëè íåîãðàíè÷åííîé) îáëàñòè ñ ðàçíûìè
õàðàêòåðàìè âûðîæäåíèÿ ïî ðàçíûì íåçàâèñèìûì ïåðåìåííûì.
×àñòü ðåçóëüòàòîâ ñòàòüè â êðàòêîì âèäå áåç äîêàçàòåëüñòâà àíîíñèðîâàíà â [13].

2. Ôóíêöèîíàëüíûå ïðîñòðàíñòâà. Âñïîìîãàòåëüíûå èíòåãðàëüíûå

íåðàâåíñòâà

Ïóñòü Rn � n-ìåðíîå åâêëèäîâî ïðîñòðàíñòâî è ïóñòü Π(0) = {x = (x1, . . . , xn) ∈ Rn :
|xi| < 1/2, i = 1, n} � åäèíè÷íûé êóá ñ öåíòðîì â íà÷àëå êîîðäèíàò. Äëÿ ëþáîé òî÷êè
ξ ∈ Rn è ëþáîãî âåêòîðà ~t = (t1, . . . , tn) ñ ïîëîæèòåëüíûìè êîìïîíåíòàìè îïðåäåëèì
ïàðàëëåëåïèïåä Π~t(ξ) ðàâåíñòâîì

Π~t(ξ) = {x ∈ Rn : ((x1 − ξ1)/t1, . . . , (xn − ξn)/tn) ∈ Π(0)}.
Ïóñòü Ω � ïðîèçâîëüíîå îòêðûòîå ìíîæåñòâî â Rn è ïóñòü gi(x) (i = 1, n) � îïðåäåëåííûå
â Ω ïîëîæèòåëüíûå ôóíêöèè. Ïîëîæèì Πε,~g(ξ) = Πε·~g(ξ)(ξ), ãäå ~g(ξ) = (g1(ξ), . . . , gn(ξ)).
Äàëåå â ðàáîòå ïðåäïîëàãàåòñÿ, ÷òî ìíîæåñòâî Ω è ôóíêöèè gi(x) (i = 1, n) ñâÿçàíû

óñëîâèåì: ñóùåñòâóåò ÷èñëî ε0 > 0 òàêîå, ÷òî äëÿ âñåõ ξ ∈ Ω ïàðàëëåëåïèïåä Πε0,~g(ξ)
ñîäåðæèòñÿ â Ω. Ýòî óñëîâèå ÿâëÿåòñÿ àíàëîãîì óñëîâèÿ ïîãðóæåíèÿ, ðàññìîòðåííîãî â
ðàáîòå Ï.È. Ëèçîðêèíà [14]. Â [14] òàêæå ðàññìîòðåíû ïðèìåðû îáëàñòåé Ω è ïîëîæè-
òåëüíûõ ôóíêöèé gi(x) (i = 1, n), óäîâëåòâîðÿþùèõ óñëîâèþ ïîãðóæåíèÿ.
Ïóñòü σ(x) � îïðåäåëåííàÿ â Ω ïîëîæèòåëüíàÿ ôóíêöèÿ. Ïðåäïîëîæèì, ÷òî äëÿ ëþáîãî

ε ∈ (0, ε0) ñóùåñòâóþò ïîëîæèòåëüíûå ÷èñëà λ(ε), ν(ε) òàêèå, ÷òî

lim
ε→0+

λ(ε) = lim
ε→0+

ν(ε) = 1

è
1

ν(ε)
6 σ(x)

σ(ξ)
6 ν(ε),

1

λ(ε)
6 gi(x)

gi(ξ)
6 λ(ε), i = 1, n, (2.1)

äëÿ âñåõ x ∈ Πε,~g(ξ) è âñåõ ξ ∈ Ω.
Êëàññ ïîëîæèòåëüíûõ ôóíêöèé σ(x), x ∈ Ω, óäîâëåòâîðÿþùèõ óñëîâèþ (2.1), îáîçíà-

÷èì ÷åðåç Φε,~g(ξ).
Ïóñòü 1 6 p < +∞ è r � íàòóðàëüíîå ÷èñëî. Ñèìâîëîì Lsp,r(Ω;σ,~g), ãäå öåëîå ÷èñëî

s òàêîå, ÷òî 0 6 s 6 r, îáîçíà÷èì êëàññ ôóíêöèé u(x), x ∈ Ω, èìåþùèõ îáîáùåííûå ïî
Ñîáîëåâó ïðîèçâîäíûå u(k)(x), k = (k1, k2 . . . , kn) � ìóëüòèèíäåêñ, |k| = k1 +k2 · · ·+kn 6 r,
ñ êîíå÷íîé ïîëóíîðìîé

‖u;Lsp,r(Ω;σ,~g)‖ =




∑

|k|=s

∫

Ω

(σ(x)gk1−r1 (x)gk2−r2 (x) . . . gkn−rn (x)|u(k)(x)|)pdx





1/p

,

à ñèìâîëîì W r
p (Ω;σ,~g) � ïðîñòðàíñòâî ôóíêöèé u ∈ Lrp,r(Ω;σ,~g) ñ êîíå÷íîé íîðìîé

‖u;W r
p (Ω;σ,~g)‖ =

{
‖u;Lrp,r(Ω;σ,~g)‖p + ‖u;L0

p,r(Ω;σ,~g)‖p
}1/p

. (2.2)

ÏðîñòðàíñòâîW r
p (Ω;σ,~g) áàíàõîâî ñ íîðìîé (2.2), è â ñäåëàííûõ âûøå ïðåäïîëîæåíèÿõ

ïðè âñåõ p ∈ [1,∞) è âñåõ íàòóðàëüíûõ r ìíîæåñòâî C∞0 (Ω) ïëîòíî â íåì [10].
Ñèìâîëîì Lp(Ω; σ) îáîçíà÷èì âåñîâîå ëåáåãîâî ïðîñòðàíñòâî ñ íîðìîé

‖u; Lp(Ω;σ)‖ =





∫

Ω

σp(x)|u(x)|pdx





1/p

.
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Äëÿ ëþáîãî íàòóðàëüíîãî ÷èñëà m è ëþáîãî ε > 0 îáîçíà÷èì ÷åðåç Π
(m)
ε,~g (ξ) ïàðàëëå-

ëåïèïåä Πεm,~g(ξ) ïðè εm = m · ε/(m + 1). Çàìåòèì, ÷òî Π
(m)
ε,~g (ξ) ⊂ Πε0,~g(ξ), ε ∈ (0, ε0), äëÿ

ëþáîãî íàòóðàëüíîãî ÷èñëà m.
Ñëåäóþùàÿ ëåììà (ñì. ëåììó 2 ðàáîòû [10]) ÿâëÿåòñÿ îáîáùåíèåì èçâåñòíîé ëåììû

Òðóàçè [15] íà ðàññìàòðèâàåìûé ñëó÷àé è èñïîëüçóåòñÿ ïðè âûâîäå âåñîâûõ èíòåãðàëüíûõ
íåðàâåíñòâ èç áåçâåñîâûõ.

Ëåììà 2.1. [10]. Â ñäåëàííûõ âûøå ïðåäïîëîæåíèÿõ îòíîñèòåëüíî îáëàñòè Ω è ïî-
ëîæèòåëüíûõ ôóíêöèé σ(x), gi(x), x ∈ Ω, i = 1, n, ñïðàâåäëèâî ñîîòíîøåíèå ýêâèâà-
ëåíòíîñòè∫

Ω

(σ(ξ)‖u;Lp(Πε,~g(ξ))‖)p dξ �
∫

Ω

(
σ(x)(g1(x)g2(x) . . . gn(x))1/p|u(x)|

)p
dx,

ãäå ñèìâîë � îçíà÷àåò íàëè÷èå äâóñòîðîííåé îöåíêè ñ íåêîòîðûìè ïîëîæèòåëüíûìè
êîíñòàíòàìè.

Ëåììà 2.2. Ïóñòü χ
(m)
ε,~g (x; ξ) � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ïàðàëëåëåïèïåäà Π

(m)
ε,~g (ξ).

Òîãäà äëÿ ëþáîãî íàòóðàëüíîãî ÷èñëà m è äîñòàòî÷íî ìàëîãî ε > 0 âûïîëíÿåòñÿ íåðà-
âåíñòâî(

ε

2λ(ε)

)n
6
(

1 +
1

m

)n
g−1

1 (x)g−1
2 (x) . . . g−1

n (x)

∫
χ

(m)
ε,~g (x; ξ)dξ 6

(
λ(ε)ε

2

)n
, (2.3)

ãäå λ(ε) � òàêîå æå ÷èñëî êàê â óñëîâèè (2.1).

Äîêàçàòåëüñòâî. Äëÿ ïðîèçâîëüíîé ôèêñèðîâàííîé òî÷êè x ∈ Ω ââîäèì ñëåäóþùèå îáî-
çíà÷åíèÿ

Tε,~g(x) =
{
ξ ∈ Rn : |ξi − xi| <

ε

2
gi(ξ), i = 1, n

}
,

Dε,~g(x) =
{
ξ ∈ Rn : |ξi − xi| <

ε

2
gi(x), i = 1, n

}
.

Ïóñòü ξ ∈ Dελ(ε)−1,~g(x). Òîãäà èç óñëîâèÿ (2.1) ñëåäóåò, ÷òî |ξi − xi| < ε · gi(x)/2λ(ε) <

< εgi(ξ)/2, i = 1, n. Ñëåäîâàòåëüíî, ξ ∈ Tε,~g(x) è ïîýòîìó Dελ(ε)−1,~g(x) ⊂ Tε,~g(x) äëÿ âñåõ
x ∈ Ω. Àíàëîãè÷íî â ñèëó óñëîâèÿ (2.1) äîêàçûâàåòñÿ, ÷òî Tε,~g(x) ⊂ Dελ(ε),~g(x) äëÿ âñåõ
x ∈ Ω.
Ïóñòü χε,~g(x, ξ) � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ïàðàëëåëåïèïåäà Πε,~g(ξ). Òàê êàê∫
χε,~g(x, ξ)dξ = |Tε,~g(x)| , ãäå ïðàâàÿ ÷àñòü îáîçíà÷àåò îáúåì ïàðàëëåëåïèïåäà Tε,~g(x), òî

èç äîêàçàííûõ âûøå âêëþ÷åíèé ñëåäóåò, ÷òî

∣∣Dελ(ε)−1,~g(x)
∣∣ 6

∫
χε,~g(x, ξ)dξ 6

∣∣Dελ(ε),~g(x)
∣∣ .

Ïîýòîìó (
ε

2λ(ε)

)n
6 g−1

1 (x) · g−1
2 (x) . . . g−1

n (x)

∫
χε,~g(x, ξ)dξ 6

(
λ(ε)ε

2

)n
.

Çàìåíÿÿ â ýòîì íåðàâåíñòâå ε ÷åðåç εm = εm/(m+ 1), ïîëó÷èì (2.3).

Ëåììà 2.3. Ïóñòü öåëîå ÷èñëî s òàêîå, ÷òî 0 6 s < r. Ïóñòü p ≥ 1, 1 6 q1 6 q0 è
óäîâëåòâîðÿþò óñëîâèÿì:

1

p
− r − s

n
<

1

q0

ïðè n− (r − s)p > 0;

q0 − ëþáîå êîíå÷íîå ÷èñëî ïðè n− (r − s)p 6 0.
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Òîãäà äëÿ ëþáîãî τ > 0 è âñåõ v ∈ W r
p (Ω;σ,~g) ñïðàâåäëèâî íåðàâåíñòâî

∥∥∥v;Lsq0,r

(
Ω;σ(g1g2 . . . gn)

1
p
− 1
q0 , ~g

)∥∥∥ 6

6 τ
∥∥v;W r

p (Ω;σ,~g)
∥∥+ c1τ

−µ
∥∥∥v;Lq1(Ω;σ(g1g2 . . . gn)

−r+ 1
p
− 1
q1 , ~g)

∥∥∥ , (2.4)

ãäå

µ =
q−1

1 − q−1
0 + sn−1

q−1
0 − p−1 + (r − s)n−1

. (2.5)

Äîêàçàòåëüñòâî. Â óñëîâèÿõ ýòîé ëåììû èç èíòåðïîëÿöèîííûõ íåðàâåíñòâ äëÿ êëàññè-
÷åñêèõ ïðîñòðàíñòâ Ñîáîëåâà (ñì. íàïðèìåð, [16, �4.7]) ñëåäóåò, ÷òî

∥∥u(k);Lq0(Π(0))
∥∥ 6 τ

∑

|l|=r

∥∥u(l);Lp(Π(0))
∥∥+

+τ ‖u;Lp(Π(0))‖+ c1τ
−µ ‖u;Lq1(Π(0))‖ , (2.6)

ãäå k � ëþáîé ìóëüòèèíäåêñ äëèíû s, è ÷èñëî µ îïðåäåëÿåòñÿ ðàâåíñòâîì (2.5).
Íåðàâåíñòâî (2.4) âûâîäèòñÿ èç (2.6) ïðèìåíåíèåì ëåììû 2.1 è òåõíèêîé, èñïîëüçîâàí-

íîé ïðè äîêàçàòåëüñòâå ëåììû 2.2 ðàáîòû [12].

Àíàëîãè÷íî ëåììå 2.3 äîêàçûâàåòñÿ, ÷òî åñëè ÷èñëî s òàêîå, ÷òî 0 6 s 6 r, è âûïîëíÿ-
þòñÿ óñëîâèÿ

1 6 p 6 q0 < +∞, r − s− n

p
+
n

q0

> 0,

òî äëÿ âñåõ v ∈ W r
p (Ω;σ,~g) èìååò ìåñòî íåðàâåíñòâî
∥∥∥v;Lsq0,r

(
Ω;σ(g1g2 . . . gn)

1
p
− 1
q0 , ~g

)∥∥∥ 6M
∥∥v;W r

p (Ω;σ,~g)
∥∥ , (2.7)

ãäå ÷èñëî M > 0 íå çàâèñèò îò ôóíêöèè v(x).

Ëåììà 2.4. Ïóñòü ïîëîæèòåëüíûå ôóíêöèè α(x), β(x) ïðèíàäëåæàò êëàññó Φε,~g(Ω),
p ≥ 1, q ≥ 1 è r, t � íàòóðàëüíûå ÷èñëà. Äëÿ ìóëüòèèíäåêñîâ k, l òàêèõ, ÷òî |k| < r,
|l| 6 t, îïðåäåëèì ÷èñëà ql, λkl, sk ïîñðåäñòâîì ñëåäóþùèõ ñîîòíîøåíèé

1

ql
=





1

q
− t− |l|

n
, n > q(t− |l|),

ε1, 0 < ε1 6 1/q, n 6 q(t− |l|),
(2.8)

1

λkl
>

1

ql
+

1

p
− r − |k|

n
, ïðè n− p(r − |k|) > 0, (2.9)

1

λkl
=

1

ql
+ ε2, ãäå 0 < ε2 < 1/p, ïðè n− p(r − |k|) 6 0, (2.10)

1

sk
≥ 1

λkl
− 1

ql
. (2.11)

Ïóñòü ïîëîæèòåëüíàÿ ôóíêöèÿ σkl(x) ïðèíàäëåæèò êëàññó Φε,~g(Ω) è óäîâëåòâîðÿåò
íåðàâåíñòâó

σkl(x)α−1(x)β−1(x) 6
6 cgk1+l1

1 (x)gk2+l2
2 (x) . . . gkn+ln

n (x)(g1(x)g2(x) . . . gn(x))
−t+ 1

q
−r+ 1

p
− 1
λkl (2.12)

äëÿ âñåõ x ∈ Ω; ïîëîæèòåëüíîå ÷èñëî c íå çàâèñèò îò x.
Òîãäà äëÿ ëþáîãî τ > 0 ñïðàâåäëèâî íåðàâåíñòâî

∥∥u(k)v(l);Lλkl(Ω;σkl)
∥∥ 6

∥∥v;W t
q (Ω; β,~g)

∥∥ ·
{∥∥u;W r

p (Ω;α,~g)
∥∥+

+c0τ
−µk
∥∥∥u;Lsk(Ω;α, (g1g2 . . . gn)

−r+ 1
p
− 1
sk )
∥∥∥
}
, (2.13)
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ãäå

µk =
s−1
k − λ−1

kl + q−1
l + |k|n−1

λ−1
kl − q−1

l − p−1 + (r − |k|)n−1
(2.14)

è ïîëîæèòåëüíàÿ ïîñòîÿííàÿ c0 çàâèñèò òîëüêî îò n, p, r, |k|.
Äîêàçàòåëüñòâî. Ïóñòü |k| < r, |l| 6 t. Òàê êàê ÷èñëî ql, îïðåäåëåííîå ðàâåíñòâîì (2.8),
óäîâëåòâîðÿåò óñëîâèÿì

1 6 q 6 ql <∞, t− |l| −
n

q
+
n

ql
> 0,

òî, ïðèìåíÿÿ íåðàâåíñòâî (2.7), èìååì
∥∥∥v(l);Lql

(
Ω; β(x)gl11 (x)gl22 (x) . . . glnn (x)(g1(x)g2(x) . . . gn(x))

−t+ 1
q
− 1
ql

)∥∥∥ 6

6M
∥∥v;W t

q (Ω; β,~g)
∥∥ , (2.15)

ãäå M � ïîëîæèòåëüíàÿ êîíñòàíòà íå çàâèñÿùàÿ îò v(x).

Äàëåå çàìåòèì, ÷òî ïðè q0 = pk, s = |k|, q1 = sk, ãäå pk =
(
λ−1
kl − q−1

l

)−1
, è ÷èñëà

ql, λkl, sk îïðåäåëåíû ñîîòíîøåíèÿìè (2.8) � (2.11), âûïîëíÿþòñÿ óñëîâèÿ ëåììû 2.3.
Ïîýòîìó, ïðèìåíÿÿ ëåììó 2.3, â ýòîì ñëó÷àå ïîëó÷èì∥∥∥u(k);Lpk

(
Ω;αgk11 g

k2
2 . . . gknn (g1g2 . . . gn)

−r+ 1
p
− 1
pk

)∥∥∥ 6 τ‖u;W r
p (Ω;α,~g)‖+

+c0τ
−µk
∥∥∥u;Lsk(Ω;α(g1g2 . . . gn)

−r+ 1
p
− 1
sk )
∥∥∥ , (2.16)

ãäå

µk =
sk − p−1

k + |k|n−1

p−1
k − p−1 + (r − |k|)n−1

. (2.17)

Â ñèëó ðàâåíñòâà
1

λkl
=

1

pk
+

1

ql
(2.18)

è óñëîâèÿ (2.12) ñ ïîìîùüþ íåðàâåíñòâà Ãåëüäåðà äîêàçûâàåòñÿ, ÷òî
∥∥u(k)v(l);Lλkl(Ω;σkl)

∥∥ 6
∥∥∥v(l);Lql

(
Ω; βgl11 g

l2
2 . . . g

ln
n (g1g2 . . . gn)

−t+ 1
q
− 1
ql

)∥∥∥×

×
∥∥∥u(k);Lqk

(
Ω;αgk11 g

k2
2 . . . gknn (g1g2 . . . gn)

−r+ 1
p
− 1
pk

)∥∥∥ . (2.19)

Òåïåðü ëåãêî ìîæíî çàìåòèòü, ÷òî èç (2.15), (2.16), (2.19) ñëåäóåò íåðàâåíñòâî (2.13).
Ðàâåíñòâî (2.14) ñëåäóåò èç (2.17) â ñèëó ðàâåíñòâà (2.18).

3. Íåðàâåíñòâî Ãîðäèíãà äëÿ ýëëèïòè÷åñêèõ îïåðàòîðîâ ñ âûðîæäåíèåì

Ðàññìîòðèì äèôôåðåíöèàëüíûé îïåðàòîð

(Au)(x) =
∑

|k|,|l|6r
(−1)|l|

(
pk(x)pl(x)akl(x)u(k)(x)

)(l)
, x ∈ Ω, (3.1)

ãäå
pk(x) = σ(x)g−r+k11 (x)g−r+k22 (x) . . . g−r+knn (x) (3.2)

è akl(x) � êîìïëåêñíîçíà÷íûå ôóíêöèè.
Èçó÷åíèå êðàåâûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ îïåðàòîðîì (3.1) ìåòîäà-

ìè ôóíêöèîíàëüíîãî àíàëèçà ñâÿçàíî ñî ñëåäóþùåé ïîëóòîðàëèíåéíîé ôîðìîé, ïîðîæ-
äåííîé ýòèì îïåðàòîðîì

B[u, v] =
∑

|k|,|l|6r

∫

Ω

pk(x)pl(x)akl(x)u(k)(x)v(l)(x)dx. (3.3)
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Âàðèàöèîííàÿ çàäà÷à Äèðèõëå, ñâÿçàííàÿ ñ ôîðìîé (3.3), ðàíåå èçó÷àëàñü â ðàáîòå
Ñ.À. Èñõîêîâà [10] â ïðåäïîëîæåíèè, ÷òî êîýôôèöèåíòû akl(x) óäîâëåòâîðÿþò ñëåäóþùå-
ìó óñëîâèþ ýëëèïòè÷íîñòè

Re
∑

|k|,|l|6r
akl(x)ζkζl ≥ c

∑

|k|=r
|ζk|2 (3.4)

äëÿ âñåõ x ∈ Ω è ëþáîãî íàáîðà êîìïëåêñíûõ ÷èñåë ζ = {ζk}|k|6r. ×èñëî c > 0 íå çàâèñèò
îò x, ζ. Çäåñü â ýòîì ðàçäåëå âìåñòî óñëîâèÿ (3.4) ìû ïðåäïîëàãàåì âûïîëíåíèå áîëåå
ñëàáîãî óñëîâèÿ

Re
∑

|k|,|l|=r
akl(x)ξkξl ≥ c|ξ|2r (3.5)

äëÿ âñåõ x ∈ Ω, ξ ∈ Rn; ξ
k = ξk11 ξ

k2
2 · · · ξknn , c � ïîëîæèòåëüíîå ÷èñëî, íå çàâèñÿùåå îò x, ξ.

Òåîðåìà 3.1. Ïóñòü êîýôôèöèåíòû akl(x) ïðè |k| = |l| = r îãðàíè÷åíû, óäîâëåòâîðÿ-
þò óñëîâèþ ýëëèïòè÷íîñòè (3.5) è äëÿ ëþáîãî äîñòàòî÷íî ìàëîãî ÷èñëà ν > 0 ñóùå-
ñòâóåò ÷èñëî ε > 0 òàêîå, ÷òî

|akl(y)− akl(z)| < ν (3.6)

äëÿ ëþáîãî y ∈ Ω è ëþáîãî

z ∈ Πε,~g(y) =

{
z ∈ Rn : |zi − yi| <

1

2
εgi(y), i = 1, n

}
.

Ïóñòü òàêæå êîýôôèöèåíòû akl(x) ïðè |k|, |l| 6 r è |k| + |l| 6 2r − 1 ïðèíàäëåæàò
ïðîñòðàíñòâó Lpkl

(
Ω; (g1 · g2 . . . gn)−1/pkl

)
, ãäå

pkl =

{
qkl ïðè |k| 6 r − 1, |l| 6 r

qlk ïðè |k| = r, |l| 6 r − 1,

à ÷èñëà qkl îïðåäåëÿþòñÿ ñîîòíîøåíèÿìè:

n

2r − |k| − |l| < qkl 6
n

r − |l| , åñëè n > 2(r − |k|), n > 2(r − |l|);

n

r − |k| − ε1n
< qkl, 0 < ε1 <

1

2
, åñëè n > 2(r − |k|), n 6 2(r − |l|);

qkl =





n

r − |l|+ ε2n
, 0 < ε2 <

1

2
, åñëè n 6 2(r − |k|), n > 2(r − |l|),

ëþáîå êîíå÷íîå ÷èñëî >1, åñëè n 6 2(r − |k|), n 6 2(r − |l|).
Òîãäà ñóùåñòâóþò òàêèå ïîñòîÿííûå c1 > 0 è c2 ≥ 0, ÷òî

ReB[u, u] ≥ c1‖u;W r
2 (Ω;σ,~g)‖2 − c2‖u;L0

2,r(Ω;σ,~g)‖2 (3.7)

äëÿ âñåõ u ∈ W r
2 (Ω;σ,~g).

Äîêàçàòåëüñòâî. Â íà÷àëå ðàññìîòðèì ñëó÷àé, êîãäà ïîëóòîðàëèíåéíàÿ ôîðìà (3.3) íå
ñîäåðæèò ìëàäøèå êîýôôèöèåíòû, òî åñòü êîãäà akl(x) ≡ 0 (x ∈ Ω) äëÿ âñåõ ìóëüòèèí-
äåêñîâ k, l òàêèõ, ÷òî |k|, |l| 6 r è |k|+ |l| 6 2r − 1.
Ôèêñèðóÿ ïðîèçâîëüíóþ òî÷êó y ∈ Ω, ðàññìîòðèì ïîëóòîðàëèíåéíóþ ôîðìó

By[u, v] =
∑

|k|=|l|=r

∫

Rn

akl(y)u(k)(x)v(l)(x)dx, u, v ∈ C∞0 (Rn).
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Ïðèìåíÿÿ íåðàâåíñòâî Ãîðäèíãà äëÿ ñèëüíî ýëëèïòè÷åñêèõ îïåðàòîðîâ ñ ïîñòîÿííûìè
êîýôôèöèåíòàìè, èìååì

∑

|k|=r

∫

Rn

|u(k)(x)|2dx 6

6M



Re

∑

|k|=|l|=r

∫

Rn

akl(y)u(k)(x)u(l)(x)dx+

∫

Rn

|u(x)|2dx



 (3.8)

äëÿ âñåõ u ∈ C∞0 (Rn).
Ââîäèì îáîçíà÷åíèå

Πm(0) =

{
x = (x1, x2, . . . , xn) ∈ Rn : |xi| <

m

2(m+ 1)
, i = 1, n

}
,

ãäå m � íàòóðàëüíîå ÷èñëî.
Áåðåì ôóíêöèþ ϕm(x) ∈ C∞0 (Π2m(0)) ñî ñëåäóþùèìè ñâîéñòâàìè:
1) 0 6 ϕm(x) 6 1 äëÿ âñåõ x ∈ Π(0);
2) ϕm(x) = 1 äëÿ âñåõ x ∈ Πm(0);

3) ñóùåñòâóåò ÷èñëî c > 0 òàêîå, ÷òî |ϕ(k)
m (x)| 6 c äëÿ âñåõ x ∈ Π(0) è âñåõ ìóëüòèèí-

äåêñîâ k : |k| 6 r.
Ïóñòü u(x) � ïðîèçâîëüíàÿ ôóíêöèÿ êëàññà C∞(Π(0)). Ïðîäîëæàÿ ôóíêöèþ

vm(x) = u(x)ϕm(x) âíå ìíîæåñòâà Π(0) íóëåì, ïîëó÷àåì ôóíêöèþ vm ∈ C∞0 (Rn). Òàê êàê
vm(x) = u(x) äëÿ âñåõ x ∈ Πm(0), òî èç íåðàâåíñòâà (3.8) äëÿ ôóíêöèè vm(x) ñëåäóåò, ÷òî

∑

|k|=r

∫

Πm(0)

|u(k)(x)|2dx 6M0




ReBy[vm, vm] +

∫

Π(0)

|u(x)|2dx




. (3.9)

Ôîðìó By[vm, vm] ïðåäñòàâèì â âèäå

By[vm, vm] = B(1)
y [vm, vm] +B(2)

y [vm, vm], (3.10)

ãäå

B(1)
y [vm, vm] =

∑

|k|=|l|=r

∫

Π(0)

akl(y)ϕ2
m(x)u(k)(x)u(l)(x)dx,

B(2)
y [vm, vm] = By[vm, vm]−B(1)

y [vm, vm].

Òàê êàê âî âñåõ èíòåãðàëàõ, ñîñòàâëÿþùèõ ïîëóòîðàëèíåéíóþ ôîðìó B
(2)
y [vm, vm], ïî-

ðÿäîê õîòÿ áû îäíîé èç ïðîèçâîäíûõ u(k)(x), u(l)(x) íå ïðåâîñõîäèò r − 1, òî, ïðèìåíÿÿ
ñîîòâåòñòâóþùèå òåîðåìû âëîæåíèÿ äëÿ ïðîñòðàíñòâ Ñîáîëåâà áåç âåñà, à òàêæå íåðàâåí-
ñòâî Þíãà ñ ìàëûì ïàðàìåòðîì, ïîëó÷àåì: äëÿ ëþáîãî äîñòàòî÷íî ìàëîãî ÷èñëà τ > 0
ñóùåñòâóåò êîíå÷íîå ÷èñëî M(τ) > 0 òàêîå, ÷òî

|B(2)
y [vm, vm]| 6 τ

∑

|k|=r

∫

Π(0)

|u(k)(x)|2dx+M(τ)

∫

Π(0)

|u(x)|2dx. (3.11)

Äåéñòâèòåëüíî, èíòåãðàëû, ñîñòàâëÿþùèå ôîðìó B
(2)
y [vm, vm], èìåþò ñëåäóþùèé îáùèé

âèä

I
(m)
y,k,l,µ,ν(u) =

∫

Π(0)

Ck,µCl,νakl(y)ϕ(µ)
m (x)u(k−µ)(x)ϕ(ν)

m (x)u(l−ν)(x)dx,
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ãäå |µ| + |ν| 6= 0, è â ñèëó ñâîéñòâà 3) ôóíêöèé ϕm è îãðàíè÷åííîñòè êîýôôèöèåíòîâ
akl, |k| = |l| = r, äëÿ íèõ èìååò ìåñòî íåðàâåíñòâî

∣∣∣I(m)
y,k,l,µ,ν(u)

∣∣∣ 6M0

∫

Π(0)

∣∣u(k−µ)(x)
∣∣ ·
∣∣u(l−ν)(x)

∣∣ dx 6

6M0

∥∥u(k−µ); L2(Π(0))
∥∥ ·
∥∥u(l−ν); L2(Π(0))

∥∥ .
Äàëåå, ïðèìåíÿÿ íåðàâåíñòâî Þíãà

|ab| 6 δ|a|2 +
1

4δ
|b|2,

ãäå δ � äîñòàòî÷íî ìàëîå ïîëîæèòåëüíîå ÷èñëî, à òàêæå èíòåðïîëÿöèîííîå íåðàâåíñòâî

(2.6), ìîæíî ïîêàçàòü, ÷òî
∣∣∣I(m)
y,k,l,µ,ν(u)

∣∣∣ íå ïðåâîñõîäèò ïðàâóþ ÷àñòü íåðàâåíñòâà (3.11).

Ó÷èòûâàÿ ñâîéñòâî 2) ôóíêöèé ϕm(x), ïðåäñòàâèì ôîðìó B
(1)
y [vm, vm] â âèäå

B(1)
y [vm, vm] = B(11)

y,m [u, u] +B(12)
y,m [u, u], (3.12)

ãäå

B(11)
y,m [u, u] =

∑

|k|=|l|=r

∫

Πm(0)

akl(y)u(k)(x)u(l)(x)dx,

B(12)
y,m [u, u] =

∑

|k|=|l|=r

∫

Π(m)(0)

akl(y)ϕ2
m(x)u(k)(x)u(l)(x)dx,

Π(m)(0) = Π(0) \ Πm(0) =

{
x ∈ Rn :

m

2(m+ 1)
< |xi| <

1

2
, i = 1, n

}
.

Òàê êàê êîýôôèöèåíòû akl (|k| = |l| = r) îãðàíè÷åíû, òî, ïðèìåíÿÿ íåðàâåíñòâî Êîøè-
Áóíÿêîâñêîãî è ïðèíèìàÿ âî âíèìàíèå, ÷òî |Π(m)(0)| → 0 ïðè m→∞, ïîëó÷àåì

|B(12)
y,m [u, u]| 6 µm‖u;Lr2(Π(0))‖2, (3.13)

ãäå

‖u;Lr2(Π(0))‖ =




∑

|k|=r

∫

Π(0)

∣∣u(k)(x)
∣∣2 dx





1/2

è ïîëîæèòåëüíûå ÷èñëà µm ñòðåìÿòñÿ ê íóëþ ïðè m→∞.
Èç ïðåäñòàâëåíèé (3.10), (3.12) â ñèëó íåðàâåíñòâà (3.9) èìååì

‖u;Lr2 (Πm(0))‖2 − M0|B(2)
y [vm, vm]| − M0|B(12)

y,m [u, u]| 6 M0 ReB
(11)
y,m [u, u].

Äàëåå, ïîäáèðàÿ íàòóðàëüíîå ÷èñëîm äîñòàòî÷íî áîëüøèì è ïðèìåíÿÿ íåðàâåíñòâî (3.11)

ïðè τ =
1

m
, à òàêæå íåðàâåíñòâî (3.13), ïðèõîäèì ê íåðàâåíñòâó

‖u;Lr2 (Πm(0))‖2−
−cm ‖u;Lr2 (Π(0))‖2 − Cm ‖u;L2 (Π(0))‖2 6M0 ReB

(11)
y,m [u, u] (3.14)

äëÿ âñåõ u ∈ C∞(Π(0)), ãäå cm,Cm � ïîëîæèòåëüíûå ÷èñëà, íå çàâèñÿùèå îò u(x) è cm → 0
ïðè m→∞.
Ïóñòü v � ïðîèçâîëüíàÿ ôóíêöèÿ èç êëàññà C∞0 (Ω) è y � ïðîèçâîëüíàÿ ôèê-

ñèðîâàííàÿ òî÷êà îáëàñòè Ω. Îòîáðàæåíèå z → x, îïðåäåëåííîå ðàâåíñòâàìè
xi = (zi − yi)/(εgi(y)), i = 1, n, îòîáðàæàåò ïàðàëëåëåïèïåä Πε,~g(y) = {z ∈ Rn : |zi − yi| <
< εgi(y)/2} â åäèíè÷íûé êóá Π(0), à ïàðàëëåëåïèïåä Π

(m)
ε,~g (y) � â Πm(0). Ïðè äîñòàòî÷-

íî ìàëûõ ε > 0 ïàðàëëåëåïèïåä Πε,~g(y) ñîäåðæèòñÿ â îáëàñòè Ω, è ïîýòîìó ôóíêöèÿ
v̂y(x) = v(xiεgi(y) + yi) îïðåäåëåíà äëÿ âñåõ x ∈ Π(0) è ïðèíàäëåæèò êëàññó C∞(Π(0)).
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Íåðàâåíñòâî (3.14) äëÿ ôóíêöèè u(x) = v̂y(x) ïðèìåò âèä

∑

|k|=r





∫

Πm(0)

|v̂(k)
y (x)|2dx− cm

∫

Π(0)

|v̂(k)
y (x)|2dx




ε2rg2k1

1 (y)g2k2
2 (y) . . . g2kn

n (y)−

− Cm

∫

Π(0)

|v̂y(x)|2dx 6M0 Re
∑

|k|=|l|=r
ε2rgk1+l1

1 (y)gk2+l2
2 (y) . . . gkn+ln

n (y)×

×
∫

Πm(0)

akl(y)v̂(k)
y (x)v

(l)
y (x)dx.

Â èíòåãðàëàõ ýòîãî íåðàâåíñòâà, ïåðåõîäÿ ê íîâûì ïåðåìåííûì èíòåãðèðîâàíèÿ
zi = xiεgi(y) + yi, ïîëó÷èì

∑

|k|=r





∫

Π
(m)
ε,~g

(y)

|v(k)(z)|2dz − cm
∫

Πε,~g(y)

|v(k)(z)|2dz




ε2r−ng2k1−1

1 (y)×

× g2k2−1
2 (y) . . . g2kn−1

n (y)− Cm

∫

Πε,~g(y)

|v(z)|2dzε−ng−1
1 (y)g−1

2 (y) . . . g−1
n (y)dz 6

6M0 Re



ε

2r−n
∑

|k|=|l|=r
gk1+l1−1

1 (y)gk2+l2−1
2 (y) . . . gkn+ln−1

n (y)×

∫

Π
(m)
ε,~g

(y)

akl(y)v(k)(z)v(l)(z)dz




.

Îáå ÷àñòè ýòîãî íåðàâåíñòâà óìíîæèì íà σ2(y)(g1(y)g2(y) . . . gn(y))−2r, è ðåçóëüòàò ïðîèí-
òåãðèðóåì ïî y ∈ Ω. Â èòîãå èìååì

∑

|k|=r

∫

Ω

σ2(y)(g1(y)g2(y) . . . gn(y))−2rε2r−n×

× g2k1−1
1 (y)g2k2−1

2 (y) . . . g2kn−1
n (y)

(∫

Π
(m)
ε,~g

(y)

|v(k)(z)|2dz
)
dy−

− cm
∑

|k|=r

∫

Ω

σ2(y)(g1(y)g2(y) . . . gn(y))−2rε2r−n×

×g2k1−1
1 (y)g2k2−1

2 (y) . . . g2kn−1
n (y)

(∫

Πε,~g(y)

|v(k)(z)|2dz
)
dy−

−Cm

∫

Ω

σ2(y)(g1(y)g2(y) . . . gn(y))−2r−1ε−n
(∫

Πε,~g(y)

|v(k)(z)|2dz
)
dy 6

6M0ε
2r−nReBε,m[v, v], (3.15)
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ãäå

Bε,m[v, v] =
∑

|k|=|l|=r

∫

Ω

σ2(y)(g1(y)g2(y) . . . gn(y))−2r−1×

×gk1+l1
1 (y)gk2+l2

2 (y) . . . gkn+ln
n (y)

(∫

Π
(m)
ε,~g

(y)

akl(y)v(k)(z)v(l)(z)dz

)
dy. (3.16)

Äàëåå, ïðèìåíÿÿ ëåììó 2.1 è íåðàâåíñòâà (2.1), îöåíèì èíòåãðàëû â ëåâîé ÷àñòè íåðàâåí-
ñòâà (3.15). Äëÿ ïåðâîãî èíòåãðàëà ñ ïîìîùüþ íåðàâåíñòâ (2.1) èìååì

ε2r−n
∑

|k|=r

∫

Ω

σ2(y)(g1(y)g2(y) . . . gn(y))−2r−1×

× g2k1
1 (y)g2k2

2 (y) . . . g2kn
n (y)

(∫

Π
(m)
ε,~g

(y)

|v(k)(z)|2dz
)
dy ≥

≥ ε2r−nν−2(εm)λ−n(εm)
∑

|k|=r

∫

Ω

σ2(z)(g1(z)g2(z) . . . gn(z))−2r−1×

× g2k1
1 (z)g2k2

2 (z) . . . g2kn
n (z)

(∫

Ω

χ
(m)
ε,~g (z; y)dy

)
|v(k)(z)|2dz,

ãäå εm = mε/(m+ 1).
Äàëåå, ïðèìåíÿÿ ëåììó 2.1, ïîëó÷èì

ε2r−n
∑

|k|=r

∫

Ω

σ2(y)(g1(y)g2(y) . . . gn(y))−2r−1×

×g2k1
1 (y)g2k2

2 (y) . . . g2kn
n (y)

(∫

Π
(m)
ε,~g

(y)

|v(k)(z)|2dz
)
dy ≥

≥ ε2rν−2(εm)λ−2n(εm)2−n
(

1 +
1

m

)−n ∥∥v;Lr2,r(Ω;σ,~g)
∥∥2
. (3.17)

Òåïåðü îöåíèì âòîðîé èíòåãðàë â ëåâîé ÷àñòè íåðàâåíñòâà (3.15). Ïðèìåíÿÿ íåðàâåíñòâà
(2.1), èìååì

∑

|k|=r

∫

Ω

σ2(y)(g1(y)g2(y) . . . gn(y))−2rε2r−ng2k1−1
1 (y)g2k2−1

2 (y) . . . g2kn−1
n (y)×

×
(∫

Πε,~g(y)

|v(k)(z)|2dz
)
dy 6

6 ε2r−nν2(ε)λ−n(ε)
∑

|k|=r

∫

Ω

σ2(z)g2k1−2r−1
1 (z)g2k2−2r−1

2 (z) . . . g2kn−2r−1
n (z)|v(k)(z)|2×

×
(∫

Ω

χε,~g(z; y)dy

)
dz.

Äàëåå, ïðèìåíÿÿ ëåììó 2.1, ïîëó÷àåì ñëåäóþùóþ îêîí÷àòåëüíóþ îöåíêó
∑

|k|=r

∫

Ω

σ2(y)(g1(y)g2(y) . . . gn(y))−2rε2r−ng2k1−1
1 (y)g2k2−1

2 (y) . . . g2kn−1
n (y)×
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×
(∫

Πε,~g(y)

|v(k)(z)|2dz
)
dy 6 ε2rν2(ε)2−n

∥∥v;Lr2,r(Ω;σ,~g)
∥∥2
. (3.18)

Ïåðåõîäèì ê îöåíêå òðåòüåãî èíòåãðàëà â ëåâîé ÷àñòè íåðàâåíñòâà (3.15). Ïðèìåíÿÿ íåðà-
âåíñòâà (2.1), èìååì

∫

Ω

σ2(y)(g1(y)g2(y) . . . gn(y))−2r−1ε−n
(∫

Πε,~g(y)

|v(z)|2dz
)
dy 6

6 ε−nν2(ε)λ−2rn−n(ε)×

×
∫

Ω

σ2(z)(g1(z)g2(z) . . . gn(z))−2r−1|v(z)|2
(∫

Ω

χε,~g(z; y)dy

)
dz.

Òåïåðü, äëÿ îöåíêè âíóòðåííåãî èíòåãðàëà ïðèìåíÿåì ëåììó 2.1 è ïðèõîäèì ê ñëåäóþùå-
ìó íåðàâåíñòâó

∫

Ω

σ2(y)(g1(y)g2(y) . . . gn(y))−2r−1ε−n
(∫

Πε,~g(y)

|v(z)|2dz
)
dy 6

6 ν2(ε)λ−2rn(ε)2−n
∥∥v;L0

2,r(Ω;σ,~g)
∥∥2
. (3.19)

Â ñèëó ïîëó÷åííûõ íåðàâåíñòâ (3.17) � (3.19) èç (3.15) ñëåäóåò, ÷òî

(1− c̃m(ε))
∥∥v;Lr2,r(Ω;σ,~g)

∥∥2 − C̃m(ε)ε−2r
∥∥v;L0

2,r(Ω;σ,~g)
∥∥2 6

6 ε−nMm(ε)ReBε,m[v, v], (3.20)

ãäå ïîëóòîðàëèíåéíàÿ ôîðìà Bε,m[v, v] îïðåäåëåíà ðàâåíñòâîì (3.16) è

c̃m = cmν
4(εm)λ2n(εm)

(
1 +

1

m

)n
, εm =

εm

m+ 1
,

C̃m(ε) = Cmν
4(ε)λ−2rn(ε)λ2n(εm)

(
1 +

1

m

)n
,

Mm(ε) = M0ν
2(εm)λ2n(εm)2n

(
1 +

1

m

)n
.

(3.21)

Ââîäèì íîâóþ ïîëóòîðàëèíåéíóþ ôîðìó

B(1)
ε,m[u, v] =

∑

|k|=|l|=r

∫

Ω

(∫

Ω

χ(m)
ε (z; y)akl(y)dy

)
×

×(g1(z)g2(z) . . . gn(z))−1pk(z)pl(z)u(k)(z)v(l)(z)dz,

ãäå ôóíêöèè pk(z) îïðåäåëåíû ðàâåíñòâîì (3.2).
Ó÷èòûâàÿ îãðàíè÷åííîñòè êîýôôèöèåíòîâ akl(x) ïðè |k| = |l| = r, èìååì

∣∣B(1)
ε,m[v, v]−Bε,m[v, v]

∣∣ 6

6M
∑

|k|=|l|=r

∫

Ω

(∫

Ω

χ(m)
ε (z; y)

∣∣∣∣1−
pk(y)pl(y)

pk(z)pl(z)
· g1(z)g2(z) . . . gn(z)

g1(y)g2(y) . . . gn(y)

∣∣∣∣×

× pk(z)pl(z)(g1(z)g2(z) . . . gn(z))−1|v(k)(z)||vl(z)|dz
)
dy. (3.22)

Â ñèëó óñëîâèè (2.1) äëÿ äîñòàòî÷íî ìàëûõ ε > 0 ñóùåñòâóåò ïîëîæèòåëüíîå ÷èñëî
µ1(ε) òàêîå, ÷òî ∣∣∣∣1−

pk(y)pl(y)

pk(z)pl(z)
· g1(z)g2(z) . . . gn(z)

g1(y)g2(y) . . . gn(y)

∣∣∣∣ 6 µ1(ε) (3.23)

äëÿ âñåõ y, z ∈ Ω, óäîâëåòâîðÿþùèõ óñëîâèþ χ
(m)
ε,~g (z; y) 6= 0; µ1(ε)→ 0 ïðè ε→ 0.
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Ó÷èòûâàÿ ýòî îáñòîÿòåëüñòâî è ïðèìåíÿÿ ëåììó 2.1, à òàêæå íåðàâåíñòâî Êîøè-
Áóíÿêîâñêîãî èç (3.22), ïîëó÷èì

∣∣B(1)
ε,m[v, v]−Bε,m[v, v]

∣∣ 6 εnµ1(ε)
∥∥v;Lr2,r(Ω;σ,~g)

∥∥2
(3.24)

äëÿ âñåõ v ∈ C∞0 (Ω).
Ðàññìîòðèì íîâóþ ïîëóòîðàëèíåéíóþ ôîðìó

B(2)
ε,m[u, v] =

∑

|k|=|l|=r

∫

Ω

(∫

Ω

χ
(m)
ε,~g (z; y)dy

)
akl(z)pk(z)pl(z)×

× (g1(z)g2(z) . . . gn(z))−1u(k)(z)v(l)(z)dz, (u, v ∈ C∞0 (Ω)).

Â ñèëó óñëîâèÿ (3.6), ëåììû 2.1, äåéñòâóÿ ñòàíäàðòíûì îáðàçîì ñ ïîìîùüþ íåðàâåíñòâà
Êîøè-Áóíÿêîâñêîãî, äîêàçûâàåòñÿ, ÷òî äëÿ ëþáîãî äîñòàòî÷íî ìàëîãî ïîëîæèòåëüíîãî ν
ñóùåñòâóåò ÷èñëî εν > 0 òàêîå, ÷òî

∣∣B(1)
ε,m[v, v]−B(2)

ε,m[v, v]
∣∣ 6 εnν

∥∥v;Lr2,r(Ω;σ,~g)
∥∥2

(3.25)

äëÿ âñåõ v ∈ C∞0 (Ω) è ëþáîãî ε ∈ (0, εν).

Ëåììà 3.1. Äëÿ ëþáîé âåùåñòâåííîçíà÷íîé ôóíêöèè Φ(z) ∈ L1(Ω) ïðè äîñòàòî÷íî
ìàëûõ ε > 0 ñïðàâåäëèâî íåðàâåíñòâî

cn,m

∫

Ω

(∫

Ω

χ
(m)
ε,~g (z; y)dy

)
(g1(z)g2(z) . . . gn(z))−1Φ(z)dz 6

6 λn(εm)εn
∫

Ω

Φ(z)dz + εn
[
λn(εm)− λ−n(εm)

] ∫

Ω

Φ−(z)dz, (3.26)

ãäå

Φ−(z) = (|Φ(z)| − Φ(z))/2, cn,m = 2n
(

1 +
1

m

)n
.

Äîêàçàòåëüñòâî. Îïðåäåëèì òàêæå ôóíêöèþ Φ+(z) = (|Φ(z)| + Φ(z))/2. Çàìåòèì, ÷òî
Φ(z) = Φ+(z)− Φ−(z) è ôóíêöèè Φ+(z),Φ−(z) íåîòðèöàòåëüíû.
Â ñèëó ëåììû 2.1 èìååì

εn2−nλ−n(εm)

(
1 +

1

m

)−n
6 (g1(z)g2(z) . . . gn(z))−1

∫

Ω

χ
(m)
ε,~g (z; y)dy,

(g1(z)g2(z) . . . gn(z))−1

∫

Ω

χ
(m)
ε,~g (z; y)dy 6 εn

(
1 +

1

m

)−n
2−nλn(εm).

Îáå ÷àñòè ïåðâîãî íåðàâåíñòâà óìíîæèì íà Φ−(z), à âòîðîå íåðàâåíñòâî � íà Φ+(z) è
çàòåì èíòåãðèðóåì ïî z ∈ Ω. Èç ïîëó÷åííûõ íåðàâåíñòâ íà îñíîâå ðàâåíñòâà Φ(z) =
Φ+(z)− Φ−(z) ïîëó÷èì (3.26).

Ïðèìåíÿÿ íåðàâåíñòâî (3.26) ïðè

Φ(z) = Re
∑

|k|=|l|=r
akl(z)pk(z)pl(z)v(k)(z)v(l)(z),

èìååì

cn,mReB(2)
ε,m[v, v] 6 λn(εm)εnReB[v, v]+

+εn[λn(εm)− λ−n(εm)]

∫

Ω

Φ−(z)dz. (3.27)

Òàê êàê êîýôôèöèåíòû akl(z), |k| = |l| = r, îãðàíè÷åíû, òî
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∫

Ω

Φ−(z)dz 6
∫

Ω

|Φ(z)|dz 6M
∑

|k|=|l|=r

∫

Ω

pk(z)pl(z)|v(k)(z)||v(l)(z)|dz 6

6M‖v;Lr2,r(Ω;σ,~g)‖2.

Îòñþäà è èç (3.27) ñëåäóåò, ÷òî

ReB(2)
ε,m[v, v] 6 εnM

{
ReB[v, v] + µ2(ε)‖v;Lr2,r(Ω;σ,~g)‖2

}
, (3.28)

ãäå M � ïîëîæèòåëüíîå ÷èñëî, íå çàâèñÿùåå îò ε > 0 è v(x), è

µ2(ε) = λn(εm)− λ−n(εm), εm =
εm

m+ 1
. (3.29)

Èñïîëüçóÿ íåðàâåíñòâî (3.20), èìååì

(1− c̃m(ε))
∥∥v;Lr2,r(Ω;σ,~g)

∥∥2 − C̃m(ε)ε−2r
∥∥v;L0

2,r(Ω;σ,~g)
∥∥2 6

6 ε−nMm(ε)ReB(2)
ε,m[v, v] + ε−nMm(ε)

∣∣Bε,m[v, v]−B(1)
ε,m[v, v]

∣∣+
+ ε−nMm(ε)

∣∣B(1)
ε,m[v, v]−B(2)

ε,m[v, v]
∣∣ .

Îòñþäà â ñèëó íåðàâåíñòâ (3.24), (3.25) ñëåäóåò, ÷òî

(1− c̃m(ε))
∥∥v;Lr2,r(Ω;σ,~g)

∥∥2 − C̃m(ε)ε−2r
∥∥v;L0

2,r(Ω;σ,~g)
∥∥2 6

6 ε−nMm(ε)ReB(2)
ε,m[v, v] + µ1(ε)Mm(ε)

∥∥v;Lr2,r(Ω;σ,~g)
∥∥2

+

+Mm(ε)ν
∥∥v;Lr2,r(Ω;σ,~g)

∥∥2
.

Äàëåå, ïðèìåíÿÿ íåðàâåíñòâî (3.28), èìååì

(1− c̃m(ε))
∥∥v;Lr2,r(Ω;σ,~g)

∥∥2 − C̃m(ε)ε−2r
∥∥v;L0

2,r(Ω;σ,~g)
∥∥2 6

6Mm(ε)M
{
ReB[v, v] + µ2(ε)

∥∥v;Lr2,r(Ω;σ,~g)
∥∥2
}

+

+ µ1(ε)Mm(ε)
∥∥v;Lr2,r(Ω;σ,~g)

∥∥2
+Mm(ε)ν

∥∥v;Lr2,r(Ω;σ,~g)
∥∥2
.

Îòñþäà ñëåäóåò, ÷òî

[1− c̃m(ε)− µ2(ε)Mm(ε)M − µ1(ε)Mm(ε)−Mm(ε)ν]
∥∥v;Lr2,r(Ω;σ,~g)

∥∥2−

−C̃m(ε)ε−2r
∥∥v;L0

2,r(Ω;σ,~g)
∥∥2 6Mm(ε)MReB[v, v], (3.30)

ãäå ÷èñëà c̃m(ε), C̃m(ε), Mm(ε) òàêèå æå, êàê â (3.21), µ1(ε) � òàêîå æå, êàê â (3.23), à
÷èñëî µ2(ε) îïðåäåëåíî ðàâåíñòâîì (3.29).
Ïîäáèðàÿ ÷èñëî m äîñòàòî÷íî áîëüøèì, à ÷èñëà ε, ν � äîñòàòî÷íî ìàëûìè, èç (3.30)

ïîëó÷àåì íåðàâåíñòâî

ReB[v, v] ≥ c3

∥∥v;Lr2,r(Ω;σ,~g)
∥∥2 − c4

∥∥v;L0
2,r(Ω;σ,~g)

∥∥2
(3.31)

äëÿ âñåõ v ∈ C∞0 (Ω); c3, c4 � ïîëîæèòåëüíûå ïîñòîÿííûå, íå çàâèñÿùèå îò v(x).
Òàêèì îáðàçîì, íåðàâåíñòâî Ãîðäèíãà äëÿ âûðîæäàþùåãîñÿ ýëëèïòè÷åñêîãî îïåðàòîðà,

àññîöèèðîâàííîãî ñ ïîëóòîðàëèíåéíîé ôîðìîé B[u, v], îïðåäåëåííîé ðàâåíñòâîì (3.3) â
ñëó÷àå akl ≡ 0 ïðè |k|+ |l| 6 2r − 1, äîêàçàíî.
Òåïåðü ïåðåéäåì ê äîêàçàòåëüñòâó íåðàâåíñòâà Ãîðäèíãà (3.7) â îáùåì ñëó÷àå.
Ïîëîæèì

B0[u, v] =
∑

|k|=|l|=r

∫

Ω

pk(x)pl(x)akl(x)u(k)(x)v(l)(x)dx, B1[u, v] = B[u, v]−B0[u, v].
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Ñîãëàñíî âûøåäîêàçàííîìó ðåçóëüòàòó äëÿ ïîëóòîðàëèíåéíîé ôîðìû B0[u, v] èìååò
ìåñòî íåðàâåíñòâî âèäà (3.31), òî åñòü ñóùåñòâóþò ÷èñëà c5 > 0, c6 ≥ 0 òàêèå, ÷òî

ReB0[u, u] ≥ c5

∥∥u;Lr2,r(Ω;σ,~g)
∥∥2 − c6

∥∥u;L0
2,r(Ω;σ,~g)

∥∥2
(3.32)

äëÿ âñåõ u ∈ C∞0 (Ω).
Ïîëóòîðàëèíåéíóþ ôîðìó B1[u, v] ïðåäñòàâèì â âèäå

B1[u, v] = B11[u, v] +B12[u, v], (3.33)

ãäå

B11[u, v] =
∑

|k|<r,|l|6r

∫
Ω

pk(x)pl(x)akl(x)u(k)(x)v(l)(x)dx,

B12[u, v] =
∑

|k|=r,|l|<r

∫
Ω

pk(x)pl(x)akl(x)u(k)(x)v(l)(x)dx.
(3.34)

Èñïîëüçóÿ íåðàâåíñòâî Ãåëüäåðà ñ ïîêàçàòåëÿìè qkl, λkl, â ñèëó óñëîâèÿ
∥∥akl;Lqkl(Ω; (g1g2 . . . gn)−1/qkl)

∥∥ < +∞, |k|+ |l| 6 2r − 1,

èìååì

|B11[u, v] 6
∑

|k|<r,|l|6r

∫

Ω

(g1(x)g2(x) . . . gn(x))−1/qkl|akl(x)|σkl(x)|u(k)(x)||v(l)(x)|dx 6

6M0

∑

|k|<r,|l|6r

∥∥u(k)v(l);Lλkl(Ω;σkl)
∥∥ .

Äàëåå, ïðèìåíÿÿ ëåììó 2.4 ïðè p = q = 2, ïîëó÷èì

|B11[u, v] 6M ‖v;W r
2 (Ω;σ,~g)‖

{
τ ‖u;W r

2 (Ω;σ,~g)‖+ c0τ
−µ ∥∥u;L0

2,r(Ω;σ,~g)
∥∥} , (3.35)

ãäå µ = max
|k|<r

µk è ÷èñëà µk îïðåäåëÿþòñÿ ðàâåíñòâîì (2.14); τ � äîñòàòî÷íî ìàëîå ïîëî-

æèòåëüíîå ÷èñëî.
Òàê êàê (ñì. (3.34)) ïîëóòîðàëèíåéíàÿ ôîðìà B12[u, v] ñîäåðæèò u(k)(x)v(l)(x) ïðè |l| < r,
|k| = r, òî, ìåíÿÿ ðîëÿìè u(x) è v(x), è äåéñòâóÿ òàê æå, êàê â äîêàçàòåëüñòâå íåðàâåíñòâà
(3.35), èìååì

|B12[u, v] 6M ‖u;W r
2 (Ω;σ,~g)‖

{
τ ‖v;W r

2 (Ω;σ,~g)‖+ c0τ
−µ ∥∥v;L0

2,r(Ω;σ,~g)
∥∥} . (3.36)

Èñïîëüçóÿ íåðàâåíñòâà (3.35), (3.36) ïðè u(x) ≡ v(x) è ðàâåíñòâî (3.33), ïîëó÷àåì

|B1[u, u] 6M ‖u;W r
2 (Ω;σ,~g)‖

{
τ ‖u;W r

2 (Ω;σ,~g)‖+ c0τ
−µ ∥∥u;L0

2,r(Ω;σ,~g)
∥∥} . (3.37)

Òàê êàê B[u, v] = B0[u, v] +B1[u, v], òî, èñïîëüçóÿ íåðàâåíñòâà (3.32), (3.37), íàõîäèì

ReB[u, u] ≥ ReB0[u, u]− |B1[u, u]| ≥
≥ (c5 − τ)

∥∥u;Lr2,r(Ω;σ,~g)
∥∥2 − (τ + c0τ

−2µ + c6)
∥∥u;L0

2,r(Ω;σ,~g)
∥∥2
.

Äàëåå, ôèêñèðóÿ äîñòàòî÷íî ìàëîå ÷èñëî τ > 0, ïîëó÷èì

ReB[u, u] ≥ c7

∥∥u;Lr2,r(Ω;σ,~g)
∥∥2 − c8

∥∥u;L0
2,r(Ω;σ,~g)

∥∥2
. (3.38)

Òàê êàê

‖u;W r
2 (Ω;σ,~g)‖ =

{∥∥u;Lr2,r(Ω;σ,~g)
∥∥2

+
∥∥u;L0

2,r(Ω;σ,~g)
∥∥2
}1/2

,

òî èç ïîëó÷åííîãî íåðàâåíñòâà (3.38) ñëåäóåò íåðàâåíñòâî (3.7).

Òåîðåìà 3.1 äîêàçàíà.
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4. Î ðàçðåøèìîñòè âàðèàöèîííîé çàäà÷è Äèðèõëå äëÿ ýëëèïòè÷åñêèõ

îïåðàòîðîâ ñ íåñòåïåííûì âûðîæäåíèåì

Â ýòîì ðàçäåëå ñôîðìóëèðóåì ðåçóëüòàò î ðàçðåøèìîñòè âàðèàöèîííîé çàäà÷è
Äèðèõëå, êîòîðûé äîêàçûâàåòñÿ ñ ïîìîùüþ ïîëó÷åííîãî âûøå íåðàâåíñòâà Ãîðäèíãà è
îáîáùåííîé òåîðåìû Ëàêñà-Ìèëüãðàìà (ñì., íàïðèìåð, [8]).
Ïóñòü (W r

2 (Ω;σ,~g))′ � ïðîñòðàíñòâî îãðàíè÷åííûõ àíòèëèíåéíûõ íåïðåðûâíûõ ôóíê-
öèîíàëîâ, îïðåäåëåííûõ íà W r

2 (Ω;σ,~g), íàäåëåííîå íîðìîé ñîïðÿæåííîãî ïðîñòðàíñòâà.
Ðàññìîòðèì ñëåäóþùóþ âàðèàöèîííóþ çàäà÷ó Äèðèõëå, ñâÿçàííóþ ñ ïîëóòîðàëèíåéíîé

ôîðìîé (3.3).
Çàäà÷à Dλ. Äëÿ çàäàííîãî ôóíêöèîíàëà F ∈ (W r

2 (Ω;σ,~g))′ òðåáóåòñÿ íàéòè ðåøåíèå
U(x) óðàâíåíèÿ

B[U, v] +

∫

Ω

σ2(x) (g1(x)g2(x) · · · gn(x))−2r U(x)v(x)dx = 〈F, v〉, v ∈ C∞0 (Ω), (4.1)

ïðèíàäëåæàùåå ïðîñòðàíñòâó W r
2 (Ω;σ,~g).

Çàìåòèì, ÷òî â ñëó÷àå äîñòàòî÷íîé ãëàäêîñòè êîýôôèöèåíòîâ akl(x) è ïðàâîé ÷àñòè F
óðàâíåíèÿ (4.1), ðåøåíèå U(x) çàäà÷è Dλ óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ

(AU)(x) + λσ2(x) (g1(x)g2(x) · · · gn(x))−2r U(x) = F (x), x ∈ Ω,

ãäå A òàêîé æå äèôôåðåíöèàëüíûé îïåðàòîð êàê â (3.1).

Òåîðåìà 4.1. Ïóñòü âûïîëíåíû âñå óñëîâèÿ òåîðåìû 3.1. Òîãäà ñóùåñòâóåò ÷èñëî
λ0 ≥ 0 òàêîå, ÷òî ïðè λ > λ0 äëÿ ëþáîãî çàäàííîãî ôóíêöèîíàëà F ∈ (W r

2 (Ω;σ,~g))′

çàäà÷à Dλ èìååò åäèíñòâåííîå ðåøåíèå U(x), è ïðè ýòîì âûïîëíÿåòñÿ îöåíêà

‖U ; W r
2 (Ω;σ,~g)‖ 6M

∥∥F ; (W r
2 (Ω;σ,~g))′

∥∥ ,

ãäå ïîëîæèòåëüíîå ÷èñëî M íå çàâèñèò îò F .

5. Î ðàçðåøèìîñòè âàðèàöèîííîé çàäà÷è Äèðèõëå ñ íåîäíîðîäíûìè

ãðàíè÷íûìè óñëîâèÿìè â ïîëóïðîñòðàíñòâå

Â ñèëó ïëîòíîñòè êëàññà C∞0 (Ω) â W r
2 (Ω;σ,~g) òåîðåìà 2 ïîçâîëÿåò óñòàíîâèòü ðàçðå-

øèìîñòü âàðèàöèîííîé çàäà÷è Äèðèõëå ñ îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè äëÿ êîí-
êðåòíûõ âèäîâ îáëàñòåé Ω ⊂ Rn (íàïðèìåð, îãðàíè÷åííûå îáëàñòè, äîïîëíåíèÿ ê îãðàíè-
÷åííûì îáëàñòÿì, ïîëóïðîñòðàíñòâî è ò.ä.), à äëÿ èçó÷åíèÿ ðàçðåøèìîñòè òàêèõ çàäà÷ ñ
íåîäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè òðåáóåòñÿ ïðåäâàðèòåëüíî äîêàçàòü òåîðåìó âëî-
æåíèÿ ðàçíûõ ìåòðèê äëÿ ñîîòâåòñòâóþùèõ âåñîâûõ ïðîñòðàíñòâ, ýëåìåíòû êîòîðûõ, â
îáùåì ñëó÷àå, íå àïïðîêñèìèðóþòñÿ ñ ïîìîùüþ ôóíêöèé èç êëàññà C∞0 (Ω). Â ýòîì ðàç-
äåëå áåç äîêàçàòåëüñòâà ñôîðìóëèðóåì ðåçóëüòàò î ðàçðåøèìîñòè âàðèàöèîííîé çàäà÷è
Äèðèõëå ñ íåîäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè äëÿ îäíîãî êëàññà ýëëèïòè÷åñêèõ îïå-
ðàòîðîâ â ïîëóïðîñòðàíñòâå ñî ñòåïåííûì âûðîæäåíèåì.
Ïóñòü R+

n = {x|x = (x′, xn) ∈ Rn, xn > 0} è ïóñòü ôóíêöèÿ ϕ(t) ∈ C∞(R+
1 ) òàêàÿ, ÷òî

0 6 ϕ(t) 6 1 äëÿ ëþáîãî t ∈
[

1
2
; 1
]
è ϕ(t) ≡ 0, êîãäà t ≥ 1; ϕ(t) = 1 äëÿ ëþáîãî t ∈

[
0; 1

2

]
.

Äëÿ ëþáûõ äâóõ âåùåñòâåííûõ ÷èñåë α, β îïðåäåëèì ôóíêöèþ

σα,β(t) = ϕ(t)t−α + (1− ϕ(t))tβ (t > 0).

Îáîçíà÷èì ÷åðåç W r
p;α,β,γ(R

+
n ) ïðîñòðàíñòâî ôóíêöèé u(x) (x ∈ R+

n ) ñ êîíå÷íîé íîðìîé

‖u;W r
p;α,β,γ(R

+
n )‖ =

{
‖u;Lrp;α,β(R+

n )‖p + ‖u;L0
p;α,γ(R

+
n )‖p

}1/p
,
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ãäå

‖u;Lrp;α,β(R+
n )‖ =




∑

|k|=r

∫

R+
n

(σα,β(xn)|u(k)(x)|)pdx





1/p

.

Ïóñòü C̃∞0 (R+
n ) ìíîæåñòâî áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôóíêöèé â R+

n ôèíèò-
íûõ ñâåðõó, òî åñòü îáðàùàþùèõñÿ â íóëü ïðè áîëüøèõ çíà÷åíèÿõ xn. Ñèìâîëàìè
◦
W r

p;α,β,γ(R
+
n ), W̃ r

p;α,β,γ(R
+
n ) îáîçíà÷èì çàìûêàíèÿ êëàññîâ C∞0 (R+

n ) è C̃∞0 (R+
n ) â ïðîñòðàí-

ñòâå W r
p;α,β,γ(R

+
n ), ñîîòâåòñòâåííî.

Ðàññìîòðèì ïîëóòîðàëèíåéíóþ ôîðìó

B[u, v] =
∑

|k|,|l|6r

∫

R+
n

σ2
α,β(xn)akl(x)u(k)(x)v(l)(x)dx (5.1)

è ñâÿçàííóþ ñ íåé âàðèàöèîííóþ çàäà÷ó Äèðèõëå.

Çàäà÷à D. Äëÿ çàäàííîãî ôóíêöèîíàëà F ∈
( ◦
W r

2;α,β,γ(R
+
n )
)′

è çàäàííîãî ýëåìåíòà

Ψ(x) ∈ W̃ r
2;α,β,γ(R

+
n ) òðåáóåòñÿ íàéòè ðåøåíèå U(x) ∈ W̃ r

2;α,β,γ(R
+
n ) óðàâíåíèÿ

B[U, v] =< F, v >, ∀v ∈ C∞0 (R+
n ),

óäîâëåòâîðÿþùåå óñëîâèþ

U(x)−Ψ(x) ∈
◦
W

r
2;α,β,γ(R

+
n ). (5.2)

Ïðåäïîëîæèì, ÷òî êîýôôèöèåíòû akl(x) ïîëóòîðàëèíåéíîé ôîðìû (5.1) óäîâëåòâîðÿþò
óñëîâèÿì:
I) ïðè |k| = |l| = r êîýôôèöèåíòû akl(x) îãðàíè÷åíû, óäîâëåòâîðÿþò óñëîâèþ ýëëèï-

òè÷íîñòè

Re
∑

|k|=|l|=r
akl(x)ξkξl ≥ c|ξ|2r

äëÿ âñåõ x ∈ R+
n , ξ ∈ Rn (c � ïîëîæèòåëüíîå ÷èñëî, íå çàâèñÿùåå îò x, ξ), è äëÿ ëþáîãî

äîñòàòî÷íî ìàëîãî ν > 0 ñóùåñòâóåò ÷èñëî ε > 0 òàêîå, ÷òî

|akl(x)− akl(y)| < ν

äëÿ âñåõ x, y ∈ R+
n òàêèõ, ÷òî

|xi − yi| <
1

2
εyn, i = 1, n;

II) ïðè |k| + |l| 6 2r − 1 êîýôôèöèåíòû akl ïðèíàäëåæàò ïðîñòðàíñòâó �
Lpkl (R+

n ;σαkl,βkl(xn)), ãäå ÷èñëà αkl, βkl, pkl îïðåäåëÿþòñÿ ñîîòíîøåíèÿìè:
à) åñëè |k| < r, |l| < r, òî

αkl = −n
2

+
n

pkl
+ nδk − r + |l|,

βkl = 2r − |k| − |l| − (n− 1)δk +
n

2
− n

pkl
,

1

pkl
= 1− δk − εl −

(
1

2
− r − |l|

n

)

+

,

ãäå ÷èñëà δk, εl èç èíòåðâàëà (0, 1/2) óäîâëåòâîðÿþò óñëîâèÿì

0 <
1

2
− δk − εl < min

{
1

2
,
r − |k|
n

}

è (θ)+ = θ, åñëè θ > 0, è (θ)+ = 0 â ïðîòèâíîì ñëó÷àå;
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á) åñëè |k| = r, |l| 6 r − 1, òî

αkl =
n

pkl
− r + |l|,

βkl = − n

pkl
+ r − |l|,

1

pkl
=

1

2
− ε0 −

(
1

2
− r − |l|

n

)

+

,

à ε0 � äîñòàòî÷íî ìàëîå ïîëîæèòåëüíîå ÷èñëî;
â) åñëè |k| 6 r − 1, |l| = r, òî

αkl =
1

2
− δk,

βkl = r − |k| − 1

2
+ δk,

1

pkl
=

1

2
− δk.

Â ýòèõ óñëîâèÿõ ÷èñëî δk òàêîå, ÷òî

1

2
− 1

n
6 δk <

1

2
.

Òåîðåìà 5.1. Ïóñòü âûïîëíåíû óñëîâèÿ I), II) è ïóñòü ñóùåñòâóåò òàêîå ïîëîæè-
òåëüíîå ÷èñëî c0, ÷òî

c0

∫

R+
n

(
σα,β(xn)x−rn |v(x)|

)2
dx 6 ReB[v, v]

äëÿ âñåõ v ∈ C∞0 (R+
n ).

Ïóñòü òàêæå

α < −1

2
, −α +

1

2
/∈ {1, 2, . . . , r}, β +

1

2
/∈ {1, 2, . . . , r}, β − r ≥ γ.

Òîãäà äëÿ ëþáîãî çàäàííîãî ôóíêöèîíàëà F ∈
( ◦
W r

2;α,β,γ(R
+
n )
)′

è ëþáîãî çàäàííîãî ýëå-

ìåíòà Ψ ∈ W̃ r
2;α,β,γ(R

+
n ) çàäà÷à D èìååò åäèíñòâåííîå ðåøåíèå U(x) è ïðè ýòîì âûïîë-

íÿåòñÿ îöåíêà

∥∥U ;W r
2;α,β,γ(R

+
n )
∥∥ 6M

{∥∥∥∥F ;
( ◦
W

r
2;α,β,γ(R

+
n )
)′∥∥∥∥+

∥∥Ψ;W r
2;α,β,γ(R

+
n )
∥∥
}
,

ãäå ÷èñëî M íå çàâèñèò îò F è Ψ.

Çàìå÷àíèå 5.1. Óñëîâèå (5.2) îçíà÷àåò, ÷òî íà ãèïåðïëîñêîñòè xn = 0 ðåøåíèå U(x)
çàäà÷è D èìååò òàêèå æå ñëåäû, êàê è çàäàííàÿ ôóíêöèÿ Ψ(x). Ïðè äîïîëíèòåëüíûõ
îãðàíè÷åíèÿõ íà ïàðàìåòðû α, β, γ, òàê æå, êàê â ðàáîòå [9], ìîæíî âûïèñàòü ãðàíè÷íûå
óñëîâèÿ íà ãèïåðïëîñêîñòè xn = 0 â ÿâíîì âèäå.
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Î ÑÕÎÄÈÌÎÑÒÈ ÏÎËÈÍÎÌÈÀËÜÍÛÕ ÏÐÈÁËÈÆÅÍÍÛÕ

ÐÅØÅÍÈÉ ÓÐÀÂÍÅÍÈß ÌÈÍÈÌÀËÜÍÎÉ ÏÎÂÅÐÕÍÎÑÒÈ

À.À. ÊËß×ÈÍ, È.Â. ÒÐÓÕËßÅÂÀ

Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàþòñÿ ïîëèíîìèàëüíûå ïðèáëèæåííûå ðåøåíèÿ çà-
äà÷è Äèðèõëå óðàâíåíèÿ ìèíèìàëüíîé ïîâåðõíîñòè. Ïîêàçûâàåòñÿ, ÷òî ïðè îïðåäåëåí-
íûõ óñëîâèÿõ íà ãåîìåòðè÷åñêîå ñòðîåíèå îáëàñòè, ãðàäèåíòû òàêèõ ðåøåíèé îñòàþò-
ñÿ ïî ìîäóëþ îãðàíè÷åííûìè ïðè óâåëè÷åíèè ñòåïåíè ðàññìàòðèâàåìûõ ìíîãî÷ëåíîâ.
Ñëåäñòâèåì ïîëó÷åííûõ ñâîéñòâ ÿâëÿåòñÿ ðàâíîìåðíàÿ ñõîäèìîñòü ïðèáëèæåííûõ ðå-
øåíèé ê òî÷íîìó ðåøåíèþ óðàâíåíèÿ ìèíèìàëüíîé ïîâåðõíîñòè.

Êëþ÷åâûå ñëîâà: óðàâíåíèå ìèíèìàëüíîé ïîâåðõíîñòè, ðàâíîìåðíàÿ ñõîäèìîñòü,
ïðèáëèæåííîå ðåøåíèå.

Mathematics Subject Classi�cation: 35J25, 35J93, 65N30

1. Ââåäåíèå

Ïðè ÷èñëåííîì ðåøåíèè êðàåâûõ çàäà÷ óðàâíåíèé è ñèñòåì óðàâíåíèé ñ ÷àñòíûìè ïðî-
èçâîäíûìè âàæíåéøåé ïðîáëåìîé ÿâëÿåòñÿ ñõîäèìîñòü ïðèáëèæåííûõ ðåøåíèé. Èññëå-
äîâàíèå äàííîé çàäà÷è îñîáåííî âàæíî äëÿ íåëèíåéíûõ óðàâíåíèé, òàê êàê â ýòîì ñëó÷àå
èìååòñÿ ðÿä òðóäíîñòåé, ñâÿçàííûõ â ïåðâóþ î÷åðåäü ñ íåâîçìîæíîñòüþ èñïîëüçîâàòü
òðàäèöèîííûå ìåòîäû è ïîäõîäû, èñïîëüçóåìûå äëÿ ëèíåéíûõ óðàâíåíèé. Â íàñòîÿùèé
ìîìåíò âïîëíå àêòóàëüíîé ÿâëÿåòñÿ çàäà÷à îïðåäåëåíèÿ óñëîâèé, ïðè âûïîëíåíèè êî-
òîðûõ ãàðàíòèðóåòñÿ ðàâíîìåðíàÿ ñõîäèìîñòü ïðèáëèæåííûõ ðåøåíèé, ïîëó÷åííûõ òåìè
èëè èíûìè ìåòîäàìè äëÿ íåëèíåéíûõ óðàâíåíèé è ñèñòåì óðàâíåíèé âàðèàöèîííîãî òèïà.
Â ýòîì ñëó÷àå åñòåñòâåííî èñïîëüçîâàòü âàðèàöèîííûå ìåòîäû ðåøåíèÿ êðàåâûõ çàäà÷.
Â ñâÿçè ñ ýòèì âîçíèêàåò âîïðîñ îáîñíîâàíèÿ ýòèõ ìåòîäîâ, êîòîðûé ñâîäèòñÿ ê èññëåäî-
âàíèþ îáùèõ ñâîéñòâ ïðèáëèæåííûõ ðåøåíèé (ñì., íàïðèìåð, [1], [2]).

2. Ïîñòàíîâêà çàäà÷è

Ìû ðàññìàòðèâàåì âîïðîñ î ñõîäèìîñòè ïðèáëèæåííûõ ðåøåíèé äëÿ óðàâíåíèÿ ìèíè-
ìàëüíîé ïîâåðõíîñòè

n∑

i=1

∂

∂xi

(
fxi√

1 + |∇f |2

)
= 0 (1)

â îáëàñòè Ω ñ êðàåâûì óñëîâèåì
f |∂Ω = ϕ|∂Ω, (2)

ãäå ôóíêöèÿ ϕ ∈ C(Ω). Ñòîèò çàìåòèòü, ÷òî äàííàÿ çàäà÷à Äèðèõëå äëÿ ïðîèçâîëüíîé
îáëàñòè (äàæå ñ ãëàäêîé ãðàíèöåé) íå âñåãäà èìååò ðåøåíèå. Â ñëó÷àå ïëîñêèõ îáëàñòåé
íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì ðàçðåøèìîñòè çàäà÷è Äèðèõëå äëÿ ïðîèçâîëüíîé

A.A. Klyachin, I.V.Truhlyaeva, On the convergence of almost polynomial solutions of the

minimal surface.

c© Êëÿ÷èí À.À., Òðóõëÿåâà È.Â. 2016.

Ðàáîòà ïîääåðæàíà ÐÔÔÈ (ïðîåêò � 15-41-02517-ð_ïîâîëæüå_à.
Ïîñòóïèëà 15 ìàÿ 2015 ã.
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íåïðåðûâíîé ãðàíè÷íîé ôóíêöèè ϕ(x) ÿâëÿåòñÿ óñëîâèå âûïóêëîñòè ýòîé îáëàñòè. Â ïðî-
ñòðàíñòâå ðàçìåðíîñòè áîëüøå äâóõ òàêèì óñëîâèåì ÿâëÿåòñÿ íåîòðèöàòåëüíîñòü ñðåäíåé
êðèâèçíû ãðàíèöû îáëàñòè îòíîñèòåëüíî âíåøíåé íîðìàëè. Ñ òî÷íûìè ôîðìóëèðîâêà-
ìè è äîêàçàòåëüñòâàìè ýòèõ ðåçóëüòàòîâ ìîæíî îçíàêîìèòüñÿ â ðàáîòàÿ [3]�[10]. Â íàøåé
ñòàòüå ìû íå íàêëàäûâàåì íèêàêèõ óñëîâèé íà îáëàñòü Ω, îäíàêî ïðåäïîëàãàåì, ÷òî äëÿ
äàííîé ãðàíè÷íîé ôóíêöèè ϕ(x) ðåøåíèå çàäà÷è (1)-(2) ñóùåñòâóåò. Ïîíÿòíî, ÷òî òàêèå
ôóíêöèè ϕ(x) èìåþòñÿ äëÿ ïðîèçâîëüíîé îáëàñòè Ω.
Ìû èññëåäóåì âîïðîñ î ðàâíîìåðíîé ñõîäèìîñòè ïîëèíîìèàëüíûõ ïðèáëèæåííûõ ðåøå-

íèé óðàâíåíèÿ ìèíèìàëüíîé ïîâåðõíîñòè, ïîñòðîåííûõ ñ ïîìîùüþ àëãåáðàè÷åñêèõ ìíî-
ãî÷ëåíîâ. Â ðàáîòå [11] áûëà ðåøåíà ïîäîáíàÿ çàäà÷à î ñõîäèìîñòè äëÿ êóñî÷íî-ëèíåéíûõ
ïðèáëèæåííûõ ðåøåíèé êðàåâîé çàäà÷è (1)-(2), à â ðàáîòå [12] äàíî îïèñàíèå ÷èñëåííîé
ðåàëèçàöèè ìåòîäà êîíå÷íûõ ýëåìåíòîâ, îñíîâàííîãî íà êóñî÷íî-ëèíåéíûõ ôóíêöèÿõ. Äà-
ëåå ìû ïðèâîäèì íåîáõîäèìûå îïðåäåëåíèÿ.
Ïðåäïîëîæèì, ÷òî Ω ⊂ R2 � îãðàíè÷åííàÿ îáëàñòü òàêàÿ, ÷òî äëÿ íåêîòîðîãî ìíî-

ãî÷ëåíà ψ(x, y), ñòåïåíè íå áîëåå N0 ïî êàæäîé ïåðåìåííîé, âûïîëíåíî ψ(x, y) = 0 ïðè
(x, y) ∈ ∂Ω è ψ(x, y) > 0 äëÿ (x, y) ∈ Ω. Äëÿ íàòóðàëüíîãî N îáîçíà÷èì ÷åðåç LN ìíîæå-
ñòâî âñåõ ìíîãî÷ëåíîâ âèäà

vN(x, y) = ψ(x, y)
N∑

n,m=1

cnmx
nym.

ßñíî, ÷òî vN(x, y) = 0 äëÿ (x, y) ∈ ∂Ω. Ïðåäïîëîæèì, ÷òî ϕ ∈ C1(Ω). Ðàññìîòðèì çàäà-
÷ó íàõîæäåíèÿ òàêîãî ìíîãî÷ëåíà v∗N , íà êîòîðîì äîñòèãàåò ñâîåãî ìèíèìóìà èíòåãðàë
ïëîùàäè

σ(ϕ+ vN) =

∫∫

Ω

√
1 + |∇ϕ+∇vN |2 dxdy → min, vN ∈ LN . (3)

Íåñëîæíî ïîêàçàòü, ÷òî ðåøåíèå v∗N çàäà÷è (3) óäîâëåòâîðÿåò ðàâåíñòâó
∫∫

Ω

〈∇ϕ+∇v∗N ,∇vN〉√
1 + |∇ϕ+∇v∗N |2

dxdy = 0 ∀ vN ∈ LN . (4)

Òåîðåìà 1. Ðåøåíèå çàäà÷è (3) ñóùåñòâóåò è åäèíñòâåííî.

Äîêàçàòåëüñòâî. ßñíî, ÷òî çíà÷åíèå ïëîùàäè σ(ϕ + vN) åñòü íåêîòîðàÿ ôóíêöèÿ
σ(c11, c12, ..., cNN) îò êîíå÷íîãî ÷èñëà ïåðåìåííûõ cnm, n,m = 1, . . . , N . Äàííàÿ ôóíêöèÿ,
î÷åâèäíî, íåïðåðûâíàÿ. Ïðè ýòîì

lim
|c|→∞

σ(cnm) = +∞,

ãäå |c| = max
16n,m6N

|cnm|. Ñëåäîâàòåëüíî, ñóùåñòâóåò òàêîé íàáîð ÷èñåë c∗nm, ïðè êîòîðûõ

ôóíêöèÿ σ(c11, c12, ..., cNN) ïðèíèìàåò ìèíèìàëüíîå çíà÷åíèå. Îáîçíà÷èì ÷åðåç v∗N ìíîãî-
÷ëåí, ñîîòâåòñòâóþùèé ýòîìó íàáîðó êîýôôèöèåíòîâ. Òîãäà äëÿ íåãî âûïîëíÿåòñÿ óñëî-
âèå (4).
Ïîêàæåì òåïåðü åäèíñòâåííîñòü. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò åù¼ ôóíêöèÿ v1

N ∈ LN ,
êîòîðàÿ ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (3). Äëÿ íå¼ òàêæå âûïîëíÿåòñÿ ðàâåíñòâî (4). Âû÷è-
òàÿ îäíî ðàâåíñòâî èç äðóãîãî äëÿ vN = v∗N − v1

N , ïîëó÷àåì
∫∫

Ω

(
〈∇f ∗,∇f ∗ −∇f 1〉√

1 + |∇f ∗|2
− 〈∇f

1,∇f ∗ −∇f 1〉√
1 + |∇f 1|2

)
dxdy = 0, (5)

ãäå f ∗ = ϕ+ v∗N , f
1 = ϕ+ v1

N .
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Äàëåå íàì ïîíàäîáèòñÿ íåðàâåíñòâî

〈 ξ√
1 + |ξ|2

− η√
1 + |η|2

, ξ − η〉 ≥ |ξ − η|2√
1 + |ξ|2(

√
1 + |ξ|2

√
1 + |η|2 + |ξ||η|+ 1)

, (6)

êîòîðîå âûïîëíÿåòñÿ äëÿ ëþáûõ âåêòîðîâ ξ, η ∈ R2 è ïîëó÷àåòñÿ ñëåäóþùèì îáðàçîì.
Äëÿ íà÷àëà çàìåòèì, ÷òî

√
1 + |ξ|2 ≥

√
1 + |η|2 +

〈η, ξ − η〉√
1 + |η|2

.

Òîãäà

〈 ξ√
1 + |ξ|2

− η√
1 + |η|2

, ξ − η〉 = − 〈ξ, η − ξ〉√
1 + |ξ|2

− 〈η, ξ − η〉√
1 + |η|2

≥

≥
√

1 + |η|2 −
√

1 + |ξ|2 − 〈ξ, η − ξ〉√
1 + |ξ|2

=

√
1 + |ξ|2

√
1 + |η|2 − 〈ξ, η〉 − 1√
1 + |ξ|2

≥

≥ |ξ − η|2√
1 + |ξ|2(

√
1 + |ξ|2

√
1 + |η|2 + |ξ||η|+ 1)

.

Òàêèì îáðàçîì, èç íåðàâåíñòâà (6) è ðàâåíñòâà (5) ñëåäóåò, ÷òî
∫∫

Ω

|∇f ∗ −∇f 1|2√
1 + |∇f ∗|2(

√
1 + |∇f ∗|2

√
1 + |∇f 1|2 + |∇f ∗||∇f 1|+ 1)

dxdy 6 0.

Ïîýòîìó ∇f ∗ ≡ ∇f 1. Îòêóäà ïîëó÷àåì, ÷òî ∇v∗N ≡ ∇v1
N . Èñïîëüçóÿ, ÷òî ìíîãî÷ëåíû v∗N

è v1
N ðàâíû íóëþ íà ãðàíèöå îáëàñòè ∂Ω, èìååì v∗N(x, y) = v1

N(x, y) ïðè âñåõ (x, y) ∈ Ω.
Òàêèì îáðàçîì åäèíñòâåííîñòü äîêàçàíà.

Îïðåäåëåíèå. Ôóíêöèþ f ∗ = ϕ + v∗N , v
∗
N ∈ LN , áóäåì íàçûâàòü ïîëèíîìèàëüíûì

ðåøåíèåì êðàåâîé çàäà÷è (1)�(2), åñëè äëÿ ëþáîãî ìíîãî÷ëåíà vN ∈ LN âûïîëíåíî ðàâåí-

ñòâî (4).

Íèæå íàñ áóäåò èíòåðåñîâàòü âîïðîñ î ðàâíîìåðíîé ñõîäèìîñòè ïîñëåäîâàòåëüíîñòè
ïîëèíîìèàëüíûõ ðåøåíèé ϕ + v∗N ïðè N → ∞. Â ïåðâóþ î÷åðåäü ìû ïîêàæåì, ÷òî, ïðè
îïðåäåëåííûõ óñëîâèÿõ, ãðàäèåíòû ýòèõ ôóíêöèé îñòàþòñÿ îãðàíè÷åííûìè ïîñòîÿííîé,
íåçàâèñÿùåé îò N . Ýòî ñâîéñòâî ïîçâîëèò äàëåå ïîëó÷èòü îöåíêó ðàâíîìåðíîé ñõîäèìîñòè
ê òî÷íîìó ðåøåíèþ.

3. Îöåíêà ãðàäèåíòà ïîëèíîìèàëüíîãî ðåøåíèÿ

Ïóñòü f ∈ C2(Ω) ∩ C(Ω) � ðåøåíèå çàäà÷è (1)-(2). Ââåäåì âåëè÷èíó δ(ξ, η) äëÿ ïðîèç-
âîëüíûõ âåêòîðîâ ξ, η ∈ R2

δ(ξ, η) =
√

1 + |η|2 −
√

1 + |ξ|2 − 〈ξ, η − ξ〉√
1 + |ξ|2

.

Íåòðóäíî çàìåòèòü, ÷òî δ(ξ, η) > 0 ïðè âñåõ ξ 6= η. Òàêæå íàì ïîíàäîáèòñÿ ñëåäóþùàÿ
ïîëèíîìèàëüíàÿ õàðàêòåðèñòèêà îáëàñòè

λN = inf
v∈LN

(∫∫
Ω

|∇v|2 dxdy
)1/2

√
|Ω| sup

Ω
|∇v|

> 0,

ãäå |Ω| � ïëîùàäü îáëàñòè Ω. ßñíî, ÷òî 0 < λN 6 1. Ñêîðîñòü ñòðåìëåíèÿ ê íóëþ âåëè÷èíû
λN ïðè N →∞ áóäåò îöåíåíà â 5-ì ðàçäåëå íàñòîÿùåé ñòàòüè.
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Äàëåå, ïîëàãàÿ ξ = ∇f , η = ∇ϕ+∇v∗N è èñïîëüçóÿ óðàâíåíèå (1), ïîëó÷àåì
∫∫

Ω

δ(∇f,∇ϕ+∇v∗N) dxdy = σ(ϕ+ v∗N)− σ(f).

Ïîëüçóÿñü íåðàâåíñòâîì (ñì. äîêàçàòåëüñòâî (6))

√
1 + |η|2 −

√
1 + |ξ|2 − 〈ξ, η − ξ〉√

1 + |ξ|2
≥

≥ |ξ − η|2√
1 + |ξ|2(

√
1 + |ξ|2

√
1 + |η|2 + |ξ||η|+ 1)

,

çàêëþ÷àåì, ÷òî
∫∫

Ω

|∇f −∇ϕ−∇v∗N |2 dxdy√
1 + |∇f |2(

√
1 + |∇f |2

√
1 + |∇ϕ+∇v∗N |2 + |∇f ||∇ϕ+∇v∗N |+ 1)

6

6 σ(ϕ+ v∗N)− σ(f).

Òîãäà èç ïðåäûäóùåãî íåðàâåíñòâà
∫∫

Ω

|∇f −∇ϕ−∇v∗N |2 dxdy√
1 + |∇ϕ+∇v∗N |2

6 3(1 + P 2
0 )(σ(ϕ+ v∗N)− σ(f)).

Ïîëîæèì K = max{sup
Ω
|∇ϕ|, 1} è AN = sup

Ω
|∇v∗N |. Òîãäà

∫∫

Ω

|∇f −∇ϕ−∇v∗N |2 dxdy 6 3
√

1 + 2K2 + 2A2
N(1 + P 2

0 )(σ(ϕ+ v∗N)− σ(f)).

Ââåäåì îáîçíà÷åíèå g = f − ϕ. ßñíî, ÷òî g(x, y) = 0 ïðè (x, y) ∈ ∂Ω. Äàëåå äëÿ ïðîèç-
âîëüíîé ôóíêöèè h ∈ C(Ω) ÷åðåç hN áóäåì îáîçíà÷àòü íåêîòîðîå ïðèáëèæåíèå ôóíêöèè h
ôóíêöèÿìè èç ïðîñòðàíñòâà LN . Ñïîñîá òàêîãî ïðèáëèæåíèÿ â äàëüíåéøèõ ðàññóæäåíè-
ÿõ íå âàæåí è áóäåò óòî÷íåí â ñëåäóþùåì ðàçäåëå ñòàòüè. Èñïîëüçóÿ äàííîå îáîçíà÷åíèå,
èìååì 


∫∫

Ω

|∇f −∇ϕ−∇v∗N |2 dxdy




1/2

≥



∫∫

Ω

|∇gN −∇v∗N |2 dxdy




1/2

−

−



∫∫

Ω

|∇g −∇gN |2 dxdy




1/2

.

Òîãäà, òàê êàê gN − v∗N ∈ LN , òî

sup
Ω
|∇gN −∇v∗N | 6

1√
|Ω|λN



∫∫

Ω

|∇g −∇gN |2 dxdy




1/2

+

+
1√
|Ω|λN



∫∫

Ω

|∇g −∇v∗N |2 dxdy




1/2

6 1√
|Ω|λN



∫∫

Ω

|∇g −∇gN |2 dxdy




1/2

+

+

(
3(1 + P 2

0 )
√

1 + 2K2 + 2A2
N

)1/2

√
|Ω|λN

√
σ(ϕ+ v∗N)− σ(f).
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Âîñïîëüçóåìñÿ ñëåäóþùèì íåðàâåíñòâîì

x
4
√
a+ x2

≥ 4
√
a+ x2 −

√
a

4
√
a+ x2

,

êîòîðîå âûïîëíÿåòñÿ äëÿ x ≥ 0 è a > 0. Èç ýòîãî íåðàâåíñòâà, ïîëàãàÿ x =
√

2AN ,
a = 1 + 2K2, ïîëó÷àåì

AN 6 sup
Ω
|∇gN |+

1√
|Ω|λN



∫∫

Ω

|∇g −∇gN |2 dxdy




1/2

+

+

(
3(1 + P 2

0 )

|Ω|λ2
N

(σ(ϕ+ v∗N)− σ(f))

)1/2

+ 1. (7)

Òàê êàê ôóíêöèÿ v∗N ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (3), òî ïðèõîäèì ê îöåíêå

sup
Ω
|∇v∗N | 6 sup

Ω
|∇gN |+

1√
|Ω|λN



∫∫

Ω

|∇g −∇gN |2 dxdy




1/2

+

+

(
3(1 + P 2

0 )

|Ω|λ2
N

(σ(ϕ+ gN)− σ(f))

)1/2

+ 1. (8)

Äëÿ ïîëó÷åíèÿ îêîí÷àòåëüíîãî íåðàâåíñòâà çàìåòèì, ÷òî ôóíêöèÿ ϕ + g = f ÿâëÿåòñÿ
ðåøåíèåì óðàâíåíèÿ (1), è ïîòîìó a′(0) = 0, ãäå a(t) = σ(f + t(ϕ+gN −f)). Òîãäà, ïîëàãàÿ
f t = f + t(ϕ+ gN − f),

σ(ϕ+ gN)− σ(f) =

1∫

0

ds

s∫

0

a′′(t)dt =

=

1∫

0

ds

s∫

0

dt

∫∫

Ω

(1 + |∇f t|2)|∇f −∇(ϕ+ gN)|2 − 〈∇f t,∇f −∇(ϕ+ gN)〉2
(1 + |∇f t|2)3/2

dxdy 6

6
∫∫

Ω

|∇f −∇(ϕ+ gN)|2dxdy =

∫∫

Ω

|∇g −∇gN |2dxdy.

Òîãäà èç íåðàâåíñòâà (8) ïðèõîäèì ê îöåíêå

sup
Ω
|∇v∗N | 6 1 + sup

Ω
|∇gN |+

+
1 +

√
3(1 + P 2

0 )√
|Ω|λN



∫∫

Ω

|∇g −∇gN |2 dxdy




1/2

, (9)

èòàê, íàìè äîêàçàíà ñëåäóþùàÿ òåîðåìà.
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Òåîðåìà 2. Ïóñòü f � ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå êðàåâîìó óñëîâèþ (2).
Òîãäà, åñëè v∗N(x, y) ∈ LN � ðåøåíèå çàäà÷è (3), òî âûïîëíåíà îöåíêà åãî ãðàäèåíòà (9).

Çàìå÷àíèå. Èç òåîðåìû 2 ñëåäóåò, ÷òî ïðè N →∞ ãðàäèåíòû ïðèáëèæåííûõ ðåøåíèé
ϕ+ v∗N áóäóò ðàâíîìåðíî îãðàíè÷åíû, åñëè òàêîâîé áóäåò âåëè÷èíà

1

λN



∫∫

Ω

|∇g −∇gN |2 dxdy




1/2

,

à òàêæå îãðàíè÷åííûìè áóäóò ãðàäèåíòû ôóíêöèé gN(x, y). Äëÿ âûÿñíåíèÿ ýòèõ âîïðîñîâ
íàì íóæíî îöåíèòü ñòåïåíü ïðèáëèæåíèÿ ôóíêöèè g ìíîãî÷ëåíàìè gN , à òàêæå âûÿñíèòü
êàê ñåáÿ âåäåò ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü λN ïðè N →∞.

4. Àïïðîêñèìàöèÿ ãëàäêèõ ôóíêöèé ïîëèíîìàìè

Ïóñòü Ω îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé Γ, k � íàòóðàëüíîå ÷èñëî è ôóíêöèÿ ψ(x, y)
óäîâëåòâîðÿåò óñëîâèÿì:
1) ôóíêöèÿ ψ äèôôåðåíöèðóåìà k ðàç, è åå ïðîèçâîäíûå k-ãî ïîðÿäêà óäîâëåòâîðÿþò

óñëîâèþ Ëèïøèöà;
2) ψ(x, y) = 0 ïðè (x, y) ∈ Γ è ψ(x, y) 6= 0 ïðè (x, y) ∈ R2 \ Γ;
3) |∇ψ(x, y)| > 0 ïðè (x, y) ∈ Γ.
Òîãäà, êàê äîêàçàíî â ñòàòüå [13], äëÿ ôóíêöèè u(x, y), íåïðåðûâíî äèôôåðåíöèðóåìîé

k ðàç â Ω è îáðàùàþùåéñÿ â íóëü íà Γ, ìîæíî óêàçàòü ïîñëåäîâàòåëüíîñòü ìíîãî÷ëåíîâ
PN(x, y) ñòåïåíè 6 N ïî êàæäîé ïåðåìåííîé x, y òàêèõ, ÷òî

||u− ψPN ||Cr(Ω) 6
δN(u)

Nk−r , r = 0, 1, ..., k, (10)

ãäå âåëè÷èíà δN(u)→ 0 ïðè N →∞.
Äàëåå ìû áóäåì ñ÷èòàòü, ÷òî ôóíêöèÿ g = f − ϕ ∈ Ck(Ω). Òåïåðü ìû óòî÷íÿåì ñïî-

ñîá âûáîðà ôóíêöèè gN , ïîëàãàÿ gN = ψPN , ãäå ïðèáëèæàþùèé ìíîãî÷ëåí âûáðàí äëÿ
ôóíêöèè g = f − ϕ. Ïðèìåíÿÿ (äëÿ r = 1) îöåíêè (10) äëÿ u = f − ϕ â íåðàâåíñòâå (9),
ïîëó÷àåì

sup
Ω
|∇v∗N | 6 1 +K + P0 +

2 +
√

3(1 + P 2
0 )

λN

δN(f − ϕ)

Nk−1
. (11)

Èç ýòîãî íåðàâåíñòâà âèäíî, ÷òî ãðàäèåíòû ïðèáëèæåííûõ ðåøåíèé áóäóò îñòàâàòüñÿ
îãðàíè÷åííûìè ïîñòîÿííîé, íåçàâèñÿùåé îò N ïðè N → ∞, åñëè âåëè÷èíà λN áóäåò
ñòðåìèòüñÿ ê íóëþ íå áûñòðåå, ÷åì O(1/Nk−1). Â ñëåäóþùåì ðàçäåëå ñòàòüè ìû èññëåäóåì
ýòîò âîïðîñ.

5. Îöåíêà âåëè÷èíû λN

Ïðèâåäåì ïðèìåð îöåíêè ñíèçó âåëè÷èíû λN . ßñíî, ÷òî

λN = inf
v∈LN

(∫∫
Ω

|∇v|2 dxdy
)1/2

√
|Ω| sup

Ω
|∇v|

≥ inf
P

(∫∫
Ω

|∇P |2 dxdy
)1/2

√
|Ω| sup

Ω
|∇P |

,

ãäå òî÷íàÿ íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåì ìíîãî÷ëåíàì ñòåïåíè íå áîëåå ÷åì N ′ = N +N0

ïî êàæäîé ïåðåìåííîé.
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Äàëåå íàì ïîíàäîáèòñÿ ñëåäóþùåå íåðàâåíñòâî À.À. Ìàðêîâà (ñì., íàïðèìåð, [14], �6)
äëÿ ìíîãî÷ëåíà P (x) îäíîé ïåðåìåííîé ñòåïåíè N íà îòðåçêå [a, b]

|P ′(x)| 6 2N2

b− a max
[a,b]
|P (x)|.

Èç íåãî ëåãêî ïîëó÷èòü àíàëîãè÷íîå íåðàâåíñòâî äëÿ ïðÿìîóãîëüíèêà â ñëó÷àå ìíîãî÷ëå-
íà äâóõ ïåðåìåííûõ. Ïóñòü P (x, y) ìíîãî÷ëåí, ñòåïåíü êîòîðîãî ïî êàæäîé ïåðåìåííîé íå
âûøå ÷åì N . Ïîëîæèì

M = max
[a,b]×[c,d]

|P (x, y)|.

Òîãäà èç íåðàâåíñòâà À.À. Ìàðêîâà ïî êàæäîé ïåðåìåííîé èìååì
∣∣∣∣
∂P

∂x

∣∣∣∣ 6
2N2

b− a max
[a,b]
|P (x, y)| 6M

2N2

b− a
∣∣∣∣
∂P

∂y

∣∣∣∣ 6M
2N2

d− c.

Ñëåäîâàòåëüíî,

|∇P |2 6 4N4M2 (d− c)2 + (b− a)2

(b− a)2(d− c)2

èëè

|∇P | 6 2N2M

√
(d− c)2 + (b− a)2

(b− a)(d− c) = 2N2M
d

S
,

ãäå d � äèàãîíàëü ïðÿìîóãîëüíèêà, S � åãî ïëîùàäü. Ðàññìîòðèì ýòî íåðàâåíñòâî äëÿ
êâàäðàòà ñî ñòîðîíîé a > 0. Òîãäà d = a

√
2, S = a2. Ïîýòîìó

|∇PN | 6 N2M
2
√

2

a
.

ßñíî, ÷òî ýòî íåðàâåíñòâî ñïðàâåäëèâî äëÿ ëþáîãî êâàäðàòà, íåîáÿçàòåëüíî ñî ñòîðîíàìè,
ïàðàëëåëüíûìè îñÿì êîîðäèíàò. Ïîëîæèì

inf
P

(∫∫
Ω

|P |2 dxdy
)1/2

√
Ω sup

Ω
|P |

= λ̃N ,

ãäå òî÷íàÿ íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåì ìíîãî÷ëåíàì ñòåïåíè íå áîëåå ÷åì N ïî êàæ-

äîé ïåðåìåííîé. Íàéäåì ñíà÷àëà îöåíêó λ̃N äëÿ êâàäðàòà K ñî ñòîðîíîé a > 0. Ïóñòü
z = (x, y) ∈ K è z0 ∈ K � òàêàÿ,÷òî P (z0) = max

K
|P | = M . Òîãäà

P (z0)− P (z) 6 |z − z0|max
K
|∇P | 6 N2 2

√
2

a
M |z − z0|.

Åñëè |z − z0| < a/(4
√

2N2), òî M − P (z) 6 M
2
. Òàêèì îáðàçîì, P (x, y) ≥ M

2
äëÿ

(x, y) ∈ K ∩B a
4
√
2N2

(z0). Òîãäà
∫∫

K

P 2(x, y)dxdy ≥
∫∫

K∩B a
4
√
2N2 (z0)

P 2(z)dxdy ≥

≥ M2

4

∫∫

K∩B a
4
√

2N2 (z0)

dxdy ≥ M2

16
π

a2

32N4
.
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Ïîýòîìó


∫∫

K

P 2(x, y)dxdy




1
2

≥ Ma

16
√

2N2

√
π.

Òàê êàê P ïðîèçâîëüíûé äîïóñòèìûé ìíîãî÷ëåí, òî

λ̃N ≥
1

16

√
π

2

1

N2
.

Òåïåðü ïðèìåíèì äîêàçàííîå íåðàâåíñòâî äëÿ ÷àñòíûõ ïðîèçâîäíûõ ìíîãî÷ëåíà P , êîòî-
ðûå ÿâëÿþòñÿ òàêæå ìíîãî÷ëåíàìè. Ñëåäîâàòåëüíî,



∫∫

K

P 2
x (x, y)dxdy




1
2

≥ λ̃N max
K
|Px|

√
|K|



∫∫

K

P 2
y (x, y)dxdy




1
2

≥ λ̃N max
K
|Py|

√
|K|.

Îòñþäà

|∇P |2 ≥ λ̃2
N |K|((max

K
|Px|)2 + (max

K
|Py|)2) ≥

≥ λ̃2
N |K|(max

K
|Px|2 + |Py|2) = |K|((max

K
|∇P |)2.

Òàêèì îáðàçîì,
(∫∫
K

|∇P |2dxdy
) 1

2

|K|max
K
|∇P | ≥ λ̃N ≥

1

16N2

√
π

2
.

Ñëåäîâàòåëüíî,

λN ≥
1

16N2

√
π

2
. (12)

Òàêèì îáðàçîì, ìû ïîëó÷èëè íèæíþþ îöåíêó âåëè÷èíû λN äëÿ ñëó÷àÿ, êîãäà îáëàñòüþ
Ω ÿâëÿåòñÿ êâàäðàò ñî ñòîðîíîé a > 0. Îòìåòèì, ÷òî ýòà îöåíêà îò ðàçìåðîâ êâàäðàòà íå
çàâèñèò. Èñïîëüçóÿ íåðàâåíñòâî (12), ïîëó÷èì îöåíêó äëÿ ïðîèçâîëüíîé ïëîñêîé îáëàñòè
Ω.
Äëÿ ëþáîãî z0 ∈ Ω íàéäåì ìàêñèìàëüíûé êâàäðàò K ⊂ Ω, íåîáÿçàòåëüíî ñî ñòîðîíàìè,

ïàðàëëåëüíûìè îñÿì êîîðäèíàò, òàêîé, ÷òî z0 ∈ K. Ïóñòü ñòîðîíà êâàäðàòà a(z0) > 0.
Ïîëîæèì

∆(Ω) = inf
z0∈Ω

a(z0).

Áóäåì ïðåäïîëàãàòü, ÷òî ∆(Ω) > 0. Íàïðèìåð, åñëè â êà÷åñòâå Ω âçÿòü êðóã ðàäèóñà
R > 0, òî íåòðóäíî óâèäåòü, ÷òî äëÿ ëþáîé òî÷êè z0 èç ýòîãî êðóãà a(z0) = R

√
2. Ïîýòîìó

äëÿ êðóãà ∆(Ω) = R
√

2. Â êà÷åñòâå äðóãîãî ïðèìåðà ïðèâåäåì îáëàñòü, îãðàíè÷åííóþ
ýëëèïñîì

Ω =

{
(x, y) :

x2

a2
+
y2

b2
< 1

}
, a > b.

Â òî÷êå ñ êîîðäèíàòàìè (a, 0) ýëëèïñ èìååò ìèíèìàëüíûé ðàäèóñ êðèâèçíû, ðàâíûé b2/a.
Îòñþäà ëåãêî ïîëó÷èòü, ÷òî ëþáàÿ òî÷êà z0 ∈ Ω ïîïàäàåò â íåêîòîðûé êðóã ðàäèóñà b2/a,
ëåæàùèé âíóòðè ýëëèïñà. Ïîýòîìó äëÿ ýëëèïñà ∆(Ω) ≥

√
2b2/a.
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×åðåç âåëè÷èíó ∆(Ω) ëåãêî îöåíèòü λN . Äåéñòâèòåëüíî, ïóñòü z0 ∈ Ω òàêàÿ, ÷òî
max

Ω
|∇P | = |∇P (z0)|, è êâàäðàò K ⊂ Ω ñîäåðæèò ýòó òî÷êó. Òîãäà

√√√√
∫∫

Ω

|∇P (x, y)|2dxdy ≥
√√√√
∫∫

K

|∇P (x, y)|2dxdy ≥
√
π

2

1

16N2

√
|K|max

K
|∇P |.

Îòñþäà íåòðóäíî ïîëó÷èòü íåðàâåíñòâî

λN ≥
∆(Ω)

16N2
√
|Ω|

√
π

2
. (13)

Òàêèì îáðàçîì, åñëè îáëàñòü Ω òàêîâà, ÷òî ëþáàÿ åå òî÷êà ìîæåò áûòü ïîìåùåíà â êâàä-
ðàò K ⊂ Ω ñî ñòîðîíîé ∆(Ω) > 0, òî ñïðàâåäëèâà îöåíêà (13). ßñíî, ÷òî åñëè îáëàñòü
èìååò ãëàäêóþ ãðàíèöó, òî ∆(Ω) > 0. Äëÿ áîëåå îáùèõ îáëàñòåé âíà÷àëå ïîëó÷èì îöåíêó
âåëè÷èíû λN äëÿ ðîìáà.
Èòàê, ïóñòü íà ïëîñêîñòè ñ äåêàðòîâûìè êîîðäèíàòàìè (x, y) çàäàí ðîìá R ñ âåðøèíàìè

â òî÷êàõ
(0, 0), (a, 0), (a cosα, a sinα), (a(1 + cosα), a sinα),

ãäå α ∈ (0, π/2], a > 0. Ñ ïîìîùüþ ëèíåéíîãî ïðåîáðàçîâàíèÿ

u = x sinα− y cosα, v = y

íà ïëîñêîñòè ñ êîîðäèíàòàìè (u, v) ïîëó÷èì êâàäðàò K ñ âåðøèíàìè

(0, 0), (a sinα, 0), (0, a sinα), (a sinα, a sinα),

Ïóñòü òåïåðü P = P (x, y) ïðîèçâîëüíûé ìíîãî÷ëåí, ñòåïåíü êîòîðîãî ïî êàæäîé ïåðåìåí-
íîé íå ïðåâûøàåò N . Íåòðóäíî çàìåòèòü, ÷òî

P 2
x + P 2

y = (Pu sinα)2 + (−Pu cosα + Pv)
2 ≥ (1− cosα)(P 2

u + P 2
v ).

Òîãäà èç (12)
(∫∫
R

(P 2
x + P 2

y )dxdy

)1/2

√
|R|max

R
|∇P |

≥
√

1− cosα

sinα
·

(∫∫
K

(P 2
u + P 2

v )dudv

)1/2

√
|R|max

K
|∇P |

=

=

√
1− cosα

sinα
·

(∫∫
R

(P 2
u + P 2

v )dudv

)1/2

√
|K|max

K
|∇P |

√
|K|
|R| =

=

√
1− cosα

sinα
·

(∫∫
R

(P 2
u + P 2

v )dudv

)1/2

√
|K|max

K
|∇P |

≥
√
π(1− cosα)

2 sinα

1

16N2
.

Òàêèì îáðàçîì, äëÿ ðîìáà ñî ñòîðîíîé a > 0 è îñòðûì óãëîì α ∈ (0, π/2] âûïîëíåíî
íåðàâåíñòâî

λN ≥
√
π(1− cosα)

2 sinα

1

16N2
. (14)

Ïóñòü òåïåðü çàäàíà ïðîèçâîëüíàÿ ïëîñêàÿ îáëàñòü Ω. Îáîçíà÷èì ÷åðåç α(Ω) ∈ (0, π/2]
òàêîé óãîë, ÷òî âñÿêàÿ òî÷êà îáëàñòè ñîäåðæèòñÿ â íåêîòîðîì ðîìáå R ⊂ Ω ñ îñòðûì
óãëîì α(Ω). Äëÿ ëþáîãî z0 ∈ Ω íàéäåì ìàêñèìàëüíûé ïî ñòîðîíå ðîìá R ⊂ Ω òàêîé, ÷òî
z0 ∈ R. Ïóñòü ñòîðîíà ýòîãî ðîìáà a(z0) > 0. Ïîëîæèì

∆1(Ω) = inf
z0∈Ω

a(z0) > 0.
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Ðàññóæäàÿ òàê æå, êàê è âûøå, ïîëó÷èì íåðàâåíñòâî

λN ≥
√

π

|Ω| ·
∆1(Ω) sin(α(Ω)/2)

16N2
. (15)

Òåïåðü, ó÷èòûâàÿ, ÷òî â LN ìíîãî÷ëåíû èìåþò ñòåïåíü íå âûøå ÷åì N0 +N , ïðèõîäèì
ê ñëåäóþùåìó óòâåðæäåíèþ.

Òåîðåìà 3. Ïóñòü îãðàíè÷åííàÿ îáëàñòü Ω ⊂ R2 òàêîâà, ÷òî ∆1(Ω) > 0 è α(Ω) > 0.
Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà

λN ≥
√

π

|Ω| ·
∆1(Ω) sin(α(Ω)/2)

16(N +N0)2
. (16)

6. Îöåíêà ðàâíîìåðíîé ñõîäèìîñòè

Äàëåå ìû âîñïîëüçóåìñÿ ìåòîäîì îöåíêè ðåøåíèé èç ðàáîòû [15]. Ïóñòü f � ðåøåíèå
óðàâíåíèÿ ìèíèìàëüíîé ïîâåðõíîñòè â îáëàñòè Ω ⊂ R2, f ∈ Ck(Ω). Ïóñòü v∗N � ðåøåíèå
çàäà÷è (3), äëÿ êîòîðîãî ñïðàâåäëèâî (4). Ïîëîæèì f ∗N = ϕ+ v∗N .
Ìû áóäåì ïðåäïîëàãàòü, ÷òî

sup
Ω
|∇f | = P0 < +∞.

Äàëåå áóäåì ðàññóæäàòü òàê æå, êàê è â ðàáîòå [15]. Ïîëîæèì
f t(x, y) = f ∗N(x, y) + t(f(x, y)− f ∗N(x, y)) è P ∗N = sup

Ω
|∇f ∗N |, PN = max{1, P0, P

∗
N}. Ïîíÿòíî,

÷òî f ∗|∂Ω = f |∂Ω. Îòìåòèì, ÷òî PN , âîîáùå ãîâîðÿ, çàâèñèò îò N . Îäíàêî, åñëè ïðåäïîëî-
æèòü, ÷òî k > 2 è äëÿ îáëàñòè ïîñòîÿííûå ∆1(Ω) è α(Ω) ïîëîæèòåëüíû, òî èç íåðàâåíñòâ
(15) è (9) ñëåäóåò, ÷òî ïðè N →∞ âåëè÷èíà PN áóäåò îñòàâàòüñÿ îãðàíè÷åííîé íåêîòîðîé
ïîñòîÿííîé P .
Äàëåå, òàê êàê ïðè t = 0 ôóíêöèÿ σ(t) = σ(f t) ïðèíèìàåò ìèíèìàëüíîå çíà÷åíèå, òî

σ′(0) = 0. Èñïîëüçóÿ ýòî ðàâåíñòâî, ïîëó÷àåì

σ(f ∗N)− σ(f) =

1∫

0

ds

s∫

0

σ′′(t)dt =

=

1∫

0

ds

s∫

0

dt

∫∫

Ω

(1 + |∇f t|2)|∇f ∗N −∇f |2 − 〈∇f t,∇f ∗N −∇f〉2
(1 + |∇f t|2)3/2

dxdy ≥

≥
1∫

0

ds

s∫

0

dt

∫∫

Ω

|∇f −∇f ∗N |2
(1 + |∇f t|2)3/2

dxdy ≥ 1√
(1 + P 2)3

∫∫

Ω

|∇f −∇f ∗N |2dxdy. (17)

Âîñïîëüçóåìñÿ íåðàâåíñòâîì Ïóàíêàðå (ñì., íàïðèìåð, [16], ï. 7.8) äëÿ ôóíêöèè
h(x, y) = f(x, y)− f ∗N(x, y), h|∂Ω = 0. Èç (17) ïîëó÷àåì

σ(f ∗N)− σ(f) ≥ λ(Ω)√
(1 + P 2)3

∫∫

Ω

|h(x, y)|2dxdy,

ãäå ïîñòîÿííàÿ λ(Ω) = π/|Ω| è |Ω| � ïëîùàäü îáëàñòè Ω. Äàëåå, ïîëîæèì M = sup
Ω
|h| è,

íå îãðàíè÷èâàÿ îáùíîñòè, ìîæåì ñ÷èòàòü, ÷òî íàéäåòñÿ òî÷êà z0 = (x0, y0) ∈ Ω, â êîòîðîé
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h(x0, y0) = M . Ïîêàæåì, ÷òî êðóã BM/2P (z0) ⊂ Ω. Äåéñòâèòåëüíî, ïóñòü z′ ∈ ∂Ω òàêàÿ, ÷òî
|z0 − z′| = dist(z0, ∂Ω). Òîãäà

2P |z0 − z′| ≥ h(z0)− h(z′) = M − h(z′) = M.

Òàêèì îáðàçîì, ðàññòîÿíèå îò òî÷êè z0 äî ãðàíèöû ∂Ω áîëüøå ÷åìM/2P . Ñëåäîâàòåëüíî,
BM/4P (z0) ⊂ Ω. Ïðåäïîëîæèì òåïåðü, ÷òî z = (x, y) ∈ BM/4P (z0). Òîãäà

h(z) ≥ h(z0)− 2P |z − z0| > M − 2P
M

4P
= M/2.

Ìû ïîëó÷àåì, ÷òî êðóã BM/4P (z0) ⊂ DM , ãäå

DM = {(x, y) ∈ Ω : |h(x, y)| > M/2} ⊂⊂ Ω.

Ïîýòîìó ∫∫

Ω

|h(x, y)|2dxdy ≥
∫∫

DM

|h(x, y)|2dxdy ≥

≥
∫∫

BM/4P (z0)

(
M

2

)2

dxdy = π
M2

4

(
M

4P

)2

= π
M4

64P 2
.

Òàêèì îáðàçîì,

max
Ω
|f − f ∗N | 6

4√
π

(
P 5|Ω|(σ(f ∗N)− σ(f))

)1/4
.

Äàëåå, çàìåòèì, ÷òî ôóíêöèÿ v∗N ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (3). Ïîýòîìó
σ(f ∗N)− σ(f) 6 σ(f − ϕ− gN)− σ(f). Èñïîëüçóÿ äîêàçàííîå ðàíåå íåðàâåíñòâî

σ(f − ϕ− gN)− σ(f) 6
∫∫

Ω

|∇g −∇gN |2dxdy

è îöåíêó (10) äëÿ u = f − ϕ, ïðèõîäèì ê íåðàâåíñòâó

max
Ω
|f − f ∗N | 6

4√
π

(
P 5|Ω|δ

2
N(f − ϕ)

N2k−2

)1/4

.

Èòàê, íàìè äîêàçàí îñíîâíîé ðåçóëüòàò ðàáîòû.

Òåîðåìà 4. Ïóñòü f ∈ Ck(Ω), k ≥ 3 � ðåøåíèå óðàâíåíèÿ ìèíèìàëüíîé ïîâåðõíîñòè (1)
â îáëàñòè Ω, äëÿ êîòîðîé ∆1(Ω) > 0 è α(Ω) > 0. Ïóñòü ýòî ðåøåíèå óäîâëåòâîðÿåò êðàåâî-
ìó óñëîâèþ (2) ñ ôóíêöèåé ϕ ∈ Ck(Ω). Ðàññìîòðèì ôóíêöèè v∗N ∈ LN , êîòîðûå ÿâëÿþòñÿ
ðåøåíèÿìè çàäà÷è (3). Ïðåäïîëîæèì, ÷òî P0 = sup

Ω
|∇f | < +∞ è K = sup

Ω
|∇ϕ| <∞.

Òîãäà ïîñëåäîâàòåëüíîñòü ïðèáëèæåííûõ ðåøåíèé f ∗N = ϕ+ v∗N ðàâíîìåðíî ñõîäèòñÿ ê f ,
ïðè ýòîì ñïðàâåäëèâà îöåíêà

max
Ω
|f − f ∗N | 6

4√
π

(
P 5|Ω|δ

2
N(f − ϕ)

N2k−2

)1/4

,

ãäå

P = 1 + 2K + P0 +
16
√
|Ω|(2 +

√
3(1 + P 2

0 ))√
π∆1(Ω) sin (α(Ω)/2)

δN(f − ϕ)

Nk−1
(N +N0)2
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Î ÄÈÔÔÅÐÅÍÖÈÐÓÅÌÎÑÒÈ ÏÎ ÔÐÅØÅ ÔÓÍÊÖÈÎÍÀËÀ

ÊÀ×ÅÑÒÂÀ Â ÇÀÄÀ×ÀÕ ÎÏÒÈÌÀËÜÍÎÃÎ ÓÏÐÀÂËÅÍÈß

ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ ÝËËÈÏÒÈ×ÅÑÊÈÕ ÓÐÀÂÍÅÍÈÉ

À.Ð. ÌÀÍÀÏÎÂÀ*, Ô.Â. ËÓÁÛØÅÂ

Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàþòñÿ íåëèíåéíûå çàäà÷è îïòèìàëüíîãî óïðàâëå-
íèÿ êîýôôèöèåíòàìè ïîëóëèíåéíûõ óðàâíåíèé ýëëèïòè÷åñêîãî òèïà ñ ðàçðûâíûìè
äàííûìè è ðåøåíèÿìè (ñîñòîÿíèÿìè), ñ óïðàâëåíèÿìè â ãðàíè÷íûõ óñëîâèÿõ ñîïðÿ-
æåíèÿ ðàçíîðîäíûõ ñðåä è ïðàâûõ ÷àñòÿõ óðàâíåíèé ñîñòîÿíèÿ. Äîêàçàíû äèôôåðåí-
öèðóåìîñòü è Ëèïøèö-íåïðåðûâíîñòü ñåòî÷íîãî àíàëîãà ôóíêöèîíàëà êà÷åñòâà ýêñ-
òðåìàëüíûõ çàäà÷.

Êëþ÷åâûå ñëîâà: çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ, ïîëóëèíåéíûå ýëëèïòè÷åñêèå
óðàâíåíèÿ, ôóíêöèîíàë êà÷åñòâà, äèôôåðåíöèðóåìîñòü, Ëèïøèö-íåïðåðûâíîñòü.

Mathematics Subject Classi�cation: 49J20, 35J61, 65N06

1. Ââåäåíèå

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ïðîöåññàìè, îïè-
ñûâàåìûìè óðàâíåíèÿìè ýëëèïòè÷åñêîãî òèïà â íåîäíîðîäíûõ àíèçîòðîïíûõ ñðåäàõ ñ
ðàçðûâíûìè êîýôôèöèåíòàìè è ðåøåíèÿìè (ñîñòîÿíèÿìè), è ãðàíè÷íûìè óñëîâèÿìè ñî-
ïðÿæåíèÿ òèïà íåèäåàëüíîãî êîíòàêòà. Çàäà÷è äëÿ óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè
(ÓÌÔ) ñ óñëîâèÿìè íåèäåàëüíîãî êîíòàêòà ÷àñòî âîçíèêàþò ïðè ìîäåëèðîâàíèè ðàçëè÷-
íûõ ïðîöåññîâ â ìåõàíèêå ñïëîøíûõ ñðåä, òåîðèè óïðóãîñòè, òåïëîïåðåäà÷è, äèôôóçèè.
Ðàçðûâ êîýôôèöèåíòîâ è ðåøåíèÿ èìååò ìåñòî â ñëó÷àå, êîãäà îáëàñòü ÿâëÿåòñÿ íåîä-
íîðîäíîé è ñîñòîèò èç íåñêîëüêèõ ÷àñòåé ñ ðàçíûìè ñâîéñòâàìè, ëèáî îáëàñòü ñîäåðæèò
òîíêèå ïðîñëîéêè S ñ ôèçè÷åñêèìè õàðàêòåðèñòèêàìè, ðåçêî îòëè÷àþùèìèñÿ îò îñíîâíîé
ñðåäû (ñì. [1]-[3]). Ñ÷èòàÿ òàêèå ïðîñëîéêè S î÷åíü òîíêèìè è ñëàáî ïðîíèöàåìûìè, èõ
âëèÿíèå íà èññëåäóåìûé ôèçè÷åñêèé ïðîöåññ, òî åñòü óñëîâèÿ êîíòàêòà ìîæíî îïèñàòü
ñîîòíîøåíèÿìè (ñì., íàïðèìåð, [1], ñòð. 167):

p(x) =

(
∂u

∂NS

)−
=

(
∂u

∂NS

)+

= θ(x)[u], x ∈ S,
(
∂u

∂NS

)±
=

(
2∑

α=1

kα(x)
∂u

∂xα
cos(n, xα)

)±
,

ãäå [u] = u+(x) − u−(x) � ñêà÷îê ôóíêöèè u(x) íà S; p(x) � çàðàíåå íåèçâåñòíûé ïîòîê
âåùåñòâà (òåïëîòû) ÷åðåç ýëåìåíòàðíóþ ïëîùàäêó; θ(x) ≥ θ0 > 0 � çàäàííàÿ ôóíêöèÿ,

S = Ω
− ∩ Ω

+
� âíóòðåííÿÿ ãðàíèöà ðàçäåëà ñðåä, Ω− ∩ Ω+ = ∅, Ω− è Ω+ � íåêîòîðûå

îáëàñòè, òàê ÷òî Ω = Ω− ∪ Ω+ ∪ S � îãðàíè÷åííàÿ îáëàñòü.

A.R. Manapova, F.V. Lubyshev, On Frech�et differentiability of cost functional in optimal

control of coefficients of elliptic equations.

c© Ìàíàïîâà À.Ð., Ëóáûøåâ Ô.Â. 2016.

* Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà Ïðåçèäåíòà Ðîññèéñêîé Ôåäåðàöèè äëÿ ãîñó-
äàðñòâåííîé ïîääåðæêè ìîëîäûõ ðîññèéñêèõ ó÷åíûõ � êàíäèäàòîâ íàóê (ÌÊ-4147.2015.1).

Ïîñòóïèëà 16 ìàÿ 2015 ã.
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Ìàòåìàòè÷åñêèå îïòèìèçàöèè ïðîöåññîâ â ïîäàâëÿþùåì áîëüøèíñòâå íå ïîääàþòñÿ
àíàëèòè÷åñêîìó èññëåäîâàíèþ è òðåáóþò ïðèìåíåíèÿ ÷èñëåííûõ ìåòîäîâ è èõ ðåàëèçàöèè
íà ÝÂÌ. ×èñëåííîå ðåøåíèå çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ (×ÐÇÎÓ) ñ èñïîëüçîâàíèåì
ÝÂÌ â øèðîêîì ñìûñëå ñâÿçàíî ñ ðåøåíèåì ñëåäóþùèõ âîïðîñîâ:

1. Ïîñòàíîâêà çàäà÷ îïòèìèçàöèè, îáåñïå÷èâàþùàÿ ñóùåñòâîâàíèå ðåøåíèÿ íà ìíîæå-
ñòâå äîïóñòèìûõ óïðàâëåíèé, ÿâëÿþùåìñÿ ïîäìíîæåñòâîì íåêîòîðîãî áåñêîíå÷íî-
ìåðíîãî âåêòîðíîãî ïðîñòðàíñòâà;

2. Ñâåäåíèå çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ ê ïîñëåäîâàòåëüíîñòè êîíå÷íîìåðíûõ çà-
äà÷, îáåñïå÷èâàþùåå ñõîäèìîñòü â íåêîòîðîì ñìûñëå ðåøåíèé êîíå÷íîìåðíûõ çàäà÷
ê ðåøåíèÿì èñõîäíûõ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ;

3. ×èñëåííîå ðåøåíèå êîíå÷íîìåðíûõ çàäà÷.

Çàäà÷è äëÿ ÓÌÔ ñ ðàçðûâíûìè êîýôôèöèåíòàìè è ðåøåíèåì íå òàê øèðîêî èññëåäî-
âàíû (ñì. îáçîð ðàáîò â [4]). Çíà÷èìûå ðåçóëüòàòû äëÿ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ,
îïèñûâàåìûõ íåëèíåéíûìè ÓÌÔ ñ ðàçðûâíûìè êîýôôèöèåíòàìè è ðåøåíèÿìè ïîëó÷åíû
â ðàáîòàõ [4]-[6], ãäå ðàçðàáîòàíû íîâûå ìåòîäû èññëåäîâàíèÿ çàäà÷ îïòèìàëüíîãî óïðàâ-
ëåíèÿ, îïèñûâàåìûõ íåëèíåéíûìè ÓÌÔ ñ ðàçðûâíûìè êîýôôèöèåíòàìè è ðåøåíèÿìè,
îñíîâàííûå íà ïîñòðîåíèè è èññëåäîâàíèè ðàçíîñòíûõ àïïðîêñèìàöèé ýêñòðåìàëüíûõ çà-
äà÷, óñòàíîâëåíèè îöåíîê òî÷íîñòè àïïðîêñèìàöèé ïî ñîñòîÿíèþ è ôóíêöèîíàëó, è ðåãó-
ëÿðèçàöèè àïïðîêñèìàöèé.
Äàííàÿ ðàáîòà ÿâëÿåòñÿ åñòåñòâåííûì ïðîäîëæåíèåì [4]-[6]. Â íåé èññëåäóþòñÿ íåëè-

íåéíûå çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ, îïèñûâàåìûå ïîëóëèíåéíûìè ýëëèïòè÷åñêèìè
óðàâíåíèÿìè ñ ðàçðûâíûìè êîýôôèöèåíòàìè è ðåøåíèÿìè (ñîñòîÿíèÿìè) ñ ãðàíè÷íûìè
óñëîâèÿìè ñîïðÿæåíèÿ òèïà íåèäåàëüíîãî êîíòàêòà. Â êà÷åñòâå óïðàâëåíèÿ âûñòóïàþò
êîýôôèöèåíòû â ãðàíè÷íîì óñëîâèè ñîïðÿæåíèÿ ðàçíîðîäíûõ ñðåä è ïðàâîé ÷àñòè óðàâ-
íåíèÿ ñîñòîÿíèÿ. Ðàáîòà íàïðàâëåíà íà ðåøåíèå ñëåäóþùåãî òðåòüåãî ýòàïà ×ÐÇÎÓ, à
èìåííî, íà ðàçðàáîòêó ýôôåêòèâíûõ ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ ïîñòðîåííûõ êîíå÷íî-
ìåðíûõ ñåòî÷íûõ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ. Çàìåòèì, ÷òî äàííûå âîïðîñû ðàíåå íå
ðàññìàòðèâàëèñü. Äëÿ ÷èñëåííîé ðåàëèçàöèè êîíå÷íîìåðíûõ çàäà÷ îïòèìàëüíîãî óïðàâ-
ëåíèÿ äîêàçûâàþòñÿ äèôôåðåíöèðóåìîñòü è Ëèïøèö-íåïðåðûâíîñòü ñåòî÷íîãî ôóíêöè-
îíàëà àïïðîêñèìèðóþùèõ ñåòî÷íûõ çàäà÷. Ïîëó÷åíû ýôôåêòèâíûå ïðîöåäóðû ðàñ÷åòà
ãðàäèåíòîâ ìèíèìèçèðóåìûõ ñåòî÷íûõ ôóíêöèîíàëîâ, èñïîëüçóþùèõ ðåøåíèÿ ïðÿìûõ
çàäà÷ è ñîîòâåòñòâóþùèõ âñïîìîãàòåëüíûõ ñîïðÿæåííûõ çàäà÷.
Â òåïëîôèçè÷åñêèõ òåðìèíàõ ïîñòàâëåííûå çàäà÷è ìîæíî òðàêòîâàòü êàê çàäà÷è îïòè-

ìàëüíîãî óïðàâëåíèÿ êîýôôèöèåíòîì ãðàíè÷íîãî óñëîâèÿ ñîïðÿæåíèÿ ðàçíîðîäíûõ òåï-
ëîïðîâîäÿùèõ ñðåä θ(x) è êîýôôèöèåíòàìè f1(x) è f2(x), õàðàêòåðèçóþùèìè íàëè÷èå â
ñðåäàõ Ω1 è Ω2, ñîîòâåòñòâåííî, âíóòðåííèõ èñòî÷íèêîâ ýíåðãèè, çà ñ÷åò êîòîðûõ âíóòðè
ñðåä ìîæåò âîçíèêàòü èëè ïîãëîùàòüñÿ òåïëî. Ïðè ýòîì êîýôôèöèåíò ãðàíè÷íîãî óñëîâèÿ
ñîïðÿæåíèÿ õàðàêòåðèçóåò òåðìè÷åñêîå ñîïðîòèâëåíèå íåèäåàëüíîãî êîíòàêòà ðàçíîðîä-
íûõ ñðåä [1], [3].

2. Ïîñòàíîâêà çàäà÷

Ïóñòü Ω =
{
r = (r1, r2) ∈ R2 : 0 6 rα 6 lα, α = 1, 2

}
� ïðÿ-

ìîóãîëüíèê â R2 ñ ãðàíèöåé ∂Ω = Γ. Ïóñòü îáëàñòü Ω ðàçäåëåíà ¾âíóòðåííåé
êîíòàêòíîé ãðàíèöåé¿ S =

{
r1 = ξ, 0 6 r2 6 l2

}
, ãäå 0 < ξ < l1, íà ïîäîáëàñòè

Ω1 ≡ Ω− =
{

0 < r1 < ξ, 0 < r2 < l2} è Ω2 ≡ Ω+ =
{
ξ < r1 < l1, 0 < r2 < l2} ñ

ãðàíèöàìè ∂Ω1 ≡ ∂Ω− è ∂Ω2 ≡ ∂Ω+. Òàê ÷òî îáëàñòü Ω = Ω1 ∪ Ω2 ∪ S, à ∂Ω � âíåøíÿÿ
ãðàíèöà îáëàñòè Ω. ×åðåç Γk áóäåì îáîçíà÷àòü ãðàíèöû îáëàñòåé Ωk áåç S, k = 1, 2. Òàê
÷òî ∂Ωk = Γk∪S, ãäå ÷àñòè Γk, k = 1, 2 � îòêðûòûå íåïóñòûå ïîäìíîæåñòâà â ∂Ωk, k = 1, 2;
Γ1 ∪ Γ2 = ∂Ω = Γ. ×åðåç nα, α = 1, 2 áóäåì îáîçíà÷àòü âíåøíþþ íîðìàëü ê ãðàíèöå ∂Ωα
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îáëàñòè Ωα, α = 1, 2. Ïóñòü, äàëåå, n = n(x) � åäèíè÷íàÿ íîðìàëü ê S â êàêîé-ëèáî åå
òî÷êå x ∈ S, îðèåíòèðîâàííàÿ, íàïðèìåð, òàêèì îáðàçîì, ÷òî íîðìàëü n ÿâëÿåòñÿ âíåø-
íåé íîðìàëüþ ê S ïî îòíîøåíèþ ê îáëàñòè Ω1, òî åñòü íîðìàëü n íàïðàâëåíà âíóòðü
îáëàñòè Ω2. Íèæå, ïðè ïîñòàíîâêå êðàåâûõ çàäà÷ äëÿ ñîñòîÿíèé ïðîöåññîâ óïðàâëåíèÿ, S
� ýòî ïðÿìàÿ, âäîëü êîòîðîé ðàçðûâíû êîýôôèöèåíòû è ðåøåíèÿ êðàåâûõ çàäà÷, êîòîðûå
â îáëàñòÿõ Ω1 è Ω2 îáëàäàþò íåêîòîðîé ãëàäêîñòüþ.
Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó Äèðèõëå äëÿ ïîëóëèíåéíîãî ýëëèïòè÷åñêîãî óðàâíåíèÿ

ñ ðàçðûâíûìè êîýôôèöèåíòàìè è ðåøåíèÿìè: Òðåáóåòñÿ íàéòè ôóíêöèþ u(x), îïðåäåëåí-
íóþ íà Ω âèäà u(x) = u1(x), x ∈ Ω1, u(x) = u2(x), x ∈ Ω2, ãäå êîìïîíåíòû uk, k = 1, 2,
óäîâëåòâîðÿþò óñëîâèÿì:
1) ôóíêöèè uk(x), k = 1, 2, îïðåäåëåííûå íà Ωk = Ωk ∪ ∂Ωk, k = 1, 2, óäîâëåòâîðÿþò â Ωk,
k = 1, 2, óðàâíåíèÿì

−
2∑

α=1

∂

∂xα

(
kα(x)

∂u

∂xα

)
+ d(x)q(u) = f(x), x ∈ Ω1 ∪ Ω2, (1a)

à íà ãðàíèöàõ ∂Ωk \ S = Γk óñëîâèÿì

u(x) = 0, x ∈ ∂Ω = Γ1 ∪ Γ2; (1b)

2) Èñêîìûå ôóíêöèè uk(x), k = 1, 2, óäîâëåòâîðÿþò åùå äîïîëíèòåëüíûì óñëîâèÿì íà
ãðàíèöå ðàçðûâà S êîýôôèöèåíòîâ è ðåøåíèÿ, ïîçâîëÿþùèì ¾cøèòü¿ ðåøåíèÿ u1(x)
è u2(x) âäîëü êîíòàêòíîé ãðàíèöû S îáëàñòåé Ω1 è Ω2 ñëåäóþùåãî âèäà:

k
(1)
1 (x)

∂u1

∂x1

= k
(2)
1 (x)

∂u2

∂x1

= θ(x2) (u2(x)− u1(x)) , x ∈ S, (1c)

ãäå u(x) =

{
u1(x), x ∈ Ω1;
u2(x), x ∈ Ω2,

q(ξ) =

{
q1(ξ1), ξ1 ∈ R;
q2(ξ2), ξ2 ∈ R,

kα(x), d(x), f(x) =

{
k

(1)
α (x), d1(x), f1(x), x ∈ Ω1;

k
(2)
α (x), d2(x), f2(x), x ∈ Ω2, α = 1, 2.

Çäåñü
[
u
]

= u2(x) − u1(x) � ñêà÷îê ôóíêöèè u(x) íà S; kα(x), α = 1, 2, d(x) � èç-
âåñòíûå ôóíêöèè, îïðåäåëÿåìûå ïî-ðàçíîìó â Ω1 è Ω2, ïðåòåðïåâàþùèå ðàçðûâ ïåðâîãî
ðîäà íà S; qα(ξα), α = 1, 2, � çàäàííûå ôóíêöèè, îïðåäåëåííûå äëÿ ξα ∈ R, α = 1, 2;
g(x) = (f1(x), f2(x), θ(x)) � óïðàâëåíèå. Îòíîñèòåëüíî çàäàííûõ ôóíêöèé áóäåì ïðåäïîëà-
ãàòü: kα(x) ∈ W 1

∞(Ω1) ×W 1
∞(Ω2), α = 1, 2, d(x) ∈ L∞(Ω1) × L∞(Ω2); 0 < ν 6 kα(x) 6 ν,

α = 1, 2, 0 6 d0 6 d(x) 6 d0, x ∈ Ω1 ∪ Ω2; ν, ν, d0, d0 � çàäàííûå êîíñòàíòû; ôóíê-
öèè qα(ξα), îïðåäåëåííûå íà R ñî çíà÷åíèÿìè â R, óäîâëåòâîðÿþò óñëîâèÿì: qα(0) = 0,
0 < q0 6

(
qα(ξα) − qα(ξα)

)
/
(
ξα − ξα

)
6 Lq < ∞, äëÿ âñåõ ξα, ξα ∈ R, ξα 6= ξα, α = 1, 2,

Lq = Const.
Ââåäåì ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé

U =
3∏

α=1

Uα ⊂ H = L2(Ω1)× L2(Ω2)× L2(S),

Uα =
{
gα(x) = fα(x) ∈ L2(Ωα) : %α 6 fα(x) 6 %α ï.â. íà Ωα

}
,

α = 1, 2; U3 =
{
g3(x) = θ(x) ∈ L2(S) : 0 < %3 6 θ(x) 6 %3 ï.â. íà S

}
,

(2)

ãäå %α, %α, α = 1, 3 � çàäàííûå ÷èñëà.
Çàäàäèì ôóíêöèîíàë öåëè J : U → R1 â âèäå

g → J(g) =

∫

Ω1

∣∣∣u(r1, r2; g)− u(1)
0 (r)

∣∣∣
2

dΩ1 = I(u(r; g)), (3)
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ãäå u
(1)
0 ∈ W 1

2 (Ω1) � çàäàííàÿ ôóíêöèÿ.
Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ñîñòîèò â òîì, ÷òîáû íàéòè òàêîå óïðàâëåíèå g∗ ∈ U ,

êîòîðîå ìèíèìèçèðóåò íà ìíîæåñòâå U ⊂ H ôóíêöèîíàë g → J(g), òî÷íåå, íà ðåøåíèÿõ
u(r) = u(r; g) çàäà÷è (1), îòâå÷àþùèõ âñåì äîïóñòèìûì óïðàâëåíèÿì g =

(
f1, f2, θ

)
∈ U ,

òðåáóåòñÿ ìèíèìèçèðîâàòü ôóíêöèîíàë (3).
Â äàëüíåéøåì íàì ïîíàäîáÿòñÿ íåêîòîðûå ïðîñòðàíñòâà, êîòîðûå ââåäåíû â ðàáîòå [6].

Ïðèâåäåì èõ äëÿ ïîëíîòû èçëîæåíèÿ. Â ÷àñòíîñòè, ðàññìîòðèì ïðîñòðàíñòâî V (Ω(1,2)),
Ω(1,2) = Ω1 ∪ Ω2 ïàð ôóíêöèé u = (u1, u2): V (Ω(1,2)) =

{
u = (u1, u2) ∈ W 1

2 (Ω1)×W 1
2 (Ω2)

}
,

ãäå W 1
2 (Ωk), k = 1, 2 � Ñîáîëåâñêèå ïðîñòðàíñòâà ôóíêöèé, çàäàííûõ â ïîäîáëàñòÿõ Ωk,

ñ ãðàíèöàìè ∂Ωk, k = 1, 2 ñîîòâåòñòâåííî è íîðìàìè [7]-[9]:

‖uk‖2
W 1

2 (Ωk) =

∫

Ωk

[ 2∑

α=1

(
∂uk
∂xα

)2

+ u2
k

]
dΩk, k = 1, 2.

Ñíàáæåííîå ñêàëÿðíûì ïðîèçâåäåíèåì è íîðìîé (u, ϑ)V =
2∑

k=1

(uk, ϑk)W 1
2 (Ωk),

‖u‖2
V =

2∑

k=1

‖uk‖2
W 1

2 (Ωk), V = V (Ω(1,2)) ÿâëÿåòñÿ ãèëüáåðòîâûì ïðîñòðàíñòâîì.

Â ãèëüáåðòîâîì ïðîñòðàíñòâå V (Ω(1,2)) ìîæíî ââåñòè ýêâèâàëåíòíóþ íîðìó

‖u‖2
∗ =

2∑

k=1

∫

Ωk

2∑

α=1

(
∂uk
∂xα

)2

dΩk +
2∑

k=1

∫

Γk

u2
k dΓk +

∫

S

[u]2 dS,

ãäå
[
u
]

= u2(x)− u1(x) = u+(x)− u−(x) � ñêà÷îê ôóíêöèè u(x) íà S. Çäåñü u2(x) = u+(x),
x ∈ S è u1(x) = u−(x), x ∈ S � ñëåäû ôóíêöèè u(x) íà S ñî ñòîðîíû Ω2 = Ω+ è Ω1 = Ω−

ñîîòâåòñòâåííî. Îòìåòèì, ÷òî èç óñëîâèÿ u(x) ∈ V (Ω(1,2)) ñëåäóåò, ÷òî [u(x)] ∈ L2(S),
òàê êàê â äàííîì ñëó÷àå òåîðåìà î ñëåäàõ [7]-[9] ñïðàâåäëèâà äëÿ êàæäîé èç ñòîðîí S+,
S− ãðàíèöû êîíòàêòà S (îïåðàòîð ñóæåíèÿ èç W 1

2 (Ω±) â L2(S) íåïðåðûâåí). Ïðèìåíåíèå
òåîðåìû î ñëåäàõ ê Ω1 è Ω2 ïîçâîëÿåò îïðåäåëèòü äëÿ ëþáîé ôóíêöèè u(x) ∈ V (Ω(1,2))
äâà ñëåäà ñ ïîìîùüþ îïåðàòîðîâ ñóæåíèÿ íà S±, òî åñòü ñ ðàçíûõ ñòîðîí (ñî ñòîðîíû Ω1

è ñî ñòîðîíû Ω2), êîòîðûå â îáùåì ñëó÷àå ðàçëè÷íû.

Ïóñòü
◦
Γk � ÷àñòü ∂Ωk. ×åðåç W

1
2

(
Ωk;

◦
Γk

)
îáîçíà÷èì çàìêíóòîå ïîäïðîñòðàíñòâî ïðî-

ñòðàíñòâà W 1
2 (Ωk), ïëîòíûì ìíîæåñòâîì â êîòîðîì ÿâëÿåòñÿ ìíîæåñòâî âñåõ ôóíêöèé èç

C1(Ωk), ðàâíûõ íóëþ âáëèçè
◦
Γk⊂ ∂Ωk, k = 1, 2 � êàêîãî-ëèáî ó÷àñòêà

◦
Γk ãðàíèöû ∂Ωk,

k = 1, 2.

Ââåäåì â ðàññìîòðåíèå ïðîñòðàíñòâî
◦
V Γ1,Γ2 (Ω(1,2)) ïàð ôóíêöèé u = (u1, u2):

◦
V Γ1,Γ2

(Ω(1,2)) =
{
u = (u1, u2) ∈ W 1

2 (Ω1; Γ1)×W 1
2 (Ω2; Γ2)

}
ñ íîðìîé (ñì. [4]):

‖u‖2
◦
V Γ1,Γ2

=
2∑

k=1

∫

Ωk

2∑

α=1

(
∂uk
∂xα

)2

dΩk +

∫

S

[u]2 dS.
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Ïîä ðåøåíèåì ïðÿìîé çàäà÷è (1) ïðè ôèêñèðîâàííîì óïðàâëåíèè g =
(
f1, f2, θ

)
∈ U

ïîíèìàåòñÿ ôóíêöèÿ u(g) ∈
◦
V Γ1,Γ2 (Ω(1,2)), óäîâëåòâîðÿþùàÿ òîæäåñòâó

Q(u, ϑ) =

∫

Ω1∪Ω2

[ 2∑

α=1

kα(x)
∂u

∂xα

∂ϑ

∂xα
+ d(x) q(u)ϑ

]
dΩ0+

+

∫

S

θ(x)[u][ϑ]dS =

∫

Ω1∪Ω2

f(x)ϑdΩ0 = l(ϑ), äëÿ âñåõ ϑ ∈
◦
V Γ1,Γ2 (Ω(1,2)).

(4)

Çàìå÷àíèå 1. Â äàëüíåéøåì îòíîñèòåëüíî ãëàäêîñòè ðåøåíèÿ ïðÿìîé çàäà÷è ñäåëàåì
ñëåäóþùåå ïðåäïîëîæåíèå (àíàëîãè÷íîå ïðåäïîëîæåíèþ, ñäåëàííîìó â [5], ñ. 1384 ïðè èñ-
ñëåäîâàíèè ðàçíîñòíûõ ñõåì äëÿ çàäà÷è ñ òàêèìè æå óñëîâèÿìè ñîïðÿæåíèÿ), à èìåííî:
ðåøåíèå êðàåâîé çàäà÷è (1) ïðèíàäëåæèò W 2

2 (Ω1) × W 2
2 (Ω2), òî÷íåå, ïðèíàäëåæèò ïðî-

ñòðàíñòâó
◦
V̂ Γ1,Γ2 (Ω(1,2)) =

◦
V Γ1,Γ2 (Ω(1,2))∩

{
u = (u1, u2) ∈ W 2

2 (Ω1)×W 2
2 (Ω2)

}
, è ïðè êàæäîì

ôèêñèðîâàííîì óïðàâëåíèè g ∈ U ñïðàâåäëèâà îöåíêà

2∑

k=1

‖uk(x, g)‖W 2
2 (Ωk) 6M

2∑

k=1

‖fk(x)‖L2(Ωk), ∀g ∈ U, ãäå M = Const > 0.

Çàìå÷àíèå 2. Çäåñü è äàëåå, ÷åðåç M , M̃ , M0, C, C0, C̃0, Ck, k = 1, 3 îáîçíà÷åíû ðàç-
ëè÷íûå ïîëîæèòåëüíûå ïîñòîÿííûå, íåçàâèñÿùèå îò ðåøåíèÿ u(r; g) è óïðàâëåíèÿ g ∈ U
(ñåòî÷íîãî ðåøåíèÿ y(x; Φh), ñåòî÷íîãî óïðàâëåíèÿ Φh ∈ Uh).

3. Ðàçíîñòíàÿ àïïðîêñèìàöèÿ çàäà÷ îïòèìèçàöèè

Äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ ðàññìîòðèì âîïðîñ îá àï-
ïðîêñèìàöèè áåñêîíå÷íîìåðíûõ çàäà÷ îïòèìèçàöèè (1)-(3) ïîñëåäîâàòåëüíîñòüþ êîíå÷-
íîìåðíûõ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ. Íèæå ïîñòðîèì àïïðîêñèìàöèè çàäà÷ íà îñ-
íîâå ìåòîäà ñåòîê (ñì. [1]). Äëÿ àïïðîêñèìàöèè çàäà÷è (1)-(3) íàì ïîíàäîáÿòñÿ íåêîòîðûå
ñåòêè íà [0, lα], α = 1, 2, è â Ω. Îòìåòèì, ÷òî âñåãäà ìîæíî ïîñòðîèòü ñåòêó íà [0, l1]
òàê, ÷òîáû òî÷êà x1 = ξ áûëà åå óçëîì. Ïðè ðåøåíèè ïðàêòè÷åñêèõ çàäà÷ öåëåñîîáðàç-

íî âûáèðàòü â îáëàñòÿõ Ω1 è Ω2 ðàâíîìåðíûå øàãè h
(1)
1 è h

(2)
1 ñîîòâåòñòâåííî, è èñõîäÿ

èç ïîëîæåíèÿ òî÷êè x1 = ξ ÷èñëî óçëîâ íàõîäèòü èç ïðåäïîëîæåíèÿ h
(1)
1 ≈ h

(2)
1 . Ïî-

ëîæèì x
(i1)
1 − x

(i1−1)
1 = h1, i1 = 1, N1 è x

(i2)
2 − x

(i2−1)
2 = h2, i2 = 1, N2. Çíà÷åíèå x1 â

òî÷êå x1 = ξ îáîçíà÷èì ÷åðåç xξ, à ñîîòâåòñòâóþùèé íîìåð óçëà îáîçíà÷èì ÷åðåç N1ξ,

1 < N1ξ < N1 − 1. Ââåäåì ñåòêè óçëîâ: ω
(1)
1 =

{
x

(i1)
1 = i1h1 ∈ [0, ξ] : i1 = 0, N1ξ, N1ξh1 = ξ

}
,

ω
(2)
1 =

{
x

(i1)
1 = i1h1 ∈ [ξ, l1] : i1 = N1ξ, N1, N1ξh1 = l1

}
, ω

(1)
1 = ω

(1)
1 \ {x1 = 0, x1 = ξ},

ω
(2)
1 = ω

(2)
1 \ {x1 = ξ, x1 = l1}; ω2 = {x(i2)

2 = i2h2 ∈ [0, l2] : i2 = 0, N2, N2h2 = l2},
ω2 = ω2 \ {x2 = 0, x2 = l2} ; ω1 = ω

(1)
1 ∪ ω(2)

1 ; ω1 = ω
(1)
1 ∪ ω(2)

1 ; ω(1) = ω
(1)
1 × ω2;

ω(2) = ω
(2)
1 ×ω2; ω

(1) = ω
(1)
1 ×ω2; ω

(2) = ω
(2)
1 ×ω2; ω ≡ ω(1,2) = ω(1)∪ω(2) =

(
ω

(1)
1 ∪ω(2)

1

)
×ω2 =

=
{
x

(i1)
1 = i1h1, i1 = 0, N1, N1ξh1 = ξ, (N1 − N1ξ)h1 = l1 − ξ, 1 < N1ξ < N1 − 1

}
× ω2,

ω ≡ ω(1,2) = ω(1) × ω(2); ω
(1)+
1 = ω

(1)
1 ∩ (0, ξ], ω

(1)−
1 = ω

(1)
1 ∩ [0, ξ), ω

(2)−
1 = ω

(2)
1 ∩ [ξ, l1),

ω(1)(+1) = ω
(1)+
1 × ω2; γS =

{
x1 = ξ, x2 = h2, 2h2, . . . , (N2 − 1)h2

}
=
{
x1 = ξ, x

(i2)
2 = i2h2,

i2 = 1, N2 − 1
}
; γ(k) = ∂ω(k) \ γS; ω(1)+

1 × ω2 = ω(1) ∪ γS = ω(1) \ γ(1); ∂ω(k) = ω(k) \ ω(k) �

ìíîæåñòâî ãðàíè÷íûõ óçëîâ ñåòêè ω(k), k = 1, 2.
Ïðèâåäåì íåêîòîðûå ñêàëÿðíûå ïðîèçâåäåíèÿ, íîðìû è ïîëóíîðìû ñåòî÷íûõ ôóíêöèé,

çàäàííûõ íà ðàçëè÷íûõ ñåòêàõ, êîòîðûå áóäóò èñïîëüçîâàòüñÿ â äàëüíåéøåì (áîëåå ïî-
äðîáíîå èõ îïèñàíèå ñì. â ðàáîòå [4]). Ìíîæåñòâî ñåòî÷íûõ ôóíêöèé y1(x), çàäàííûõ íà
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ñåòêå ω(1) = ω
(1)
1 × ω2 ⊂ Ω1 ≡ Ω

−
îáîçíà÷èì ÷åðåç H

(1)
h (ω(1)), à ìíîæåñòâî ñåòî÷íûõ ôóíê-

öèé y2(x), çàäàííûõ íà ñåòêå ω(2) = ω
(2)
1 × ω2 ⊂ Ω2 ≡ Ω

+
, îáîçíà÷èì ÷åðåç H

(2)
h (ω(2)).

Ìíîæåñòâî H
(k)
h (ω(k)), k = 1, 2, ñíàáæåííîå ñêàëÿðíûì ïðîèçâåäåíèåì è íîðìîé

(yk, νk)L2(ω(k)) =
∑

ω(k)

yk(x) νk(x) ~1~2, ‖yk‖L2(ω(k)) = (yk, yk)
1/2

L2(ω(k))
,

îáîçíà÷èì ÷åðåç L2(ω(k)), k = 1, 2. Çäåñü ~1 = ~1(x1) � ñðåäíèé øàã ñåòîê ω
(1)
1 è ω

(2)
1 , à

~2 = ~2(x2) � ñðåäíèé øàã ñåòêè ω2, [1]. ×åðåç W
1
2 (ω(1)) è W 1

2 (ω(2)) îáîçíà÷åíû ïðîñòðàí-
ñòâà ñåòî÷íûõ ôóíêöèé, çàäàííûõ íà ñåòêàõ ω(1) è ω(2) ñîîòâåòñòâåííî, ñî ñêàëÿðíûìè
ïðîèçâåäåíèÿìè è íîðìàìè:

(yk, νk)W 1
2 (ω(k)) =

∑

ω
(k)+
1 ×ω2

ykx1νkx1h1~2 +
∑

ω
(k)
1 ×ω+

2

ykx2νkx2~1h2 + (yk, νk)L2(ω(k)),

‖yk‖2
W 1

2 (ω(k))
= ‖∇yk‖2 + ‖yk‖2

L2(ω(k))
, k = 1, 2,

ãäå ‖∇yk‖2 =
∑

ω
(k)+
1 ×ω2

y2
kx1
h1~2 +

∑

ω
(k)
1 ×ω+

2

y2
kx2

~1h2, k = 1, 2. Ââåäåíî â ðàññìîòðåíèå ïðî-

ñòðàíñòâî V (ω(1,2)) ïàð ñåòî÷íûõ ôóíêöèé y = (y1, y2), îïðåäåëÿåìîå ñîîòíîøåíèåì
V (ω(1,2)) =

{
y = (y1, y2) ∈ W 1

2 (ω(1)) ×W 1
2 (ω(2))

}
. Ñíàáæåííîå ñêàëÿðíûì ïðîèçâåäåíèåì

è íîðìîé

(y, ν)V (ω(1,2)) =
2∑

k=1

(yk, νk)W 1
2 (ω(k)), ‖y‖2

V (ω(1,2))
=

2∑

k=1

‖yk‖2
W 1

2 (ω(k))
,

V (ω(1,2)) ÿâëÿåòñÿ ãèëüáåðòîâûì ïðîñòðàíñòâîì. Ïóñòü òåïåðü γ(k) = ∂ω(k) \ γS � ïîäìíî-
æåñòâî ãðàíè÷íûõ óçëîâ ∂ω(k) ñåòêè ω(k) ⊂ Ωk, k = 1, 2. ×åðåç L2(ω(k); γ(k)) îáîçíà÷åíî
íîðìèðîâàííîå ïîäïðîñòðàíñòâî ïðîñòðàíñòâà ñåòî÷íûõ ôóíêöèé L2(ω(k)), îáðàùàþùèõ-
ñÿ â íóëü íà γ(k), k = 1, 2 ñ íîðìàìè

‖yk‖2
L2(ω(k);γ(k))

=
∑

x∈ω(k)

y2
k(x)h1h2 +

1

2

∑

x∈γS
y2
k(x)h1h2 =

=
∑

x∈ω(k)

y2
k(x)h1h2 +

1

2

∑

x2∈ω2

y2
k(ξ, x2)h1h2, k = 1, 2,

èíäóöèðîâàííûìè ñêàëÿðíûìè ïðîèçâåäåíèÿìè

(yk, vk)L2(ω(k);γ(k)) =
∑

x∈ω(k)

yk(x)vk(x)h1h2 +
1

2

∑

x∈γS
yk(x)vk(x)h1h2, k = 1, 2.

×åðåç W 1
2 (ω(k); γ(k)) îáîçíà÷åíî ïîäïðîñòðàíñòâî ïðîñòðàíñòâà ñåòî÷íûõ ôóíêöèé

W 1
2 (ω(k)), îáðàùàþùèõñÿ â íóëü íà γ(k), k = 1, 2. Ââåäåíû ïðîñòðàíñòâà

◦
Hγ(1)γ(2) (ω(1,2))

è
◦
V γ(1)γ(2) (ω(1,2)) ïàð ñåòî÷íûõ ôóíêöèé y = (y1, y2):

◦
Hγ(1)γ(2) (ω(1,2)) =

{
y = (y1, y2) ∈ L2(ω(1); γ(1))× L2(ω(2); γ(2))

}
,

◦
V γ(1)γ(2) (ω(1,2)) =

{
y = (y1, y2) ∈ W 1

2 (ω(1); γ(1))×W 1
2 (ω(2); γ(2))

}
,

ñ íîðìàìè ‖y‖2
◦
H
γ(1)γ(2)

=
2∑

k=1

‖yk‖2
L2(ω(k);γ(k))

, ‖y‖2
◦
V
γ(1)γ(2)

= ‖∇yk‖2 + ‖[y]‖2
L2(γS), ãäå

‖yk‖2
L2(γS) =

(
yk, yk

)
L2(γS)

,
(
yk, νk

)
L2(γS)

=
∑
x∈γS

h2yk(x) νk(x), k = 1, 2.
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×åðåç H
(1)
h (ω(1) ∪ γS) ≡ L2(ω(1) ∪ γS) îáîçíà÷åíî ïðîñòðàíñòâî ñåòî÷íûõ ôóíêöèé v1h(x),

x ∈ ω(1) ∪ γS, çàäàííûõ íà ñåòêå ω(1) ∪ γS, ñî ñêàëÿðíûì ïðîèçâåäåíèåì è íîðìîé:

(v1h, ṽ1h)H(1)
h (ω(1)∪γS)

=
∑

x∈ω(k)

v1h(x)ṽ1h(x)h1h2 +
1

2

∑

x∈γS
v1h(x)ṽ1h(x)h1h2,

‖v1h(x)‖2

H
(1)
h (ω(1)∪γS)

= (v1h, v1h)H(1)
h (ω(1)∪γS)

.

Àíàëîãè÷íî ââîäèòñÿ ïðîñòðàíñòâî ñåòî÷íûõ ôóíêöèé H
(2)
h (ω(2) ∪ γS) ≡ L2(ω(2) ∪ γS)

(ñì. [4]).
Çàäà÷àì îïòèìàëüíîãî óïðàâëåíèÿ (1)-(3) ïîñòàâèì â ñîîòâåòñòâèè ñëåäóþùèå ðàçíîñò-

íûå àïïðîêñèìàöèè: ìèíèìèçèðîâàòü ñåòî÷íûé ôóíêöèîíàë

Jh(Φh) =
∑

x∈ω(1)

∣∣y(x,Φh)− u(1)
0h (x)

∣∣2~1~2 = ‖y(Φh)− u(1)
0h ‖2

L2(ω(1))
, (5)

ïðè óñëîâèÿõ, ÷òî ñåòî÷íàÿ ôóíêöèÿ y(Φh) = (y1(Φh), y2(Φh)) ∈
◦
V γ(1)γ(2) (ω(1,2)), íàçûâàå-

ìàÿ ðåøåíèåì ðàçíîñòíîé êðàåâîé çàäà÷è (ðàçíîñòíîé ñõåìû) äëÿ çàäà÷è (1), óäîâëåòâîðÿ-

åò äëÿ ëþáîé ñåòî÷íîé ôóíêöèè v(Φh) = (v1(Φh), v2(Φh)) ∈
◦
V γ(1)γ(2) (ω(1,2)) ñóììàòîðíîìó

òîæäåñòâó

Qh(y, v) =




∑

ω
(1)+
1

∑

ω2

a
(1)
1h y1x1v1x1h1h2 +

(∑

ω
(1)
1

∑

ω+
2

a
(1)
2h y1x2v1x2h1h2+

+
1

2

∑

ω+
2

a
(1)
2h (ξ, x2)y1x2(ξ, x2)v1x2(ξ, x2)h1h2

)
+

+




∑

ω
(2)+
1

∑

ω2

a
(2)
1h y2x1v2x1h1h2 +

(∑

ω
(2)
1

∑

ω+
2

a
(2)
2h y2x2v2x2h1h2+

(6)

+
1

2

∑

ω+
2

a
(2)
2h (ξ, x2)y2x2(ξ, x2)v2x2(ξ, x2)h1h2

)
+

∑

ω2

Φ3h(x2)
[
y(ξ, x2)

][
v(ξ, x2)

]
h2+

+

{(∑

ω(1)

d1h(x)q1(y1(x))v1(x)h1h2 +
1

2

∑

ω2

d1h(ξ, x2)q1(y1(ξ, x2))v1(ξ, x2)h1h2

)
+

+

(∑

ω(2)

d2h(x)q2(y2(x))v2(x)h1h2 +
1

2

∑

ω2

d2h(ξ, x2)q2(y2(ξ, x2))v2(ξ, x2)h1h2

)}
=

=

{(∑

ω(1)

Φ1h(x)v1(x)h1h2 +
1

2

∑

ω2

Φ1h(ξ, x2)v1(ξ, x2)h1h2

)
+

+

(∑

ω(2)

Φ2h(x)v2(x)h1h2 +
1

2

∑

ω2

Φ2h(ξ, x2)v2(ξ, x2)h1h2

)}
= lh(v),

à ñåòî÷íûå óïðàâëåíèÿ Φh =
(
Φ1h,Φ2h,Φ3h

)
òàêîâû, ÷òî

Φh(x) ∈ Uh =
3∏

k=1

Ukh ⊂ Hh = L2(ω(1) ∪ γS)× L2(ω(2) ∪ γS)× L2(ω2),

Uαh =
{

Φαh ∈ L2(ω(α) ∪ γS) : 0 < %α 6 Φαh(x) 6 %α, ï.â. íà ω
(α) ∪ γS

}
,

α = 1, 2; U3 =
{

Φ3h(x2) ∈ L2(ω2) : 0 < %3 6 Φ3h(x) 6 %3, ï.â. íà ω2

}
,

(7)
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ãäå %k, %k, k = 1, 3 � çàäàííûå ÷èñëà.

Çäåñü a
(1)
αh(x), a

(2)
αh(x), dαh(x), α = 1, 2, u

(1)
0h (x) � ñåòî÷íûå àïïðîêñèìàöèè ôóíêöèé k

(1)
α (r),

k
(2)
α (r), dα(r), α = 1, 2, u

(1)
0 (r), îïðåäåëÿåìûå ÷åðåç óñðåäíåíèÿ ïî Ñòåêëîâó (ñì. [6]).

Çàìå÷àíèå 2. Äîêàçàòåëüñòâî êîððåêòíîñòè ïîñòàíîâîê çàäà÷ îïòèìàëüíîãî óïðàâëå-
íèÿ (1)-(3), êîððåêòíîñòè èõ ðàçíîñòíûõ àïïðîêñèìàöèé ñåòî÷íûìè çàäà÷àìè îïòèìàëü-
íîãî óïðàâëåíèÿ (5)-(7), ñõîäèìîñòè àïïðîêñèìàöèé ïî ñîñòîÿíèþ, ôóíêöèîíàëó, óïðàâëå-
íèþ, ñîîòâåòñòâóþùèõ àïïðîêñèìàöèîííûõ îöåíîê è ðåãóëÿðèçàöèè àïïðîêñèìàöèé ïðî-
âîäèòñÿ ïî ìåòîäèêå èç [4]�[6].
Âûïèøåì ÿâíûé âèä ðàçíîñòíîé ñõåìû (6) â óçëàõ ñåòêè ω = ω1∪ω2 = ω(1,2): Òðåáóåòñÿ

íàéòè ôóíêöèþ y = (y1, y2), îïðåäåëåííóþ íà ω = ω1 ∪ ω2 = ω(1,2), y(x) = y1(x) äëÿ
x ∈ ω(1), y(x) = y2(x) äëÿ x ∈ ω(2), ãäå êîìïîíåíòû y1(x) è y2(x) óäîâëåòâîðÿþò ñëåäóþùèì
óñëîâèÿì:
1) Ñåòî÷íàÿ ôóíêöèÿ y1 óäîâëåòâîðÿåò â ω

(1) óðàâíåíèþ

−
(
a

(1)
1h (x)y1x1

)
x1

−
(
a

(1)
2h (x)y1x2

)
x2

+ d1h(x)q1(y1) = Φ1h(x), x ∈ ω(1),

à íà ãðàíèöå γ(1) = ∂ω(1) \ γS óñëîâèþ y1(x) = 0, x ∈ γ(1).
2) Ñåòî÷íàÿ ôóíêöèÿ y2 óäîâëåòâîðÿåò â ω

(2) óðàâíåíèþ

−
(
a

(2)
1h (x)y2x1

)
x1

−
(
a

(2)
2h (x)y2x2

)
x2

+ d2h(x)q2(y2) = Φ2h(x), x ∈ ω(2),

à íà ãðàíèöå γ(2) = ∂ω(2) \ γS óñëîâèþ y2(x) = 0, x ∈ γ(2).
3) Èñêîìûå ôóíêöèè y1 è y2 ñâÿçàíû ìåæäó ñîáîé äîïîëíèòåëüíûìè óñëîâèÿìè íà

γS = {x1 = ξ, x2 ∈ ω2}:

2

h1

[
a

(1)
1h (ξ, x2)y1x1(ξ, x2) + Φ3h(x2)y1(ξ, x2)

]
+ d1h(ξ, x2)q1(y1(ξ, x2))−

−
(
a

(1)
2h (ξ, x2)y1x2(ξ, x2)

)
x2

= Φ1h(ξ, x2) +
2

h1

Φ3h(x2)y2(ξ, x2), x ∈ γS,

− 2

h1

[
a

(2)
1h (ξ + h1, x2)y2x1(ξ, x2)− Φ3h(x2)y2(ξ, x2)

]
+ d2h(ξ, x2)q2(y2(ξ, x2))−

−
(
a

(2)
2h (ξ, x2)y2x2(ξ, x2)

)
x2

= Φ2h(ξ, x2) +
2

h1

Φ3h(x2)y1(ξ, x2), x ∈ γS.

4. Äèôôåðåíöèðóåìîñòü ñåòî÷íîãî ôóíêöèîíàëà Jh(Φh)

Äëÿ ÷èñëåííîé ðåàëèçàöèè [10] êîíå÷íîìåðíûõ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ íåîá-
õîäèìî ïðåæäå âñåãî äîêàçàòü äèôôåðåíöèðóåìîñòü è Ëèïøèö-íåïðåðûâíîñòü ñåòî÷íîãî
ôóíêöèîíàëà àïïðîêñèìèðóþùèõ ñåòî÷íûõ çàäà÷ (5)-(7).
Ïîêàæåì, ÷òî ôóíêöèîíàë Jh(Φh) äèôôåðåíöèðóåì ïî Φh =

(
Φ1h,Φ2h,Φ3h

)
íà Uαh,

α = 1, 2, 3, â ïðîñòðàíñòâå B̃h = L2(ω(1) ∪ γS)× L2(ω(2) ∪ γS)× L∞(ω2). Äëÿ ýòîãî âîçüìåì
ïðîèçâîëüíûå óïðàâëåíèÿ Φh, Φh + ∆Φh ∈ Uh. Ïóñòü y(Φh) è y(Φh + ∆Φh) � ñîîòâåò-
ñòâóþùèå óïðàâëåíèÿì Φh è Φh + ∆Φh ðåøåíèÿ çàäà÷è (6), à Jh(Φh) è Jh(Φh + ∆Φh) �
ñîîòâåòñòâóþùèå çíà÷åíèÿ ôóíêöèîíàëà Jh. Îáîçíà÷èì ∆y(x) = y(x; Φh+∆Φh)−y(x; Φh),
∆Jh(Φh) = Jh(Φh + ∆Φh)− Jh(Φh).
Ïîëó÷èì çàäà÷ó, êîòîðîé óäîâëåòâîðÿåò ïðèðàùåíèå ∆y = ∆y(x). Äëÿ ýòîãî ïåðåïè-

øåì ñóììàòîðíîå òîæäåñòâî, êîòîðîìó óäîâëåòâîðÿåò ðåøåíèå çàäà÷è (6) äëÿ óïðàâëåíèÿ
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Φh + ∆Φh:

∑

ω
(1)+
1

∑

ω2

a
(1)
1h y1x1(Φh + ∆Φh)v1x1h1h2 +

(∑

ω
(1)
1

∑

ω+
2

a
(1)
2h y1x2(Φh + ∆Φh)v1x2h1h2+

+
1

2

∑

ω+
2

a
(1)
2h (ξ, x2)y1x2(ξ, x2; Φh + ∆Φh) v1x2(ξ, x2)h1h2

)
+

+
∑

ω
(2)+
1

∑

ω2

a
(2)
1h y2x1(Φh + ∆Φh)v2x1h1h2 +

(∑

ω
(2)
1

∑

ω+
2

a
(2)
2h y2x2(Φh + ∆Φh) v2x2h1h2+

+
1

2

∑

ω+
2

a
(2)
2h (ξ, x2)y2x2(ξ, x2; Φh + ∆Φh) v2x2(ξ, x2)h1h2

)
+

+
∑

ω2

(
Φ3h(x2) + ∆Φ3h(x2)

)[
y(ξ, x2; Φh + ∆Φh)

][
v(ξ, x2)

]
h2+

+

(∑

ω(1)

d1h(x)q1(y1(x; Φh + ∆Φh)) v1(x)h1h2+

+
1

2

∑

ω2

d1h(ξ, x2)q1(y1(ξ, x2; Φh + ∆Φh)) v1(ξ, x2)h1h2

)
+

+

(∑

ω(2)

d2h(x)q2(y2(x; Φh + ∆Φh))v2(x)h1h2+

+
1

2

∑

ω2

d2h(ξ, x2)q2(y2(ξ, x2)) v2(ξ, x2; Φh + ∆Φh)h1h2

)
=

=

(∑

ω(1)

(Φ1h(x) + ∆Φ1h) v1(x)h1h2 +
1

2

∑

ω2

(Φ1h + ∆Φ1h) (ξ, x2) v1(ξ, x2)h1h2

)
+

+

(∑

ω(2)

(Φ2h(x) + ∆Φ2h) v2(x)h1h2 +
1

2

∑

ω2

(Φ2h + ∆Φ2h) (ξ, x2) v2(ξ, x2)h1h2

)
.

(8)

Âû÷èòàÿ èç (8) òîæäåñòâî (6), ïîëó÷èì

∑

ω
(1)+
1

∑

ω2

a
(1)
1h

(
y1x1(x; Φh + ∆Φh)− y1x1(x; Φh)

)
v1x1h1h2+

+

(∑

ω
(1)
1

∑

ω+
2

a
(1)
2h

(
y1x2(x; Φh + ∆Φh)− y1x2(x; Φh)

)
v1x2h1h2+

+
1

2

∑

ω+
2

a
(1)
2h (ξ, x2)

(
y1x2(ξ, x2; Φh + ∆Φh)− y1x2(ξ, x2; Φh)

)
v1x2(ξ, x2)h1h2

)
+

+
∑

ω
(2)+
1

∑

ω2

a
(2)
1h

(
y2x1(x; Φh + ∆Φh)− y2x1(x; Φh)

)
v2x1h1h2+

+

(∑

ω
(2)
1

∑

ω+
2

a
(2)
2h

(
y2x2(x; Φh + ∆Φh)− y2x2(x; Φh)

)
v2x2h1h2+

+
1

2

∑

ω+
2

a
(2)
2h (ξ, x2)

(
y2x2(ξ, x2; Φh + ∆Φh)− y2x2(ξ, x2; Φh)

)
v2x2(ξ, x2)h1h2

)
+

+
∑

ω2

{(
Φ3h(x2) + ∆Φ3h(x2)

)[
y(Φh + ∆Φh)

]
− Φ3h(x2)

[
y(Φh)

]}[
v(ξ, x2)

]
h2+
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+

(∑

ω(1)

d1h(x)
(
q1(y1(x; Φh + ∆Φh))− q1(y1(x; Φh))

)
v1(x)h1h2+

+
1

2

∑

ω2

d1h(ξ, x2)
(
q1(y1(ξ, x2; Φh + ∆Φh))− q1(y1(ξ, x2; Φh))

)
v1(ξ, x2)h1h2

)
+

+

(∑

ω(2)

d2h(x)
(
q2(y2(x; Φh + ∆Φh))− q2(y2(x; Φh))

)
v2(x)h1h2+

+
1

2

∑

ω2

d2h(ξ, x2)
(
q2(y2(ξ, x2; Φh + ∆Φh))− q2(y2(ξ, x2; Φh))

)
v2(ξ, x2)h1h2

)
=

=

(∑

ω(1)

∆Φ1h(x) v1(x)h1h2 +
1

2

∑

ω2

∆Φ1h(ξ, x2) v1(ξ, x2)h1h2

)
+

+

(∑

ω(2)

∆Φ2h(x) v2(x)h1h2 +
1

2

∑

ω2

∆Φ2h(ξ, x2) v2(ξ, x2)h1h2

)
,

∀v(x) ∈
◦
V γ(1)γ(2) (ω(1,2)).

Ó÷èòûâàÿ, ÷òî y(x; Φh + ∆Φh) = y(x; Φh) + ∆y(x), ïîëó÷èì ñëåäóþùóþ çàäà÷ó äëÿ
ïðèðàùåíèÿ ∆y:

∑

ω
(1)+
1

∑

ω2

a
(1)
1h (∆y1)x1 v1x1h1h2 +

(∑

ω
(1)
1

∑

ω+
2

a
(1)
2h (∆y1)x2 v1x2h1h2+

+
1

2

∑

ω+
2

a
(1)
2h (ξ, x2)(∆y1)x2(ξ, x2) v1x2(ξ, x2)h1h2

)
+

+
∑

ω
(2)+
1

∑

ω2

a
(2)
1h (∆y2)x1 v2x1h1h2 +

(∑

ω
(2)
1

∑

ω+
2

a
(2)
2h (∆y2)x2 v2x2h1h2+

+
1

2

∑

ω+
2

a
(2)
2h (ξ, x2)(∆y2)x2(ξ, x2) v2x2(ξ, x2)h1h2

)
+
∑

ω2

{
∆Φ3h(x2)

[
y(ξ, x2,Φh)

]
+

+Φ3h(x2)
[
∆y(ξ, x2,Φh)

]
+ ∆Φ3h(x2)

[
∆y(ξ, x2,Φh)

]}[
v(ξ, x2)

]
h2+

+
∑

ω(1)

d1h(x)
(
q1(y1(x; Φh + ∆Φh))− q1(y1(x; Φh))

)
v1(x)h1h2+

(9)

+
1

2

∑

ω2

d1h(ξ, x2)
(
q1(y1(ξ, x2; Φh + ∆Φh))− q1(y1(ξ, x2; Φh))

)
v1(ξ, x2)h1h2+

+
∑

ω(2)

d2h(x)
(
q2(y2(x; Φh + ∆Φh))− q2(y2(x; Φh))

)
v2(x)h1h2+

+
1

2

∑

ω2

d2h(ξ, x2)
(
q2(y2(ξ, x2; Φh + ∆Φh))− q2(y2(ξ, x2; Φh))

)
v2(ξ, x2)h1h2 =

=
∑

ω(1)

∆Φ1h(x) v1(x)h1h2 +
1

2

∑

ω2

∆Φ1h(ξ, x2) v1(ξ, x2)h1h2+

+
∑

ω(2)

∆Φ2h(x) v2(x)h1h2 +
1

2

∑

ω2

∆Φ2h(ξ, x2) v2(ξ, x2)h1h2,

äëÿ ëþáîé ñåòî÷íîé ôóíêöèè v = (v1(Φh), v2(Φh)) ∈
◦
V γ(1)γ(2) (ω(1,2)).
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Äàëåå, ïðèðàùåíèå ôóíêöèîíàëà Jh(Φh) ìîæíî ïðåäñòàâèòü â âèäå:

∆Jh(Φh) = Jh(Φh + ∆Φh)− Jh(Φh) =

=
∑

x∈ω(1)

∣∣y(x; Φh) + ∆y − u(1)
0h (x)

∣∣2~1~2 −
∑

x∈ω(1)

∣∣y(x; Φh)− u(1)
0h (x)

∣∣2~1~2 =

= 2
∑

ω(1)

(
y(x; Φh)− u(1)

0h (x)
)

∆y ~1~2 +
∑

ω(1)

(
∆y
)2~1~2.

(10)

Äëÿ äàëüíåéøèõ ïðåîáðàçîâàíèé ôîðìóëû äëÿ ïðèðàùåíèÿ ôóíêöèîíàëà (10) ââåäåì
ôóíêöèþ ψ ≡ ψ(x; Φh) êàê ðåøåíèå âñïîìîãàòåëüíîé êðàåâîé çàäà÷è (ñîïðÿæåííîé çàäà-
÷è):

−
(
a

(1)
1h (x)ψ1x1

)
x1

−
(
a

(1)
2h (x)ψ1x2

)
x2

+ d1h(x) q1y1ψ1(x) = −2
(
y(x)− u(1)

0h (x)
)
,

x ∈ ω(1),

ψ1(x) = 0, γ(1) = ∂ω(1) \ γS;

−
(
a

(2)
1h (x)ψ2x1

)
x1

−
(
a

(2)
2h (x)ψ2x2

)
x2

+ d2h(x) q2y2ψ2(x) = 0, x ∈ ω(2),

ψ2(x) = 0, x ∈ γ(2) = ∂ω(2) \ γS;
(11)

2

h1

[
a

(1)
1h (ξ, x2)ψ1x1(ξ, x2) + Φ3h(x2)ψ1(ξ, x2)

]
+ d1h(ξ, x2) q1y1ψ(ξ, x2))−

−
(
a

(1)
2h (ξ, x2)ψ1x2(ξ, x2)

)
x2

= −2
(
y(ξ, x2)− u(1)

0h (ξ, x2)
)

+
2

h1

Φ3h(x2)ψ2(ξ, x2),

x ∈ γS = {x1 = ξ, x2 ∈ ω2},

− 2

h1

[
a

(2)
1h (ξ + h1, x2)ψ2x1(ξ, x2)− Φ3h(x2)ψ2(ξ, x2)

]
+ d2h(ξ, x2) q2y2(ξ, x2))−

−
(
a

(2)
2h (ξ, x2)ψ2x2(ξ, x2)

)
x2

=
2

h1

Φ3h(x2)ψ1(ξ, x2), x ∈ γS = {x1 = ξ, x2 ∈ ω2}.

Ïîä ðåøåíèåì ñîïðÿæåííîé çàäà÷è (11) áóäåì ïîíèìàòü ôóíêöèþ ψ(Φh) ∈
◦
V γ(1)γ(2) (ω(1,2)),

óäîâëåòâîðÿþùóþ äëÿ ∀v ∈
◦
V γ(1)γ(2) (ω(1,2)) ñóììàòîðíîìó òîæäåñòâó:

∑

ω
(1)+
1

∑

ω2

a
(1)
1hψ1x1v1x1h1h2 +

(∑

ω
(1)
1

∑

ω+
2

a
(1)
2hψ1x2v1x2h1h2+

+
1

2

∑

ω+
2

a
(1)
2h (ξ, x2)ψ1x2(ξ, x2) v1x2(ξ, x2)h1h2

)
+
∑

ω
(2)+
1

∑

ω2

a
(2)
1hψ2x1v2x1h1h2+

+

(∑

ω
(2)
1

∑

ω+
2

a
(2)
2hψ2x2v2x2h1h2 +

1

2

∑

ω+
2

a
(2)
2h (ξ, x2)ψ2x2(ξ, x2) v2x2(ξ, x2)h1h2

)
+

+
∑

ω2

Φ3h(x2)
[
ψ(ξ, x2)

][
v(ξ, x2)

]
h2 +

∑

ω(1)

d1h(x)q1y1ψ1(x) v1(x)h1h2+

+
1

2

∑

ω2

d1h(ξ, x2)q1y1(ξ, x2)ψ1(ξ, x2) v1(ξ, x2)h1h2+

+
∑

ω(2)

d2h(x)q2y2ψ2(x) v2(x)h1h2 +
1

2

∑

ω2

d2h(ξ, x2)q2y2ψ2(ξ, x2) v2(ξ, x2)h1h2 =

= −2
∑

ω(1)

(
y(x)− u(1)

0h (x)
)
v1(x)h1h2 −

∑

ω2

(
y(ξ, x2)− u(1)

0h (ξ, x2)
)
v1(ξ, x2)h1h2,

(12)
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Ïîêàæåì, ÷òî äëÿ ïðèðàùåíèÿ ôóíêöèîíàëà ñïðàâåäëèâî ïðåäñòàâëåíèå

∆Jh(Φh) = Jh(Φh + ∆Φh)− Jh(Φh) =

= −
∑

ω(1)∪γS

∆Φ1h(x) ψ1(x) ~1h2 −
∑

ω(2)∪γS

∆Φ2h(x) ψ2(x) ~1h2+

+
∑

ω2

∆Φ3h(x2)
[
y(ξ, x2,Φh)

][
ψ(ξ, x2)

]
h2 +Rh,

(13)

ãäå Rh =
6∑

k=1

Rhk, Rh1 =
∑

ω
(1)+
1 ×ω2

(
∆y1

)2~1h2;

Rh2 =
∑

ω
(1)
1 ×ω2

d1h(x)ψ1(x)
(
q1(y1 + ∆y1)− q1(y1)− q1y1∆y1

)
h1h2;

Rh3 =
∑

ω
(2)
1 ×ω2

d2h(x)ψ2(x)
(
q2(y2 + ∆y2)− q2(y2)− q2y2∆y2

)
h1h2;

(14)

Rh4 =
1

2

∑

ω2

d1h(ξ, x2)ψ1(ξ, x2)

(
q1(y1 + ∆y1)− q1(y1)− q1y1∆y1(ξ, x2)

)
h1h2;

Rh5 =
1

2

∑

ω2

d2h(ξ, x2)ψ2(ξ, x2)

(
q2(y2 + ∆y2)− q2(y2)− q2y2∆y2(ξ, x2)

)
h1h2;

Rh6 =
∑

ω2

∆Φ3h(x2)
[
∆y(ξ, x2)

][
ψ(ξ, x2)

]
h2.

Äåéñòâèòåëüíî, ïîëàãàÿ â (9) v = ψ, ïîëó÷èì

∑

ω
(1)+
1

∑

ω2

a
(1)
1h (∆y1)x1ψ1x1h1h2 +

(∑

ω
(1)
1

∑

ω+
2

a
(1)
2h (∆y1)x2ψ1x2h1h2+

+
1

2

∑

ω+
2

a
(1)
2h (ξ, x2)(∆y1)x2(ξ, x2)ψ1x2(ξ, x2)h1h2

)
+

+
∑

ω
(2)+
1

∑

ω2

a
(2)
1h (∆y2)x1ψ2x1h1h2 +

(∑

ω
(2)
1

∑

ω+
2

a
(2)
2h (∆y2)x2ψ2x2h1h2+

+
1

2

∑

ω+
2

a
(2)
2h (ξ, x2)(∆y2)x2(ξ, x2)ψ2x2(ξ, x2)h1h2

)
+
∑

ω2

{
∆Φ3h(x2)

[
y(ξ, x2,Φh)

]
+

+Φ3h(x2)
[
∆y(ξ, x2,Φh)

]
+ ∆Φ3h(x2)

[
∆y(ξ, x2,Φh)

]}[
ψ(ξ, x2)

]
h2+

+

(∑

ω(1)

d1h(x)
(
q1(y1(x; Φh + ∆Φh))− q1(y1(x; Φh))

)
ψ1(x)h1h2+

+
1

2

∑

ω2

d1h(ξ, x2)
(
q1(y1(ξ, x2; Φh + ∆Φh))− q1(y1(ξ, x2; Φh))

)
ψ1(ξ, x2)h1h2

)
+

+

(∑

ω(2)

d2h(x)
(
q2(y2(x; Φh + ∆Φh))− q2(y2(x; Φh))

)
ψ2(x)h1h2+

+
1

2

∑

ω2

d2h(ξ, x2)
(
q2(y2(ξ, x2; Φh + ∆Φh))− q2(y2(ξ, x2; Φh))

)
ψ2(ξ, x2)h1h2

)
=

(15)
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=
∑

ω(1)

∆Φ1h(x)ψ1(x)h1h2 +
1

2

∑

ω2

∆Φ1h(ξ, x2)ψ1(ξ, x2)h1h2+

+
∑

ω(2)

∆Φ2h(x)ψ2(x)h1h2 +
1

2

∑

ω2

∆Φ2h(ξ, x2)ψ2(ξ, x2)h1h2.

Äàëåå, ïîëàãàÿ â (12) v = ∆y, ïîëó÷èì
∑

ω
(1)+
1

∑

ω2

a
(1)
1hψ1x1∆y1x1h1h2 +

∑

ω
(1)
1

∑

ω+
2

a
(1)
2hψ1x2∆y1x2h1h2+

+
1

2

∑

ω+
2

a
(1)
2h (ξ, x2)ψ1x2(ξ, x2)∆y1x2(ξ, x2)h1h2 +

∑

ω
(2)+
1

∑

ω2

a
(2)
1hψ2x1∆y2x1h1h2+

+
∑

ω
(2)
1

∑

ω+
2

a
(2)
2hψ2x2∆y2x2h1h2 +

1

2

∑

ω+
2

a
(2)
2h (ξ, x2)ψ2x2(ξ, x2)∆y2x2(ξ, x2)h1h2+

+
∑

ω2

Φ3h(x2)
[
ψ(ξ, x2)

][
∆y(ξ, x2)

]
h2 +

∑

ω(1)

d1h(x)q1y1ψ1(x)∆y1(x)h1h2+

+
1

2

∑

ω2

d1h(ξ, x2)q1y1(ξ, x2)ψ1(ξ, x2)∆y1(ξ, x2)h1h2+

+
∑

ω(2)

d2h(x)q2y2ψ2(x)∆y2(x)h1h2 +
1

2

∑

ω2

d2h(ξ, x2)q2y2ψ2(ξ, x2)∆y2(ξ, x2)h1h2 =

(16)

= −2
∑

ω(1)

(
y(x)− u(1)

0h (x)
)

∆y1(x)h1h2 −
∑

ω2

(
y(ξ, x2)− u(1)

0h (ξ, x2)
)

∆y1(ξ, x2)h1h2.

Âû÷òåì òåïåðü èç (15) ðàâåíñòâî (16)

2

{∑

ω(1)

(
y(x)− u(1)

0h

)
∆y1 h1h2 +

1

2

∑

ω2

(
y(ξ, x2)− u(1)

0h (ξ, x2)
)

∆y1(ξ, x2)h1h2

}
=

=
∑

ω2

{
∆Φ3h(x2)

[
y(ξ, x2,Φh)

]
+ ∆Φ3h(x2)

[
∆y(ξ, x2,Φh)

]}[
ψ(ξ, x2)

]
h2−

−
∑

ω(1)

∆Φ1h(x)ψ1(x)h1h2 −
1

2

∑

ω2

∆Φ1h(ξ, x2)ψ1(ξ, x2)h1h2−

−
∑

ω(2)

∆Φ2h(x)ψ2(x)h1h2 −
1

2

∑

ω2

∆Φ2h(ξ, x2)ψ2(ξ, x2)h1h2+

+
∑

ω(1)

d1h(x)ψ1(x)

(
q1(y1(x; Φh + ∆Φh))− q1(y1(x; Φh))− q1y1∆y1

)
h1h2+

+
∑

ω(2)

d2h(x)ψ2(x)

(
q2(y2(x; Φh + ∆Φh))− q2(y2(x; Φh))− q2y2∆y2

)
h1h2+

+
1

2

∑

ω2

d1h(ξ, x2)ψ1(ξ, x2)

(
q1(y1(Φh + ∆Φh))− q1(y1(Φh))− q1y1∆y1

)
h1h2+

+
1

2

∑

ω2

d2h(ξ, x2)ψ2(ξ, x2)

(
q2(y2(Φh + ∆Φh))− q2(y2(Φh))− q2y2∆y2

)
h1h2.

(17)

Ïîäñòàâëÿÿ òåïåðü (17) â (10), óñòàíîâèì, ÷òî äëÿ ïðèðàùåíèÿ ôóíêöèîíàëà Jh(Φh)
ñïðàâåäëèâî ïðåäñòàâëåíèå (13)− (14).
Óñòàíîâèì îöåíêó äëÿ ïðèðàùåíèÿ ∆y. Ïîëàãàÿ â òîæäåñòâå (9), êîòîðîìó óäîâëå-

òâîðÿåò ïðèðàùåíèå, v = ∆y è ïðèíèìàÿ âî âíèìàíèå, ÷òî Φh =
(
Φ1h,Φ2hΦ3h

)
∈ Uh,

Φh + ∆Φh ∈ Uh, óñòàíîâèì
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C
∥∥∆y

∥∥2
◦
V
γ(1)γ(2) (ω(1,2))

6
∣∣∣∣
∑

ω(1)

∆Φ1h ∆y1 h1h2

∣∣∣∣+
1

2

∣∣∣∣
∑

ω2

∆Φ1h ∆y1 h1h2

∣∣∣∣+

+

∣∣∣∣
∑

ω(2)

∆Φ2h ∆y2 h1h2

∣∣∣∣+
1

2

∣∣∣∣
∑

ω2

∆Φ2h ∆y2 h1h2

∣∣∣∣+

+

∣∣∣∣
∑

ω2

∆Φ3h(x2)
[
y(ξ, x2,Φh)

][
∆y(ξ, x2,Φh)

]
h2

∣∣∣∣.

(18)

Îöåíèì ïðàâóþ ÷àñòü (18). Èìååì
∣∣∣∣
∑

ω
(1)
1 ×ω2

∆Φ1h ∆y1 h1h2

∣∣∣∣ 6
∥∥∆Φ1h

∥∥
L2(ω

(1)
1 ×ω2)

‖∆y1‖L2(ω
(1)
1 ×ω2)

6

6 C
∥∥∆Φ1h

∥∥
L2(ω

(1)
1 ×ω2)

‖∆y1‖ ◦
V
γ(1)γ(2) (ω(1,2))

;

1

2

∣∣∣∣
∑

ω2

∆Φ1h(ξ, x2) ∆y1(ξ, x2) h1h2

∣∣∣∣ 6 C
1

2

∥∥∆Φ1h

∥∥
L2(γS)

‖∆y1‖ ◦
V
γ(1)γ(2) (ω(1,2))

.

Àíàëîãè÷íî∣∣∣∣
∑

ω
(2)
1 ×ω2

∆Φ2h ∆y2 h1h2

∣∣∣∣ 6 C
∥∥∆Φ2h

∥∥
L2(ω

(2)
1 ×ω2)

‖∆y2‖ ◦
V
γ(1)γ(2) (ω(1,2))

; (19)

1

2

∣∣∣∣
∑

ω2

∆Φ2h(ξ, x2) ∆y2(ξ, x2) h1h2

∣∣∣∣ 6 C
1

2

∥∥∆Φ2h

∥∥
L2(γS)

‖∆y2‖ ◦
V
γ(1)γ(2) (ω(1,2))

.

Äàëåå, ïîëüçóÿñü ðàíåå ïîëó÷åííûì íåðàâåíñòâîì (ñì. [4], ñòð. 1777), ïîëó÷àåì
∣∣∣∣
∑

ω2

∆Φ3h(x2)
[
y(ξ, x2,Φh)

][
∆y(ξ, x2,Φh)

]
h2

∣∣∣∣ 6
∥∥∆Φ3h

∥∥
L∞(ω2)

×

×
∥∥[y]

∥∥
L2(γS)

∥∥[∆y]
∥∥
L2(γS)

6 C
∥∥∆Φ3h

∥∥
L∞(ω2)

‖y‖ ◦
V
γ(1)γ(2) (ω(1,2))

‖∆y‖ ◦
V
γ(1)γ(2) (ω(1,2))

.
(20)

Ïðèíèìàÿ âî âíèìàíèå îöåíêè (19), (20), èç íåðàâåíñòâà (18) íàõîäèì æåëàåìóþ îöåíêó

∥∥∆y
∥∥ ◦
V
γ(1)γ(2) (ω(1,2))

6 C0

{ 2∑

α=1

∥∥∆Φαh

∥∥
L2(ω(α)∪γS)

+
∥∥∆Φ3h

∥∥
L∞(ω2)

}
. (21)

Ïåðåéäåì òåïåðü ê îöåíêå ðåøåíèÿ ñîïðÿæåííîé çàäà÷è (12).
Ïîëàãàÿ â òîæäåñòâå (12) v = ψ è îöåíèâàÿ ëåâóþ ÷àñòü (12), ïîëó÷èì

C
∥∥ψ
∥∥2
◦
V
γ(1)γ(2) (ω(1,2))

6 2

∣∣∣∣
∑

ω
(1)+
1 ×ω2

(
y(x; Φh)− uh0(x)

)
ψ1(x) h1h2

∣∣∣∣. (22)

Äëÿ ïðàâîé ÷àñòè (22) íåòðóäíî óñòàíîâèòü îöåíêó

2

∣∣∣∣
∑

ω
(1)+
1 ×ω2

(
y(x; Φh)− uh0(x)

)
ψ1 h1h2

∣∣∣∣ 6M0‖y − uh0‖L2(ω
(1)+
1 ×ω2)

‖ψ‖ ◦
V
γ(1)γ(2) (ω(1,2))

.

Îòêóäà èìååì: ∥∥ψ
∥∥ ◦
V
γ(1)γ(2) (ω(1,2))

6M0‖y − uh0‖L2(ω
(1)+
1 ×ω2)

. (23)
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Äëÿ äàëüíåéøåé îöåíêè ïðàâîé ÷àñòè íåðàâåíñòâà (23) ñëåäóåò âîñïîëüçîâàòüñÿ ðàíåå
äîêàçàííûì óòâåðæäåíèåì (ñì.[6], ñòð. 83):

‖y(Φh)‖ ◦
V
γ(1)γ(2) (ω(1,2))

6M
2∑

α=1

‖Φαh‖L2(ω(α)∪γS), ∀Φh ∈ Uh. (24)

Òîãäà, â ñèëó (24),
sup

Φh∈Uh

∥∥y
∥∥ ◦
V
γ(1)γ(2) (ω(1,2))

6M = Const,

è èç (23) ïîëó÷àåì
∥∥ψ
∥∥ ◦
V
γ(1)γ(2) (ω(1,2))

6 M̃ = Const, ∀Φh ∈ Uh.

Ïåðåéäåì òåïåðü ê îöåíêå âåëè÷èíû Rh â (13)-(14). Èìååì

|Rh2| 6
∑

ω
(1)
1 ×ω2

∣∣∣∣d1h(x)ψ1(x)
[
q1(y1 + ∆y1)− q1(y1)− q1y1∆y1

∣∣∣∣h1h2.

Ïóñòü íà ôóíêöèþ q(y) íàëîæåíî äîïîëíèòåëüíîå îãðàíè÷åíèå
∣∣q′s(s1)− q′s(s2)

∣∣ 6 Lq|s1 − s2| äëÿ âñåõ s1, s2 ∈ R, Lq = Const > 0.

Îòêóäà ëåãêî ïîëó÷èòü ñëåäóþùåå íåðàâåíñòâî
∣∣∣∣qi(yi + ∆yi)− qi(yi)− q′i(yi)∆yi

∣∣∣∣ 6
Lq
2

∣∣∆yi
∣∣2, i = 1, 2.

Òîãäà |Rh2| 6
Lq
2
d0

∑

ω
(1)
1 ×ω2

∣∣∆y1

∣∣2∣∣ψ1

∣∣h1h2 6 C
∥∥∆y1

∥∥2

W 1
2 (ω(1))

∥∥ψ
∥∥
W 1

2 (ω(1))
;

|Rh3| 6 C
∥∥∆y2

∥∥2

W 1
2 (ω(2))

∥∥∆ψ2

∥∥
W 1

2 (ω(2))
;

∣∣Rh4

∣∣ =

∣∣∣∣
1

2

∑

ω2

d1h(ξ, x2)ψ1(ξ, x2)

(
q1(y1 + ∆y1)− q1(y1)− q1y1∆y1

)
h1h2

∣∣∣∣ 6

6 C
∥∥∆ψ1

∥∥
W 1

2 (ω(1))

{∥∥∆y1

∥∥2

W 1
2 (ω(1))

+
∥∥∆y1

∥∥
W 1

2 (ω(1))

}
;

∣∣Rh5

∣∣ 6 C
∥∥∆ψ2

∥∥
W 1

2 (ω(2))

{∥∥∆y2

∥∥2

W 1
2 (ω(2))

+
∥∥∆y2

∥∥
W 1

2 (ω(2))

}
;

∣∣Rh1

∣∣ 6
∑

ω+
1 ×ω2

∣∣∆y1

∣∣2~1h2 6 C
∥∥∆y1

∥∥2

W 1
2 (ω(1))

;

∣∣Rh6

∣∣∣∣ 6
∑

ω2

∣∣∆Φ3h(x2)
[
∆y(ξ, x2)

][
ψ(ξ, x2)

]∣∣∣∣h2 6

6
∥∥∆Φ3h

∥∥
L∞(ω2)

∑

ω2

∣∣∣∣
[
∆y(ξ, x2)

][
ψ(ξ, x2)

]∣∣∣∣h2 6

6 C
∥∥∆Φ3h

∥∥
L∞(ω2)

∥∥∆y
∥∥ ◦
V
γ(1)γ(2) (ω(1,2))

∥∥ψ
∥∥ ◦
V
γ(1)γ(2) (ω(1,2))

.

Òàêèì îáðàçîì, äëÿ ïðèðàùåíèÿ ôóíêöèîíàëà Jh(Φh) ïîëó÷åíî ïðåäñòàâëåíèå

∆Jh(Φh) = −
∑

ω(1)∪γS

∆Φ1h ψ1 ~1h2 −
∑

ω(2)∪γS

∆Φ2h ψ2 ~1h2+

+
∑

ω2

∆Φ3h

[
y(ξ, x2)

][
ψ(ξ, x2)

]
h2 + o

(∥∥∆Φh

∥∥
B̃h

)
,

(25)

ãäå B̃h = L2(ω(1) ∪ γS)× L2(ω(2) ∪ γS)× L∞(ω2).
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Íåòðóäíî âèäåòü, ÷òî ïðèðàùåíèå ôóíêöèîíàëà Jh(Φh) ìîæíî çàïèñàòü òàêæå â ñëåäó-
þùåì âèäå

∆Jh(Φh) =

(
∂Jh
∂Φ1h

,∆Φ1h

)

L2(ω(1)∪γS)

+

(
∂Jh
∂Φ2h

,∆Φ2h

)

L2(ω(2)∪γS)

+

+

(
∂Jh
∂Φ3h

,∆Φ3h

)

L2(ω2)

+ o
(∥∥∆Φh

∥∥
B̃h

)
,

(26)

ãäå

∂Jh
∂Φh

=

(
∂Jh
∂Φ1h

,
∂Jh
∂Φ2h

,
∂Jh
∂Φ3h

)
,

∂Jh
∂Φ1h

= −ψ1(x), x ∈ ω(1) ∪ γS,
∂Jh
∂Φ2h

= −ψ2(x), x ∈ ω(2) ∪ γS;

∂Jh
∂Φ3h

=
[
y(ξ, x2)

][
ψ(ξ, x2)

]
, x2 ∈ ω2.

(27)

Ôîðìóëó äëÿ ïðèðàùåíèÿ ôóíêöèîíàëà Jh(Φh) ìîæíî òåïåðü ïåðåïèñàòü â âèäå

∆Jh(Φh) =< J ′h(Φh),∆Φh > +o
(∥∥∆Φh

∥∥
B̃h

)
, (28)

ãäå

< J ′h(Φh),∆Φh >=

(
∂Jh
∂Φ1h

,∆Φ1h

)

L2(ω(1)∪γS)

+

+

(
∂Jh
∂Φ2h

,∆Φ2h

)

L2(ω(2)∪γS)

+

(
∂Jh
∂Φ3h

,∆Φ3h

)

L2(ω2)

.
(29)

Òàêèì îáðàçîì, â ôîðìóëå (28) äëÿ ïðèðàùåíèÿ ôóíêöèîíàëà ïåðâîå ñëàãàåìîå ÿâëÿ-

åòñÿ ëèíåéíûì îãðàíè÷åííûì ôóíêöèîíàëîì íà B̃h = L2(ω(1)∪γS)×L2(ω(2)∪γS)×L∞(ω2)
îòíîñèòåëüíî Φh =

(
Φ1h,Φ2h,Φ3h

)
, à âòîðîå ñëàãàåìîå èìååò ïîðÿäîê o

(∥∥∆Φh

∥∥
B̃h

)
. Ýòî

çíà÷èò, ÷òî ôóíêöèîíàë Jh(Φh) äèôôåðåíöèðóåì ïî Ôðåøå íà ìíîæåñòâå Uh, â ïðîñòðàí-

ñòâå B̃h. Ïðè ýòîì ãðàäèåíò ôóíêöèîíàëà Jh(Φh) â òî÷êå Φh ∈ Uh èìååò âèä (27), ïðè÷åì
ïåðâàÿ êîìïîíåíòà â (27) ÿâëÿåòñÿ êàê áû àíàëîãîì ÷àñòíîé ïðîèçâîäíîé ôóíêöèîíàëà
Jh(Φh) = Jh(Φ1h,Φ2h,Φ3h) ïî ïåðåìåííîé Φ1h, âòîðàÿ è òðåòüÿ êîìïîíåíòû � ïî ïåðåìåí-
íûì Φ2h è Φ3h, ñîîòâåòñòâåííî.
Òàêèì îáðàçîì, äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Ïóñòü ôóíêöèÿ q(s) îïðåäåëåíà íà R ñî çíà÷åíèÿìè â R è óäîâëåòâîðÿåò
óñëîâèÿì: q(0) = 0, q(s) äèôôåðåíöèðóåìà ïî s, ïåðâàÿ ïðîèçâîäíàÿ q′s(s) óäîâëåòâîðÿåò
îãðàíè÷åíèÿì

0 < q0 6 q′s(s) < Lq <∞,
∣∣q′s(s1)− q′s(s2)

∣∣ 6 Lq|s1 − s2| äëÿ âñåõ s1, s2 ∈ R, Lq, Lq = Const > 0.

Ïóñòü kα(x) ∈ W 1
∞(Ω1) × W 1

∞(Ω2), α = 1, 2, d(x) ∈ L∞(Ω1) × L∞(Ω2). Òîãäà ñåòî÷íûé

ôóíêöèîíàë Jh(Φh) äèôôåðåíöèðóåì ïî Φh íà Uh, ïî Ôðåøå â ïðîñòðàíñòâå B̃h = L2(ω(1)∪
γS)×L2(ω(2)∪γS)×L∞(ω2), ïðè÷åì ãðàäèåíò J ′h(Φh) â òî÷êå (Φh) = (Φ1h,Φ2h,Φ3h) èìååò
âèä (29), (27).

Ìîæíî ïîêàçàòü, ÷òî ñåòî÷íûé ôóíêöèîíàë Jh(Φh) ïðèíàäëåæèò êëàññó C1,1(B̃h), ãäå

B̃h = L2(ω(1) ∪ γS)× L2(ω(2) ∪ γS)× L∞(ω2), òî åñòü
∥∥J ′h(Φh + ∆Φh)− J ′h(Φh)

∥∥ 6 C
∥∥∆Φh

∥∥
B̃h
. (30)
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Äåéñòâèòåëüíî, èñïîëüçóÿ ðàíåå äîêàçàííûå óòâåðæäåíèÿ (ñì. [4], ëåììû 2.1-2.3,

ñòð. 1776), äëÿ ëþáîãî η =
(
η1, η2, η3

)
∈ B̃h, èìååì∣∣∣∣< J ′h(Φh + ∆Φh)− J ′h(Φh), η >

∣∣∣∣ =

=

∣∣∣∣
∑

ω(1)∪γS

(
∂Jh(Φh + ∆Φh;x)

∂Φ1h

− ∂Jh(Φh;x)

∂Φ1h

)
η1(x)~1h2+

+
∑

ω(2)∪γS

(
∂Jh(Φh + ∆Φh;x)

∂Φ2h

− ∂Jh(Φh;x)

∂Φ2h

)
η2(x)~1h2

∣∣∣∣+

+
∑

ω2

(
∂Jh(Φh + ∆Φh;x)

∂Φ3h

− ∂Jh(Φh;x)

∂Φ3h

)
η3(x)h2

∣∣∣∣ 6

6 C1

∥∥∆ψ1(Φh)
∥∥
W 1

2 (ω(1))

∥∥η1

∥∥
L2(ω(1)∪γS)

+ C2

∥∥∆ψ2(Φh)
∥∥
W 1

2 (ω(2))

∥∥η2

∥∥
L2(ω(2)∪γS)

+

+C3

∥∥η3

∥∥
L∞(ω2)

{∥∥y
∥∥ ◦
V
γ(1)γ(2)

∥∥∆ψ
∥∥ ◦
V
γ(1)γ(2)

+

+
∥∥∆y

∥∥ ◦
V
γ(1)γ(2)

∥∥ψ
∥∥ ◦
V
γ(1)γ(2)

+
∥∥∆y

∥∥ ◦
V
γ(1)γ(2)

∥∥∆ψ
∥∥ ◦
V
γ(1)γ(2)

}
.

Óñòàíîâèì îöåíêó äëÿ ïðèðàùåíèÿ ∆ψ. Äëÿ ýòîãî, èñïîëüçóÿ òó æå ìåòîäèêó,
÷òî è ïðè ïîëó÷åíèè çàäà÷è (9), íàéäåì çàäà÷ó, êîòîðîé óäîâëåòâîðÿåò ïðèðàùåíèå
∆ψ = ψ(Φh + ∆Φh)− ψ(Φh):∑

ω
(1)+
1

∑

ω2

a
(1)
1h (∆ψ1)x1v1x1h1h2 +

∑

ω
(1)
1

∑

ω+
2

a
(1)
2h (∆ψ1)x2v1x2h1h2+

+
1

2

∑

ω+
2

a
(1)
2h (ξ, x2)(∆ψ1)x2(ξ, x2) v1x2(ξ, x2)h1h2+

+
∑

ω
(2)+
1

∑

ω2

a
(2)
1h (∆ψ2)x1v2x1h1h2 +

∑

ω
(2)
1

∑

ω+
2

a
(2)
2h (∆ψ2)x2v2x2h1h2+

+
1

2

∑

ω+
2

a
(2)
2h (ξ, x2)(∆ψ2)x2(ξ, x2) v2x2(ξ, x2)h1h2+

+
∑

ω2

Φ3h(x2)
[
∆ψ
][
v
]
h2 +

∑

ω(1)

d1h(x)q1y1∆ψ1(x) v1(x)h1h2+

+
1

2

∑

ω2

d1h(ξ, x2)q1y1∆ψ1(ξ, x2) v1(ξ, x2)h1h2+

(31)

+
∑

ω(2)

d2h(x)q1y1∆ψ1(x) v2(x)h1h2 +
1

2

∑

ω2

d2h(ξ, x2)q2y2∆ψ2(ξ, x2) v2(ξ, x2)h1h2 =

= −2
∑

ω
(1)+
1 ×ω2

∆y1(x) v1(ξ, x2)~1h2, ∀v = (v1, v2) ∈
◦
V γ(1)γ(2) (ω(1,2)).

Ïîëàãàÿ â òîæäåñòâå (31) v = ∆ψ, óñòàíîâèì

C
∥∥∆ψ

∥∥2
◦
V
γ(1)γ(2) (ω(1,2))

6 2

∣∣∣∣
∑

ω
(1)+
1 ×ω2

∆y1(x) ∆ψ1(x)~1h2

∣∣∣∣ 6

6 C̃0‖∆y1‖W 1
2 (ω

(1)+
1 ×ω2)

‖∆ψ‖ ◦
V
γ(1)γ(2) (ω(1,2))

,

òî åñòü

∥∥∆ψ
∥∥ ◦
V
γ(1)γ(2) (ω(1,2))

6 C̃0

( 2∑

α=1

‖∆Φαh‖L2(ω(α)∪γS) + ‖∆Φ3h‖L∞(ω2)

)
= C̃0

∥∥∆Φh

∥∥
B̃h
.
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Îòêóäà ïîëó÷àåì ∣∣< J ′h(Φh + ∆Φh)− J ′h(Φh), η >
∣∣ 6 C

∥∥∆Φh

∥∥
B̃h
×

×
(∥∥η1

∥∥
L2(ω(1)∪γS)

+
∥∥η2

∥∥
L2(ω(2)∪γS)

+
∥∥η3

∥∥
L∞(ω2)

)
= C

∥∥η
∥∥
B̃h

∥∥∆Φh

∥∥
B̃h
.

Òàêèì îáðàçîì, ∥∥J ′h(Φh + ∆Φh)− J ′h(Φh)
∥∥ =

= sup
η 6=0

∣∣< J ′h(Φh + ∆Φh)− J ′h(Φh), η >
∣∣

∥∥η
∥∥
B̃h

6 C
∥∥∆Φh

∥∥
B̃h
.

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1. Òîãäà ñåòî÷íûé ôóíêèîíàë Jh(Φh)

ïðèíàäëåæèò êëàññó C1,1(B̃h), ãäå B̃h = L2(ω(1) ∪ γS) × L2(ω(2) ∪ γS) × L∞(ω2), òî åñòü
ñïðàâåäëèâà îöåíêà (30).
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Àííîòàöèÿ. Â ðàáîòå ïðåäëàãàåòñÿ àíàëîã ìåòîäà ïîãðàíôóíêöèé Âèøèêà-
Ëþñòåðíèêà-Âàñèëüåâîé-Èìàíàëèåâà äëÿ ïîñòðîåíèÿ ðàâíîìåðíîãî àñèìïòîòè÷åñêîãî
ðàçëîæåíèÿ ðåøåíèÿ áèñèíãóëÿðíî âîçìóùåííûõ çàäà÷. Ñ ïîìîùüþ äàííîãî ìåòîäà
ïîñòðîåíî ðàâíîìåðíîå àñèìïòîòè÷åñêîå ðàçëîæåíèå ðåøåíèÿ çàäà÷è Äèðèõëå äëÿ áè-
ñèíãóëÿðíî âîçìóùåííîãî ýëëèïòè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ äâóìÿ íåçàâè-
ñèìûìè ïåðåìåííûìè, â êðóãå. Ïðèìåíÿÿ ïðèíöèï ìàêñèìóìà, îáîñíîâàíî ôîðìàëüíîå
àñèìïòîòè÷åñêîå ðàçëîæåíèå ðåøåíèÿ, ò.å. ïîëó÷åíà îöåíêà äëÿ îñòàòî÷íîãî ÷ëåíà.

Êëþ÷åâûå ñëîâà: àñèìïòîòè÷åñêîå ðàçëîæåíèå, çàäà÷à Äèðèõëå, ôóíêöèè Ýéðè, ìî-
äèôèöèðîâàííûå ôóíêöèè Áåññåëÿ, ïîãðàíôóíêöèÿ.

Mathematics Subject Classi�cation: 35J15, 35J25, 35B25, 35B40, 35C20

1. Ââåäåíèå

Ðàçëè÷íûå çàäà÷è äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé ñ ìàëûì ïàðàìåòðîì ïðè ñòàðøèõ
ïðîèçâîäíûõ èññëåäîâàëèñü ìíîãèìè àâòîðàìè, è áèáëèîãðàôèÿ ïî ýòîìó âîïðîñó îáøèð-
íà è äîñòàòî÷íî èçâåñòíà [1]. Îäíàêî çàäà÷è ñ äâîéíîé ñèíãóëÿðíîñòüþ, ò.å. áèñèíãóëÿð-
íî âîçìóùåííûå çàäà÷è, ñðàâíèòåëüíî ñèíãóëÿðíî âîçìóùåííûì çàäà÷àì, ìàëî èçó÷åíû.
Â áèñèíãóëÿðíî âîçìóùåííûõ çàäà÷àõ îäíà îñîáåííîñòü ñâÿçàíà ñ ñèíãóëÿðíîé çàâèñèìî-
ñòüþ ðåøåíèÿ îò ìàëîãî ïàðàìåòðà, à äðóãàÿ � ñ íå ãëàäêîñòüþ ÷ëåíîâ àñèìïòîòèêè.
Â îñíîâíîì äëÿ ïîñòðîåíèÿ àñèìïòîòè÷åñêèõ ðàçëîæåíèé ðåøåíèé áèñèíãóëÿðíî âîç-
ìóùåííûõ çàäà÷ ïðèìåíÿþò ìåòîä ñðàùèâàíèÿ (ñîãëàñîâàíèÿ) èëè ìåòîä ðåãóëÿðèçà-
öèè Ëîìîâà, òàê êàê íà ïðÿìóþ êëàññè÷åñêèé ìåòîä ïîãðàíôóíêöèé ïðèìåíÿòü íåâîç-
ìîæíî. Â ðàáîòå ïðåäëàãàåòñÿ àíàëîã êëàññè÷åñêîãî ìåòîäà ïîãðàíè÷íûõ ôóíêöèé
Âèøèêà-Ëþñòåðíèêà-Âàñèëüåâîé-Èìàíàëèåâà äëÿ ïîñòðîåíèÿ ðàâíîìåðíîãî àñèìïòîòè-
÷åñêîãî ðàçëîæåíèÿ ðåøåíèÿ áèñèíãóëÿðíî âîçìóùåííûõ çàäà÷. Ñ ïîìîùüþ äàííîãî ìå-
òîäà ìû ïîñòðîèì ðàâíîìåðíîå àñèìïòîòè÷åñêîå ðàçëîæåíèå ðåøåíèÿ çàäà÷è Äèðèõëå äëÿ
áèñèíãóëÿðíî âîçìóùåííîãî ýëëèïòè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ äâóìÿ íåçàâè-
ñèìûìè ïåðåìåííûìè, â êðóãå. Ïðè îáîñíîâàíèè ôîðìàëüíîãî àñèìïòîòè÷åñêîãî ðàçëî-
æåíèÿ ðåøåíèÿ (ÔÀÐÐ) ïðèìåíÿåì ïðèíöèï ìàêñèìóìà. Àíàëîãè÷íûå çàäà÷è ñ ïîìîùüþ
äàííîãî ìåòîäà áûëè èññëåäîâàíû â ðàáîòàõ [3]-[5].

D.A. Tursunov, U.Z. Erkebaev, Asymptotic expansions of solutions to Dirichlet problem

for elliptic equation with singularities.

c© Òóðñóíîâ Ä.À., Ýðêåáàåâ Ó.Ç. 2016.

Ðàáîòà ïîääåðæàíà ÌÎèÍ ÊÐ.
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2. Ïîñòàíîâêà çàäà÷è

Èññëåäóåì çàäà÷ó Äèðèõëå

ε∆u(ρ, ϕ, ε)− (1− ρ)(ρ− α)2u(ρ, ϕ, ε) = f(ρ, ϕ, ε), (ρ, ϕ) ∈ D, (1)

u(1, ϕ, ε) = ψ(ϕ, ε), (2)

ãäå 0 < ε � ìàëûé ïàðàìåòð, ∆ = ∂2

∂ρ2
+ ∂

ρ∂ρ
+ ∂2

ρ2∂ϕ2 � îïåðàòîð Ëàïëàñà,

D = {(ρ, ϕ)|0 < ρ < 1, 0 < ϕ 6 2π}, f(ρ, ϕ, ε) =
+∞∑

k=0

fk(ρ, ϕ)εk, fk ∈ C∞(D),

ψ(ϕ, ε) =
+∞∑

k=0

ψk(ϕ)εk, ψk ∈ C[0, 2π], α ∈ (0, 1), f(α, ϕ, 0) 6= 0, f(1, ϕ, 0) 6= 0,

ψ(ϕ, ε), f(ρ, ϕ, ε) � çàäàííûå ôóíêöèè, u(ρ, ϕ, ε) � èñêîìàÿ ôóíêöèÿ,∑+∞
k=0 fk(ρ, ϕ)εk,

∑+∞
k=0 ψk(ϕ)εk � àñèìïòîòè÷åñêèå ðÿäû â ñìûñëå Ïóàíêàðå.

Ðåøåíèå çàäà÷è (1)-(2) ñóùåñòâóåò è åäèíñòâåííî [6]. Íàñ èíòåðåñóåò àñèìïòîòè÷åñêîå
ïîâåäåíèå ðåøåíèÿ çàäà÷è (1)-(2) ïðè ε→ 0.
Ïåðâàÿ ñèíãóëÿðíîñòü î÷åâèäíà, ÷òî ðåøåíèå ïðåäåëüíîãî óðàâíåíèÿ, ε = 0 :

−(1− ρ)(ρ− α)2u(ρ, ϕ, 0) = f0(ρ, ϕ)

íå óäîâëåòâîðÿåò êðàåâîìó óñëîâèþ (2). ×òîáû ïîêàçàòü âòîðóþ ñèíãóëÿðíîñòü, ðàññìîò-
ðèì ñòðóêòóðó âíåøíåãî àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ ðåøåíèÿ çàäà÷è (1), êîòîðîå èùåì
â âèäå:

U(ρ, ϕ, ε) =
+∞∑

k=0

εkuk(ρ, ϕ), ε→ 0. (3)

Ïîäñòàâëÿÿ (3) â (1) è ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ ε, ïîëó÷èì
ïðîñòóþ ðåêóððåíòíóþ ñèñòåìó óðàâíåíèé:

−(1− ρ)(α− ρ)2u0(ρ, ϕ) = f0(ρ, ϕ),

(1− ρ)(α− ρ)2uk(ρ, ϕ) = ∆uk−1(ρ, ϕ)− fk(ρ, ϕ), k ∈ N.
Ïîýòîìó, âíåøíåå ðàçëîæåíèå ðåøåíèÿ çàäà÷è (1)-(2), èìååò âèä:

U(ρ, ϕ, ε) =
1

(1− ρ)(α− ρ)2

(
F0 + . . .+

εk

(1− ρ)3k(α− ρ)4k
Fk + . . .

)
, ε→ 0,

ãäå Fk(ρ, ϕ) = Fk ∈ C∞(D), k = 0, 1, . . . .
Çàìåòèì, ÷òî ôóíêöèè uk(ρ, ϕ) èìåþò íàðàñòàþùèå îñîáåííîñòè âèäà:

uk(ρ, ϕ) = O

(
1

(1− ρ)1+3k

)
, ρ→ 1, k = 0, 1, . . . ;

uk(ρ, ϕ) = O

(
1

(ρ− α)2+4k

)
, ρ→ α, k = 0, 1, . . . .

Ñëåäîâàòåëüíî, èññëåäóåìàÿ çàäà÷à ÿâëÿåòñÿ áèñèíãóëÿðíî âîçìóùåííîé ïî òåðìèíîëîãèè
À.Ì. Èëüèíà [1, 2].
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3. Îñíîâíîé ðåçóëüòàò

Òåîðåìà 1. Äëÿ ðåøåíèÿ çàäà÷è (1)-(2), ïðè ε → 0, ñïðàâåäëèâî àñèìïòîòè÷åñêîå

ðàçëîæåíèå

u(ρ, ϕ, ε) =
+∞∑

k=0

εkvk(ρ, ϕ) + χ1(ρ)
+∞∑

k=−1
εk/3wk

(
1− ρ
ε1/3

, ϕ

)
+

+ χ2(ρ)
+∞∑

k=−2
εk/4qk

(
ρ− α
ε1/4

, ϕ

)
, (4)

ãäå ôóíêöèè vk(ρ, ϕ), wk

(
1− ρ
ε1/3

, ϕ

)
, qk

(
ρ− α
ε1/4

, ϕ

)
îïðåäåëÿþòñÿ íèæå

χ1(ρ), χ2(ρ) � ôóíêöèè ñðåçêè, χ1(ρ), χ2(ρ) ∈ [0, 1], χ1, χ2 ∈ C∞[0, 1],

χ1(ρ) = 1, ïðè 1− δ 6 ρ 6 1, è χ1(ρ) = 0, ïðè 0 6 ρ 6 1− 2δ,

χ2(ρ) = 1, ïðè |ρ− α| 6 δ, è χ2(ρ) = 0, ïðè 2δ 6 |ρ− α|,
(0,min{α/2, (1− α)/2}) 3 δ � äîñòàòî÷íî ìàëîå ÷èñëî, íåçàâèñÿùåå îò ε.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ñîñòîèò èç äâóõ ÷àñòåé: ïîñòðîåíèå ÔÀÐÐ (4) è îáîñ-
íîâàíèå ýòîãî ðàçëîæåíèÿ.

3.1. Ïîñòðîåíèå ÔÀÐÐ. ÔÀÐÐ èùåì â âèäå:

u(ρ, ϕ, ε) =
+∞∑

k=0

εkvk(ρ, ϕ) + χ1(ρ)
+∞∑

k=−1
µkwk(τ, ϕ) + χ2(ρ)

+∞∑

k=−2
λkqk(η, ϕ), ε→ 0, (5)

ãäå τ = (1− ρ)/µ, µ = ε1/3, η = (ρ− α)/λ, λ = ε1/4.
Ïîäñòàâëÿÿ (5) â (1), ïîëó÷èì:

+∞∑

k=0

εk(ε∆vk(ρ, ϕ) + εṽk(ρ, ϕ)− (1− ρ)(α− ρ)2vk(ρ, ϕ)) =
+∞∑

k=0

εk(fk(ρ, ϕ)− hk(ρ, ϕ)), (6)

+∞∑

k=−1
µk+1

(
∂2wk
∂τ 2

− µ

(1− µτ)

∂wk
∂τ

+
µ2

(1− µτ)2
∂2wk
∂ϕ2

− τ(1− α− µτ)2wk

)
=

=
+∞∑

k=0

h1,k(τµ, ϕ)µ3k, (7)

+∞∑

k=−2
λk+2

(
∂2qk
∂η2

+
λ

(α + λη)

∂qk
∂η

+
λ2

(α + λη)2
∂2qk
∂ϕ2

− η2(1− α− λη)qk

)
=

=
+∞∑

k=0

h2,k(ηλ, ϕ)λ4k. (8)

ãäå ïî èäåå ìåòîäà â ðàâåíñòâàõ (6), (7), (8) ââåäåí íîâûé, ïîêà íåèçâåñòíûé, àñèìïòîòè-
÷åñêèé ðÿä

+∞∑

k=0

εkhk(ρ, ϕ) = χ1(ρ)
+∞∑

k=0

εkh1,k(ρ, ϕ) + χ2(ρ)
+∞∑

k=0

εkh2,k(ρ, ϕ),
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êîòîðûé êîíêðåòèçèðóåòñÿ íèæå, à ôóíêöèè ṽk(ρ, ϕ) â ðàâåíñòâå (6) èìåþò âèä:

ṽk(ρ, ϕ) = w̃k(ρ, ϕ)χ̃1(ρ) + 2
∂w̃k(ρ, ϕ)

∂ρ
χ′1(ρ) + q̃k(ρ, ϕ)χ̃2(ρ) + 2

∂q̃k(ρ, ϕ)

∂ρ
χ′2(ρ),

w̃k(ρ, ϕ) =
3k∑

j=0

w−1+j,3k+1−j(ϕ)

(1− ρ)3k+1−j , q̃k(ρ, ϕ) =
4k∑

j=0

q−2+j,4k+2−j(ϕ)

(ρ− α)4k+2−j , χ̃j(ρ) = χ′′j (ρ) +
χ′j(ρ)

ρ
,

ôóíêöèè wj,k(ϕ), qj,k(ϕ) ∈ C∞[0, 2π] îïðåäåëÿþòñÿ èç àñèìïòîòè÷åñêèõ ðàçëîæåíèé:

w3k−m(τ, ϕ) =
+∞∑

j=0

w3k−m,3j+m(ϕ)

τ 3j+m
, m = 1, 2, 3; τ → +∞,

q4k−m(η, ϕ) =
+∞∑

j=0

q4k−m,4j+m(ϕ)

η4j+m
, m = 1, 2, 3, 4; k = 0, 1, . . . η → ±∞.

Ñïðàâåäëèâîñòü ýòèõ àñèìïòîòè÷åñêèõ ðàçëîæåíèé äîêàçûâàåòñÿ íèæå.
Äëÿ îïðåäåëåíèÿ ôóíêöèè vk(ρ, ϕ), èç ðàâåíñòâà (6) ïîëó÷èì ñëåäóþùèå óðàâíåíèÿ:

−(1− ρ)(ρ− α)2v0(ρ, ϕ) = f0(ρ, ϕ)− h0(ρ, ϕ),

∆vk−1(ρ, ϕ) + ṽk−1(ρ, ϕ)− (1− ρ)(ρ− α)2vk(ρ, ϕ) = fk(ρ, ϕ)− hk(ρ, ϕ), k = 1, 2, . . . .

Îòñþäà ïîëó÷àåì

vk(ρ, ϕ) =
fk(ρ, ϕ)−∆vk−1(ρ, ϕ)− hk(ρ, ϕ)

(ρ− 1)(ρ− α)2
+

ṽk−1(ρ, ϕ)

(1− ρ)(ρ− α)2
, k = 0, 1, . . . .

v−1(ρ, ϕ) ≡ 0, ṽ−1(ρ, ϕ) ≡ 0.
Îïðåäåëèì òåïåðü íåèçâåñòíûå ôóíêöèè, ò.å. êîýôôèöèåíòû àñèìïòîòè÷åñêîãî ðÿäà

hk(ρ, ϕ) òàê, ÷òîáû

vk(ρ, ϕ) ∈ C∞(D), wk(τ, ϕ)→ 0, ïðè τ → +∞, qk(η, ϕ)→ 0, ïðè η → ±∞.
Ïóñòü gk(ρ, ϕ) = fk(ρ, ϕ)−∆vk−1(ρ, ϕ), òîãäà vk(ρ, ϕ) ∈ C∞(D), êîãäà

hk(ρ, ϕ) = χ1(ρ)h1,k(ρ, ϕ) + χ2(ρ)h2,k(ρ, ϕ),

ãäå

h2,k(ρ, ϕ) = gk,0(ϕ) + gk,1(ϕ)(ρ− α)−
(
ρ− α
1− α

)2

(gk,0(ϕ) + gk,1(ϕ)(1− α)),

h1,k(ρ, ϕ) =

(
ρ− α
1− α

)2

gk(1, ϕ), gk,0(ϕ) = gk(α, ϕ), gk,1(ϕ) =
∂gk(α, ϕ)

∂ρ
.

Òàêèì îáðàçîì, ìû îïðåäåëèëè êîýôôèöèåíòû àñèìïòîòè÷åñêèõ ðÿäîâ

+∞∑

k=0

εkvk(ρ, ϕ),
+∞∑

k=0

εkhk(ρ, ϕ).

Òåïåðü ïåðåéäåì ê îïðåäåëåíèþ ÷ëåíîâ àñèìïòîòè÷åñêîãî ðÿäà
∑+∞

k=−1 µ
kwk(τ, ϕ). Ðà-

âåíñòâî (7) çàïèøåì â âèäå:

+∞∑

k=0

µk
(
∂2w−1+k
∂τ 2

− µ∂w−1+k
∂τ

+ µ2∂
2w−1+k
∂ϕ2

− τ(1− α− µτ)2w−1+k

)
=

=
+∞∑

k=0

µ3k

(
1− 2µτ

1− α +
(µτ)2

(1− α)2

)
gk(1, ϕ).
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Îòñþäà èìååì:

Lw−1 ≡
∂2w−1
∂τ 2

− τ(1− α)2w−1 = g0(1, ϕ), (9)

Lw0 = −2(1− α)τ 2w−1 −
2τ

1− αg0(1, ϕ) +
∂w−1
∂τ

, (10)

Lw1 = −2(1− α)τ 2w0 + τ 3w−1 +
τ 2

(1− α)2
g0(1, ϕ) +W1, (11)

Lw3k−1 = −2(1− α)τ 2w3k−2 + τ 3w3k−3 + gk(1, ϕ) +W3k−1 +Bk,0(ϕ), (12)

Lw3k = −2(1− α)τ 2w3k−1 + τ 3w3k−2 −
2τ

1− αgk(1, ϕ) +W3k +Bk,1(ϕ)τ, (13)

Lw3k+1 = −2(1− α)τ 2w3k + τ 3w3k−1 +
τ 2

(1− α)2
gk(1, ϕ) +W3k+1 +Bk,2(ϕ)τ 2, (14)

ãäå (τ, ϕ) ∈ D1 = {(τ, ϕ)|0 < τ < +∞, 0 6 ϕ < 2π}, Ws = ∂ws−1

∂τ
− ∂2ws−2

∂ϕ2 ,

Bk,0(ϕ), Bk,1(ϕ), Bk,2(ϕ) � ïîêà íåèçâåñòíûå ôóíêöèè, k = 1, 2, . . . .
À ãðàíè÷íûå óñëîâèÿ ïðèìóò âèä:

w3k(0, ϕ) = ψk(ϕ)− vk(1, ϕ), k = 0, 1, . . . ; ws(0, ϕ) = 0, s 6= 3k. (15)

Äîêàæåì ñëåäóþùóþ ëåììó.

Ëåììà 1. Ïóñòü f̃(τ)δ(ϕ) ∈ C∞(D1), a0 > 0. Òîãäà çàäà÷à

∂2z(τ, ϕ)

∂τ 2
− τa0z(τ, ϕ) = f̃(τ)δ(ϕ), (τ, ϕ) ∈ D1, z(0, ϕ) = z0(ϕ) (16)

èìååò åäèíñòâåííîå ðåøåíèå z(τ, ϕ) ∈ C∞(D1).

Äîêàçàòåëüñòâî. Ïóñòü t = 3
√
a0τ, òîãäà çàäà÷à (16) ïðèìåò âèä:

∂2z(t, ϕ)

∂t2
− tz(t, ϕ) =

1
3
√
a20
f̃(t)δ(ϕ), z(0, ϕ) = z0(ϕ), (17)

Ðåøåíèå ýòîé çàäà÷è (17) èùåì â âèäå

z(t, ϕ) = z1(t)
1

3
√
a20
δ(ϕ),

òîãäà, îòíîñèòåëüíî z1(t), ïîëó÷èì çàäà÷ó

z′′1 (t)− tz1(t) = f̃(t), z1(0) = z0(ϕ) 3

√
a20/δ(ϕ) ≡ z01 . (18)

Ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíåíèå

z′′1 (t)− tz1(t) = 0

èìååò äâà íåçàâèñèìûõ ðåøåíèé Ai(t), Bi(t)� ôóíêöèè Ýéðè [7]. Ñ ïîìîùüþ ôóíêöèè
Ýéðè çàïèøåì ðåøåíèå çàäà÷è (18):

z1(t) =
z01

Ai(0)
Ai(t) + πBi(t)

∫ +∞

t

Ai(s)f̃(s)ds+

+πAi(t)

(∫ t

0

Bi(s)f̃(s)ds−
√

3

∫ +∞

0

Ai(s)f̃(s)ds

)
.

Îòñþäà

z(t, ϕ) =
z0(ϕ)

Ai(0)
Ai(t) +

π
3
√
a20
δ(ϕ)Bi(t)

∫ +∞

t

Ai(s)f̃(s)ds+
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+
π

3
√
a20
δ(ϕ)Ai(t)

(∫ t

0

Bi(s)f̃(s)ds−
√

3

∫ +∞

0

Ai(s)f̃(s)ds

)
.

Ñëåäñòâèå 1. Åñëè f̃(τ) = O(τN1) ïðè τ → +∞, òî, ó÷èòûâàÿ àñèìïòîòè÷åñêîå

ïîâåäåíèå ôóíêöèè Ýéðè ïðè τ → +∞, ïîëó÷àåì z(τ, ϕ) = O(τN1−1), N1 − const.
Ñ ïîìîùüþ ýòîé ëåììû äîêàçûâàåòñÿ ñóùåñòâîâàíèå åäèíñòâåííûõ ðåøåíèé óðàâíå-

íèé (9)�(14), óäîâëåòâîðÿþùèõ ñîîòâåòñòâóþùèì óñëîâèÿì (15). Íèæå äîêàæåì ñóùå-
ñòâîâàíèå ôóíêöèé Bk,0(ϕ), Bk,1(ϕ), Bk,2(ϕ), ïðè êîòîðûõ ðåøåíèÿ ýòèõ çàäà÷ ïðèíàäëå-
æàò êëàññó ôóíêöèé óáûâàþùèõ ñòåïåííûì ðîñòîì ïî τ, è ðåøåíèå êàæäîãî óðàâíåíèÿ
(9)�(14) óäîâëåòâîðÿåò ðàâåíñòâó:

lim
τ→+∞

wk(τ, ϕ) = 0, k = −1, 0, 1, . . . .

Ïåðåõîäèì ê îïðåäåëåíèþ ÷ëåíîâ àñèìïòîòè÷åñêîãî ðÿäà
∑+∞

k=−2 λ
kqk(η, ϕ). Ðàâåíñòâî

(8) çàïèøåì â âèäå:

+∞∑

k=0

λk
(
∂2q−2+k
∂η2

+ λ
∂q−2+k
∂η

+ λ2
∂2q−2+k
∂ϕ2

− η2(1− α− λη)q−2+k

)
=

=
+∞∑

k=0

λ4k

(
gk,0(ϕ) + gk,1(ϕ)λη −

(
λη

1− α

)2

(gk,0(ϕ) + gk,1(ϕ)(1− α))

)
.

Îòñþäà, èìååì:

lq−2 ≡
∂2q−2
∂η2

− η2(1− α)q−2 = g0,0(ϕ), (19)

lq−1 = −∂q−2
∂η
− η3q−2 + ηg0,1(ϕ), (20)

lq0 = Q0 − η3q−1 −
(

η

1− α

)2

(g0,0(ϕ) + g0,1(ϕ)(1− α)), (21)

lq1 = Q1 − η3q0, (22)

lq4k−2 = Q4k−2 − η3q4k−3 + gk,0(ϕ) + Ak,0(ϕ), (23)

lq4k−1 = Q4k−1 − η3q4k−2 + ηgk,1(ϕ) + Ak,1(ϕ)η, (24)

lq4k = Q4k − η3q4k−1 −
(

η

1− α

)2

(gk,0(ϕ) + gk,1(ϕ)(1− α)) + Ak,2(ϕ)η2, (25)

lq4k+1 = Q4k+1 − η3q4k, (26)

ãäå (η, ϕ) ∈ D2 = {(η, ϕ)| − ∞ < η < +∞, 0 6 ϕ < 2π}, Qs = −∂qs−1

∂η
− ∂2qs−2

∂ϕ2 ,

Ak,0(ϕ), Ak,1(ϕ), Ak,2(ϕ) � ïîêà íåèçâåñòíûå ôóíêöèè, k = 1, 2, . . . .
Äîêàæåì ñëåäóþùóþ âñïîìîãàòåëüíóþ ëåììó, èç êîòîðîé ñëåäóåò ñóùåñòâîâàíèå ðåøå-

íèé óðàâíåíèé (19)�(26).

Ëåììà 2. Ïóñòü f̃(η)δ(ϕ) ∈ C∞(D2), b0 > 0. Òîãäà çàäà÷à

∂2z(η, ϕ)

∂η2
− η2b0z(η, ϕ) = f̃(η)δ(ϕ), (η, ϕ) ∈ D2, (27)

èìååò åäèíñòâåííîå ðåøåíèå z(η, ϕ) ∈ C∞(D2).
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Äîêàçàòåëüñòâî. Ñ ïîìîùüþ çàìåíû η = 4
√

4/b0t ïîëó÷èì óðàâíåíèå

∂2z(t, ϕ)

∂t2
− t2z(t, ϕ) =

2√
b0
f̃(t)δ(ϕ).

Ðåøåíèå ýòîãî óðàâíåíèÿ èùåì â âèäå

z(t, ϕ) = z2(t)

√
4

b0
δ(ϕ).

Òîãäà äëÿ z2(t) ïîëó÷èì óðàâíåíèå:

z′′2 (t)− t2z2(t) = f̃(t),

ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíåíèå

z′′2 (t)− t2z2(t) = 0

èìååò ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé {U4(t), U4(−t)}, ãäå U4(t) =
√

2t
π
K1/4(t

2),

t > 0, K1/4(t
2) � ôóíêöèÿ Ìàêäîíàëüäà (ìîäèôèöèðîâàííàÿ ôóíêöèÿ Áåññåëÿ)[7]. Ïðè-

âåäåì îñíîâíûå ñâîéñòâà ýòèõ ôóíêöèè U4(t), U4(−t) :
a) Âðîíñêèàí ýòèõ ôóíêöèè ðàâåí

W (U4(t), U4(−t)) = 4cosec(π/4) = 4
√

2.

b) Ïðè t = 0 : U4(0) = π−1/22−1/4Γ(1/4).

c) Ïðè t→ +∞ ôóíêöèÿ U4(t) ýêñïîíåíöèàëüíî óáûâàåò: U4(t) ∼ t−1/2e−t
2
.

Ïðè t → −∞ ôóíêöèÿ U4(t) =
√

2|t|
π

(
√

2πI1/4(t
2) + K1/4(t

2)), t < 0, ýêñïîíåíöèàëüíî
ðàñòåò:

U4(t) = (2/t)1/2et
2

(1 +O(t−2)),

ãäå I1/4(t
2), K1/4(t

2)− ìîäèôèöèðîâàííûå ôóíêöèè Áåññåëÿ. Ñëåäîâàòåëüíî, ðåøåíèå çà-
äà÷è (27) ìîæíî çàïèñàòü â âèäå:

z(t, ϕ) =
1

2
√

2b0
δ(ϕ)

(
U4(t)

∫ t

−∞
U4(−s)f̃(s)ds+ U4(−t)

∫ +∞

t

U4(s)f̃(s)ds

)
,

ãäå t = 4
√
b0/4η.

Ñëåäñòâèå 2. Åñëè f̃(η) = O(ηN2), ïðè η → ±∞, òî z(η, ϕ) = O(ηN2−2), N2 − const.
Èñïîëüçóÿ ýòó ëåììó, ìû ìîæåì çàïèñàòü ÿâíûå ðåøåíèÿ çàäà÷ (19)�(26).
Äîêàæåì ñóùåñòâîâàíèå òàêèõ ôóíêöèé Ak,0(ϕ), Ak,1(ϕ), Ak,2(ϕ), ïðè êîòîðûõ âûïîë-

íÿþòñÿ ðàâåíñòâà:

lim
η→±∞

qk(η, ϕ) = 0, k = −2,−1, 0, 1, . . . .

Ëåììà 3. Ñóùåñòâóþò òàêèå ôóíêöèè Ak,j(ϕ), Bk,j(ϕ) ∈ C∞[0, 2π], k ∈ N , j = 0, 1, 2;
óäîâëåòâîðÿþùèå ðàâåíñòâàì (Ak,j = Ak,j(ϕ), Bk,j = Bk,j(ϕ)):

Ak,0 − αAk,1 + α2Ak,2 +Bk,0 +Bk,1 +Bk,2 = 0, (28)

Ak,1 − 2αAk,2 −Bk,1 − 2Bk,2 = 0, (29)

Ak,2 +Bk,2 = 0, (30)

è ïðè êîòîðûõ ñïðàâåäëèâû ñîîòíîøåíèÿ:

w3k−m(τ, ϕ) =
∞∑

j=0

w3k−m,3j+m(ϕ)

τ 3j+m
, m = 1, 2, 3; wk,j ∈ C∞[0, 2π], τ → +∞, (31)
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q4k−m(η, ϕ) =
∞∑

j=0

q4k−m,4j+m(ϕ)

η4j+m
,m = 1, 2, 3, 4; qk,j ∈ C∞[0, 2π], η → ±∞. (32)

Äîêàçàòåëüñòâî. Ñìûñë ýòèõ ðàâåíñòâ (28)�(30) ñîñòîèò â òîì, ÷òî ïðè òàêîì âûáîðå
íåèçâåñòíûõ ôóíêöèé ñîõðàíÿåòñÿ ãëàäêîñòü ðåøåíèé vk(ρ, ϕ), ò.å.

Ak,0 + Ak,1(ρ− α) + Ak,2(ρ− α)2 +Bk,0 +Bk,1(1− ρ) +Bk,2(1− ρ)2 ≡ 0.

Çàìåòèì, ÷òî ïðè τ → +∞ è η → ±∞ ñïðàâåäëèâû ñîîòíîøåíèÿ:

w−1(τ, ϕ) =
∞∑

j=0

w−1,3j+1(ϕ)

τ 3j+1
, wm(τ, ϕ) =

∞∑

j=1

wm,3j−m(ϕ)

τ 3j−m
, m = 0, 1;

q−m(η, ϕ) =
∞∑

j=0

q−m,4j+m(ϕ)

η4j+m
, m = 2, 1; qm(η, ϕ) =

∞∑

j=1

qm,4j−m(ϕ)

η4j−m
, m = 0, 1;

ãäå wk,j(ϕ), qk,j(ϕ) ∈ C∞[0, 2π].
Äîïóñòèì, ÷òî äëÿ ëþáîãî k = 0, 1, . . ., ïðè τ → +∞ è η → ±∞ ñïðàâåäëèâû ñîîòíîøå-

íèÿ:

w3k−1(τ, ϕ) =
∞∑

j=0

w3k−1,3j+1(ϕ)

τ 3j+1
, w3k+m(τ, ϕ) =

∞∑

j=1

w3k+m,3j−m(ϕ)

τ 3j−m
,m = 0, 1;

q4k−m(η, ϕ) =
∞∑

j=0

q4k−m,4j+m(ϕ)

η4j+m
,m = 2, 1; q4k+m(η, ϕ) =

∞∑

j=1

q4k+m,4j−m(ϕ)

η4j−m
,m = 0, 1;

ãäå wk,j, qk,j ∈ C∞[0, 2π].
Òîãäà ïðè k + 1:

Lw3k+2 = −2(1− α)τ 2w3k+1 + τ 3w3k + gk+1(1, ϕ) + ∂w3k+1

∂τ
− ∂2w3k

∂ϕ2 +Bk+1,0,

Lw3k+3 = −2(1− α)τ 2w3k+2 + τ 3w3k+1 − 2τ
1−αgk+1(1, ϕ) + ∂w3k+2

∂τ
− ∂2w3k+1

∂ϕ2 +Bk+1,1τ,

Lw3k+4 = −2(1− α)τ 2w3k+3 + τ 3w3k+2 + τ2

(1−α)2 gk+1(1, ϕ) + ∂w3k+3

∂τ
− ∂2w3k+2

∂ϕ2 +Bk+1,2τ
2,

lq4k+2 = −∂q4k+1

∂η
− ∂2q4k

∂ϕ2 − η3q4k+1 + gk+1,0(ϕ) + Ak+1,0,

lq4k+3 = −∂q4k+2

∂η
− ∂2q4k+1

∂ϕ2 − η3q4k+2 + ηgk+1,1(ϕ) + Ak+1,1η,

lq4k+4 = −∂q4k+3

∂η
− ∂2q4k+2

∂ϕ2 − η3q4k+3 − ( η
1−α)2(gk+1,0(ϕ) + gk+1,1(ϕ)(1− α)) + Ak+1,2η

2,

lq4k+5 = −∂q4k+4

∂η
− ∂2q4k+3

∂ϕ2 − η3q4k+4.

Îòñþäà ïîëó÷àåì

w3k+2 =
∞∑

j=0

w3k+2,3j+1

τ 3j+1
,

w3k+3 =
∞∑

j=0

w3k+3,3j+3

τ 3j+3
, ïðè Bk+1,1 = −2Bk+1,0

1− α + 3w3k+1,2 −
2w3k,3

1− α ,

w3k+4 =
∞∑

j=0

w3k+4,3j+2

τ 3j+2
, ïðè Bk+1,2 =

Bk+1,0

(1− α)2
− 2w3k+1,2

1− α +
w3k,3

(1− α)2
,

q4k+2 =
∞∑

j=0

q4k+2,4j+2

η4j+2
, q4k+3 =

∞∑

j=0

q4k+3,4j+1

η4j+1
, q4k+5 =

∞∑

j=0

q4k+5,4j+3

η4j+3
,

q4k+4 =
∞∑

j=0

q4k+4,4j+4

η4j+4
, ïðè Ak+1,2 = − Ak+1,0

(1− α)2
− Ak+1,1

1− α +
q4k+1,3

(1− α)2
,
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ãäå wk,j = wk,j(ϕ), qk,j = qk,j(ϕ). Â ðåçóëüòàòå ïîëó÷àåì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé ñ òðåìÿ íåèçâåñòíûìè Ak+1,0, Ak+1,1, Bk+1,0:

1−2α
(1−α)2Ak+1,0 − α

1−αAk+1,1 + α2c+ c1 + α2

(1−α)2Bk+1,0 = 0,
2α

(1−α)2Ak+1,0 + 1+α
1−αAk+1,1 − 2α2c− c1 − 2c2 − 2α

(1−α)2Bk+1,0 = 0,
1

(1−α)2Ak+1,0 + 1
1−αAk+1,1 − c− c2 − 1

(1−α)2Bk+1,0 = 0,

ãäå c =
q4k+1,3

(1− α)2
, c1 = 3w3k+1,2 −

2w3k,3

1− α , c2 =
w3k,3

(1− α)2
− 2w3k+1,2

1− α .

Ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå:

Bk+1,0 = −q4k+1,3 +
w3k,3

(1− α)2
− 2w3k+1,2

1− α ,

Ak+1,1 = w3k+1,2, Ak+1,0 = w3k,3

(
1 +

1

(1− α)2

)
− w3k+1,2

(
3(1− α) +

2

1− α

)
.

Ñëåäîâàòåëüíî, äëÿ ëþáîãî k = 0, 1, . . . âåðíû ðàâåíñòâà (31) è (32), ò.å.

lim
η→±∞

qk−2(η, ϕ) = 0, lim
τ→+∞

wk−1(τ, ϕ) = 0, k = 0, 1, . . . .

Çàìåòèì, ÷òî

w3k−m

(
1− ρ
µ

, ϕ

)
= µm

∞∑

j=0

εj
w3k−m,3j+m(ϕ)

(1− ρ)3j+m
, m = 1, 2, 3, ε→ 0,

q4k−m

(
ρ− α
λ

, ϕ

)
= λm

∞∑

j=0

εj
q4k−m,4j+m(ϕ)

(ρ− α)4j+m
, m = 1, 2, 3, 4; k = 0, 1, . . . , ε→ 0.

3.2. Îáîñíîâàíèå ÔÀÐÐ. Ïðèñòóïèì òåïåðü ê îáîñíîâàíèþ ôîðìàëüíîãî àñèìïòîòè-
÷åñêîãî ðàçëîæåíèÿ (5). Ïóñòü

un(ρ, ϕ, ε) =
n∑

k=0

εkvk(ρ, ϕ) + χ1(ρ)
3n+1∑

k=−1
µkwk(τ, ϕ) + χ2(ρ)

4n∑

k=−2
λkqk(η, ϕ),

R(ρ, ϕ, ε) = u(ρ, ϕ, ε)− un(ρ, ϕ, ε).

Çàìåòèì, ÷òî un(ρ, ϕ, ε) ∈ C∞(D), ε→ 0.
Äëÿ îñòàòî÷íîãî ÷ëåíà R(ρ, ϕ, ε) ïîëó÷èì óðàâíåíèå:

ε∆R(ρ, ϕ, ε)− (1− ρ)(α− ρ)2R(ρ, ϕ, ε) = εn+3/4Φ, (ρ, ϕ) ∈ D,
ãäå

Φ = (f̃(ρ, ϕ, ε)−∆vn(ρ, ϕ)− ṽn(ρ, ϕ, ε) + (τ 3w3n(τ, ϕ)− 2(1− α)τ 2w3n+1(τ, ϕ)+

+
∂w3n+1(τ, ϕ)

∂τ
− ∂2(w3n(τ, ϕ) + µw3n+1(τ, ϕ))

∂ϕ2
+ µτ 3w3n+1(τ, ϕ))χ1(ρ))ε1/4−

−
(
η3q4n(η, ϕ) +

∂q4n(η, ϕ)

∂η
+
∂2(q4n−1(η, ϕ) + λq4n(η, ϕ))

∂ϕ2

)
χ2(ρ),

f̃(ρ, ϕ, ε) =
∞∑

k=0

εkfn+1+k(ρ, ϕ), ṽn(ρ, ϕ, ε) =
∞∑

k=0

εkṽn+k(ρ, ϕ).
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Îòìåòèì, ÷òî Φ � ãëàäêàÿ ôóíêöèÿ. Ïîýòîìó ïðè ε→ 0, ∃M, 0 < M � const, ‖Φ‖C 6M,
ò.å. Φ = O(1). À ãðàíè÷íîå óñëîâèå ïðèìåò âèä:

R(1, ϕ, ε) =
∞∑

k=n+1

εkψk(ϕ) èëè R(1, ϕ, ε) = O(εn+1), ε→ 0.

Òàêèì îáðàçîì, ïîëó÷àåì ñëåäóþùóþ çàäà÷ó:

ε∆R(ρ, ϕ, ε)− (1− ρ)(α− ρ)2R(ρ, ϕ, ε) = O(εn+3/4), ε→ 0, (ρ, ϕ) ∈ D,
R(1, ϕ, ε) = O(εn+1), ε→ 0.

Äëÿ ýòîé çàäà÷è, ïðèìåíÿÿ ïðèíöèï ìàêñèìóìà, ïîëó÷èì

R(ρ, ϕ, ε) = O(εn−1/4), ε→ 0.

Îòñþäà ñëåäóåò ñïðàâåäëèâîñòü ðàçëîæåíèÿ (4). Òåîðåìà äîêàçàíà.

Ïðèìåð. Ïóñòü a(ρ, ϕ) ≡ 1, f(ρ, ϕ) = 1 + ρ cos(ϕ) + ρ2 sin(ϕ) + ρ3, ψ(ϕ, ε) ≡ 0, ò.å.
èññëåäóåì çàäà÷ó

ε∆u(ρ, ϕ, ε)− (1− ρ)(
1

2
− ρ)2u(ρ, ϕ, ε) = 1 + ρ cos(ϕ) + ρ2 sin(ϕ) + ρ3, (ρ, ϕ) ∈ D, (33)

u(1, ϕ, ε) = 0, (34)

òîãäà

u0(ρ, ϕ) = −1 + ρ cos(ϕ) + ρ2 sin(ϕ) + ρ3

(1− ρ)(1
2
− ρ)2

.

À åñëè
h1,0(ρ, ϕ) = (2ρ− 1)2(2 + cos(ϕ) + sin(ϕ)),

h2,0(ρ, ϕ) =
9

8
+

1

2
cos(ϕ)+

1

4
sin(ϕ)+(ρ−1

2
)(

3

4
+cos(ϕ)+sin(ϕ))−(ρ−1

2
)2(6+4 cos(ϕ)+3 sin(ϕ)),

òî

v0(ρ, ϕ) = −1 + ρ cos(ϕ) + ρ2 sin(ϕ) + ρ3 − h1,0(ρ, ϕ)χ1(ρ)− h2,0(ρ, ϕ)χ2(ρ)

(1− ρ)(1
2
− ρ)2

,

è v1(ρ, ϕ) =
∆v0(ρ, ϕ)− h1,1(ρ, ϕ)χ1(ρ)− h2,1(ρ, ϕ)χ2(ρ)

(1− ρ)(1
2
− ρ)2

+
ṽ0(ρ, ϕ)

(1− ρ)(1
2
− ρ)2

,

ãäå
h2,1(ρ, ϕ) = g1,0(ϕ) + g1,1(ϕ)(ρ− 1/2)− (2ρ− 1)2(g1,0(ϕ) + g1,1(ϕ)/2),

h1,1(ρ, ϕ) = (2ρ− 1)2∆v0(1, ϕ), g1,0(ϕ) = ∆v0(1/2, ϕ), g1,1(ϕ) =
∂

∂ρ
∆v0(ρ, ϕ)|ρ=1/2.

ṽ0(ρ, ϕ) = w̃0(ρ, ϕ)χ̃1(ρ) + 2
∂w̃0(ρ, ϕ)

∂ρ
χ′1(ρ) + q̃0(ρ, ϕ)χ̃2(ρ) + 2

∂q̃0(ρ, ϕ)

∂ρ
χ′2(ρ),

w̃0(ρ, ϕ) = −4(2 + cos(ϕ) + sin(ϕ))

1− ρ , q̃0(ρ, ϕ) = −9 + 4 cos(ϕ) + 2 sin(ϕ)

(2ρ− 1)2
.

È äëÿ wk(τ, ϕ) è qk(η, ϕ) ïîëó÷àåì çàäà÷è àíàëîãè÷íûå ê çàäà÷àì (9)�(14), (15), (19)�
(26). Ðåøåíèÿ ýòèõ çàäà÷ ñóùåñòâóþò, åäèíñòâåííû, ïðè τ → +∞, η → ±∞ ñïðàâåäëèâû
îöåíêè:

w−1(τ, ϕ) = w2(τ, ϕ) = O(τ−1), w0(τ, ϕ) = w3(τ, ϕ) = O(τ−3),

w1(τ, ϕ) = w4(τ, ϕ) = O(τ−2), q−2(η, ϕ) = q2(η, ϕ) = O(η−2),

q−1(η, ϕ) = q3(η, ϕ) = O(η−1), q0(η, ϕ) = q4(η, ϕ) = O(η−4), q1(η, ϕ) = O(η−3).

Ñëåäîâàòåëüíî, äëÿ ðåøåíèÿ çàäà÷è (33)-(34) ñïðàâåäëèâî ðàçëîæåíèå

u(ρ, ϕ, ε) = v0(ρ, ϕ) + εv1(ρ, ϕ) + χ1(ρ)
4∑

k=−1
εk/3wk

(
1− ρ
ε1/3

, ϕ

)
+
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+χ2(ρ)
4∑

k=−2
εk/4qk

(
2ρ− 1

2ε1/4
, ϕ

)
+O(ε3/4), ε→ 0.

Çàêëþ÷åíèå. Îñîáåííîñòü èññëåäîâàííîé çàäà÷è ñîñòîèò â òîì, ÷òî çàäà÷à èìååò äâîé-
íóþ ñèíãóëÿðíîñòü. Äëÿ ýòîãî ñëó÷àÿ ìû äîêàçàëè ïðèìåíèìîñòü ìåòîäà ïîãðàíè÷íûõ
ôóíêöèé. Ïîñòðîåíî ðàâíîìåðíîå àñèìïòîòè÷åñêîå ðàçëîæåíèå ïî ìàëîìó ïàðàìåòðó ðå-
øåíèÿ çàäà÷è Äèðèõëå äëÿ áèñèíãóëÿðíî âîçìóùåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ
ýëëèïòè÷åñêîãî òèïà âòîðîãî ïîðÿäêà ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè â êðóãå. Ïðè-
÷åì, ïîñòðîåííûé àñèìïòîòè÷åñêèé ðÿä ïðåäñòàâëÿåò ñîáîé ðÿä Ïþéçî.
Äàííûé ìåòîä îòëè÷àåòñÿ îò ìåòîäà ñîãëàñîâàíèÿ òåì, ÷òî íàðàñòàþùèå îñîáåííîñòè

âíåøíåãî ðàçëîæåíèÿ ôàêòè÷åñêè èç íåãî óáèðàþòñÿ è ñ ïîìîùüþ ðÿäà ñ êîýôôèöèåíòàìè
hk ïîëíîñòüþ âíîñÿòñÿ âî âíóòðåííèå.
Ñëåäóåò îòìåòèòü, ÷òî çäåñü äëÿ ïðîñòîòû èññëåäîâàí ñëó÷àé a(ρ, ϕ) ≡ 1, àñèìïòîòè÷å-

ñêîå ðàçëîæåíèå ðåøåíèÿ çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ

ε∆u(ρ, ϕ, ε)− (1− ρ)(ρ− α)2a(ρ, ϕ)u(ρ, ϕ, ε) = f(ρ, ϕ, ε), (ρ, ϕ) ∈ D,
ãäå a(ρ, ϕ) > 0 â îáëàñòè D, ñòðîèòñÿ òî÷íî òàêæåá è àñèìïòîòè÷åñêîå ðàçëîæåíèå ðåøå-
íèÿ èìååò òàêóþ æå ñòðóêòóðó.
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ÌÈÍÈÌÀËÜÍÎÅ ÇÍÀ×ÅÍÈÅ ÒÈÏÀ ÖÅËÎÉ ÔÓÍÊÖÈÈ

ÏÎÐßÄÊÀ ρ ∈ (0, 1), ÂÑÅ ÍÓËÈ ÊÎÒÎÐÎÉ ËÅÆÀÒ Â ÓÃËÅ

È ÈÌÅÞÒ ÇÀÄÀÍÍÛÅ ÏËÎÒÍÎÑÒÈ

B.Á. ØÅÐÑÒÞÊÎÂ

Àííîòàöèÿ. Â ðàáîòå íàéäåíî íàèìåíüøåå çíà÷åíèå, êîòîðîå ìîæåò ïðèíèìàòü òèï
öåëîé ôóíêöèè ïîðÿäêà ρ ∈ (0, 1) ñ íóëÿìè çàäàííûõ âåðõíåé è íèæíåé ïëîòíîñòåé,
ðàñïîëîæåííûìè â óãëå ôèêñèðîâàííîãî ðàñòâîðà 6 π. Îñíîâíàÿ òåîðåìà îáîáùàåò
ïðåäûäóùèå ðåçóëüòàòû àâòîðà (íóëè ëåæàò íà îäíîì ëó÷å) è À.Þ. Ïîïîâà (ó÷èòû-
âàåòñÿ òîëüêî âåðõíÿÿ ïëîòíîñòü íóëåé). Âûäåëåí è ïîäðîáíî ðàçîáðàí ñëó÷àé, êîãäà
öåëàÿ ôóíêöèÿ èìååò èçìåðèìóþ ïîñëåäîâàòåëüíîñòü íóëåé. Äàíû ïðèìåíåíèÿ ïîëó-
÷åííûõ ðåçóëüòàòîâ ê òåîðåìàì åäèíñòâåííîñòè äëÿ öåëûõ ôóíêöèé è âîïðîñàì ïîë-
íîòû ñèñòåì ýêñïîíåíò â ïðîñòðàíñòâå àíàëèòè÷åñêèõ â êðóãå ôóíêöèé ñî ñòàíäàðòíîé
òîïîëîãèåé ðàâíîìåðíîé ñõîäèìîñòè íà êîìïàêòàõ.

Êëþ÷åâûå ñëîâà: òèï öåëîé ôóíêöèè, âåðõíÿÿ è íèæíÿÿ ïëîòíîñòè íóëåé, òåîðåìà
åäèíñòâåííîñòè, ïîëíîòà ñèñòåìû ýêñïîíåíò.

Mathematics Subject Classi�cation: 30D15

1. Ââåäåíèå

Ïóñòü ρ ∈ (0, 1), β > 0, α ∈ [0, β]. Ïóñòü äàëåå f(z) � öåëàÿ ôóíêöèÿ, âñå íóëè
êîòîðîé ðàñïîëîæåíû â íåêîòîðîì óãëå ðàñòâîðà 6 π è îáðàçóþò ïîñëåäîâàòåëüíîñòü
Λ = Λf = (λn)∞n=1 ñ âåðõíåé è íèæíåé ρ - ïëîòíîñòÿìè

∆ ρ(Λ) ≡ lim
n→∞

n

|λn|ρ
= β, ∆ ρ(Λ) ≡ lim

n→∞

n

|λn|ρ
≥ α (1)

ñîîòâåòñòâåííî. Êàê îáû÷íî, íóëè ñ÷èòàþòñÿ ñ ó÷åòîì êðàòíîñòè è óïîðÿäî÷åíû ïî âîç-
ðàñòàíèþ ìîäóëåé.
Òðåáóåòñÿ íàéòè íàèìåíüøåå âîçìîæíîå ïðè óêàçàííûõ óñëîâèÿõ çíà÷åíèå äëÿ âåëè÷è-

íû òèïà ôóíêöèè f(z) ïðè ïîðÿäêå ρ, îïðåäåëÿåìîãî ôîðìóëîé

σρ(f) ≡ lim
r→+∞

r−ρ ln max
|z|=r
|f(z)| . (2)

Áåç îãðàíè÷åíèÿ îáùíîñòè áóäåì ïðåäïîëàãàòü, ÷òî

Λ ⊂ Γθ ≡ {z ∈ C : | arg z| 6 θ} , (3)

ãäå θ ∈ [0, π/2], ñâîäÿ çàäà÷ó ê íàõîæäåíèþ ýêñòðåìàëüíîé âåëè÷èíû

sθ(α, β; ρ) ≡ inf
{
σ ρ(f) : Λ = Λf ⊂ Γθ, ∆ ρ(Λ) = β, ∆ ρ(Λ) ≥ α

}
. (4)

Óêàæåì, ÷òî ïðè θ = 0 ïîëó÷àåì çàäà÷ó äëÿ öåëûõ ôóíêöèé ñ íóëÿìè íà ëó÷å, ðåøåííóþ
ðàíåå À.Þ. Ïîïîâûì [1] (äëÿ α = 0) è àâòîðîì [2] (äëÿ ëþáîãî α ∈ [0, β]).

V.B. Sherstyukov, Minimal value for the type of an entire function of order ρ ∈ (0, 1),
whose zeros lie in an angle and have a prescribed density.

c© Øåðñòþêîâ Â.Á. 2016.

Ðàáîòà ïîääåðæàíà ÐÔÔÈ (ãðàíò 13-01-00281-à).
Ïîñòóïèëà 6 èþëÿ 2015 ã.
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Â íàñòîÿùåé ñòàòüå âåëè÷èíà sθ(α, β; ρ) âû÷èñëÿåòñÿ ïðè âñåõ θ ∈ [0, π/2]. Ðàáîòà, ïî-
ìèìî ââåäåíèÿ, ñîñòîèò èç òðåõ ÷àñòåé. Â ïåðâîé ÷àñòè ïîëó÷åíà îöåíêà ñíèçó äëÿ òèïà
ôóíêöèè, îïðåäåëåííîãî â (2). Âòîðàÿ ÷àñòü ïîñâÿùåíà äîêàçàòåëüñòâó òî÷íîñòè ýòîé
îöåíêè. Ðåçóëüòàò ôîðìóëèðóåòñÿ â âèäå ñëåäóþùåé òåîðåìû.

Òåîðåìà 1. Ïóñòü çàäàíû ÷èñëà ρ ∈ (0, 1), β > 0, α ∈ [0, β], θ ∈ [0, π/2]. Òîãäà

ñïðàâåäëèâà ôîðìóëà

sθ(α, β; ρ) =
πα

sin πρ
cos ρ θ + max

a>0

a∫

a(α/β)1/ρ

(
β a−ρ − αx−ρ

) x+ cos θ

x2 + 2x cos θ + 1
dx.

Òî÷íàÿ íèæíÿÿ ãðàíü (4) äîñòèãàåòñÿ äëÿ íåêîòîðîé ôóíêöèè ñ ïîñëåäîâàòåëüíîñòüþ

íóëåé Λ0, ðàñïîëîæåííîé íà äâóõ ëó÷àõ arg z = ± θ òàê, ÷òî ∆ ρ(Λ0) = β, ∆ ρ(Λ0) = α.

Â òðåòüåé ÷àñòè ðàáîòû òåîðåìà 1 èñïîëüçóåòñÿ äëÿ êîíêðåòèçàöèè îäíîé òåîðåìû åäèí-
ñòâåííîñòè Á.Í. Õàáèáóëëèíà. Äàíû òàêæå ïðèëîæåíèÿ ê öåëûì ôóíêöèÿì ýêñïîíåíöè-
àëüíîãî òèïà è âîïðîñàì ïîëíîòû ñèñòåì ýêñïîíåíò.
Ýêñòðåìàëüíóþ çàäà÷ó î âû÷èñëåíèè sθ(α, β; ρ) ïðè α = 0 (ò. å. áåç ó÷åòà íèæíåé

ρ - ïëîòíîñòè íóëåé) ïîñòàâèë è ðåøèë À.Þ. Ïîïîâ [3], îòûñêàâ âåëè÷èíó

sθ(0, β; ρ) =
β

2
max
a>0

a−ρ ln(1 + 2a cos θ + a2).

Äëÿ ôóíêöèé, ïîñëåäîâàòåëüíîñòè íóëåé Λ = Λf = (λn)∞n=1 êîòîðûõ èçìåðèìû, ò. å.
èìåþò ρ - ïëîòíîñòü

∆ ρ(Λ) ≡ lim
n→∞

n

|λn|ρ
= β,

èç òåîðåìû 1 ïîëó÷àåì ñîîòíîøåíèå

sθ(β, β; ρ) =
πβ

sin πρ
cos ρ θ.

Îòìåòèì, ÷òî ýêñòðåìàëüíàÿ âåëè÷èíà sθ(β, β; ρ) äîñòèãàåòñÿ, åñëè âñå íóëè ôóíêöèè ðàñ-
ïîëîæåíû íà ëó÷àõ arg z = ± θ, è íà êàæäîì èç íèõ îáðàçóþò èçìåðèìûå ïîñëåäîâàòåëü-
íîñòè ñ ðàâíûìè ρ - ïëîòíîñòÿìè (= β/2), è sθ(β, β; ρ), çàâåäîìî íå äîñòèãàåòñÿ, åñëè ýòè
ρ - ïëîòíîñòè ðàçëè÷íû.
Ñîâðåìåííîå ñîñòîÿíèå òåîðèè ýêñòðåìàëüíûõ çàäà÷ äëÿ òèïà öåëûõ ôóíêöèé ñ íóëÿìè

íà ëó÷å èëè â óãëå èçëîæåíî â îáçîðàõ [3], [4].
Ïðèñòóïèì ê äîêàçàòåëüñòâó òåîðåìû 1.

2. Îöåíêà òèïà öåëîé ôóíêöèè

Èòàê, ïóñòü f(z) � öåëàÿ ôóíêöèÿ ïîðÿäêà ρ ∈ (0, 1). Ïðåäïîëàãàåì, ÷òî ïîñëåäîâà-
òåëüíîñòü âñåõ åå íóëåé Λ = Λf = (λn)∞n=1 ëåæèò â óãëå Γθ ñ ôèêñèðîâàííûì θ ∈ [0, π/2]

è èìååò ρ - ïëîòíîñòè ∆ ρ(Λ) = β, ∆ ρ(Λ) ≥ α. Âñþäó äàëåå α ∈ (0, β], ïîñêîëüêó ñëó÷àé
α = 0 ðàññìîòðåí â [3]. Äîêàæåì îöåíêó

σρ(f) ≥ πα

sin πρ
cos ρ θ + max

a>0

a∫

a(α/β)1/ρ

(
β a−ρ − αx−ρ

) x+ cos θ

x2 + 2x cos θ + 1
dx. (5)

Ìîæíî ñ÷èòàòü, ÷òî f(0) = 1. Òîãäà ïî òåîðåìå Àäàìàðà (ñì. [5, ãë. I, � 10]) ôóíêöèÿ f(z)
ïðåäñòàâëÿåòñÿ â âèäå êàíîíè÷åñêîãî ïðîèçâåäåíèÿ

f(z) =
∞∏

n=1

(
1− z

λn

)
. (6)
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Ó÷èòûâàÿ (3), çàïèøåì λn = rne
iϕn , |ϕn| 6 θ, n ∈ N. Òîãäà èç (6) ïîëó÷èì

Mf (r) ≡ max
|z|=r
|f(z)| ≥ |f(−r)| =

∞∏

n=1

∣∣∣∣1 +
r

λn

∣∣∣∣ =
∞∏

n=1

∣∣∣∣1 +
r

rn
e−iϕn

∣∣∣∣ =

=
∞∏

n=1

√
1 +

2r

rn
cosϕn +

(
r

rn

)2

≥
∞∏

n=1

√
1 +

2r

rn
cos θ +

(
r

rn

)2

.

Îáîçíà÷èì ÷åðåç nΛ(τ) =
∑
|λn|6 τ

1 ñ÷èòàþùóþ ôóíêöèþ ïîñëåäîâàòåëüíîñòè Λ, èëè, ÷òî

âñå ðàâíî, ïîñëåäîâàòåëüíîñòè |Λ| ≡ (|λn|)∞n=1 = (rn)∞n=1. Ïîïóòíî îòìåòèì, ÷òî ôîðìóëû
(1) ìîæíî çàïèñàòü â âèäå

∆ ρ(Λ) = lim
t→+∞

nΛ(t)

tρ
= β, ∆ ρ(Λ) = lim

t→+∞

nΛ(t)

tρ
≥ α. (7)

Ñòàíäàðòíîå ïðèâëå÷åíèå èíòåãðàëà Ñòèëüòüåñà äàåò

lnMf (r) ≥
∞∑

n=1

ln

√
1 +

2r

rn
cos θ +

(
r

rn

)2

=

=
1

2

+∞∫

0

ln

(
1 +

2r

τ
cos θ +

( r
τ

)2
)
d nΛ(τ).

Èíòåãðèðîâàíèå ïî ÷àñòÿì ñ ó÷åòîì óñëîâèé

f(0) = 1, nΛ(τ) = O(τ ρ), τ → +∞,
èçáàâëÿþùèõ îò ïîäñòàíîâêè, ïðèâîäèò ê ñîîòíîøåíèþ

1

2

∞∫

0

ln

(
1 +

2r

τ
cos θ +

( r
τ

)2
)
d nΛ(τ) =

+∞∫

0

nΛ(τ)
r (τ cos θ + r)

τ (τ 2 + 2rτ cos θ + r2)
dτ.

Ïîñëå çàìåíû ïåðåìåííîé τ = rt è îáîçíà÷åíèé

ϕr(t) ≡
nΛ(rt)

(rt)ρ
, K(t) ≡ tρ−1(t cos θ + 1)

t2 + 2t cos θ + 1
, t > 0, (8)

ïðèõîäèì ê îöåíêå

r−ρ lnMf (r) ≥
+∞∫

0

ϕr(t)K(t) dt, r > 0. (9)

Â èíòåãðàëå èç (9) ôóíêöèÿ ϕr(t) ïðè ôèêñèðîâàííîì r óäîâëåòâîðÿåò óñëîâèÿì

lim
t→+∞

ϕr(t) = β, lim
t→+∞

ϕr(t) ≥ α,

à ÿäðî K(t) ïîëîæèòåëüíî ïðè t > 0, êàêîâî áû íè áûëî çíà÷åíèå ïàðàìåòðà θ ∈ [0, π/2]
(ñì. (7), (8)). Ïîýòîìó â äàëüíåéøèõ îöåíêàõ ìîæíî âîñïîëüçîâàòüñÿ ìåòîäîì, ðàçðàáî-
òàííûì â [2] äëÿ ñëó÷àÿ ðàñïîëîæåíèÿ íóëåé Λ íà îäíîì ëó÷å (θ = 0). Çàôèêñèðóåì
ïðîèçâîëüíî ÷èñëî a > 0 è ïîëîæèì η = η(r) ≡ ϕr(1/a). Èìååì

lim
r→+∞

η(r) = β, lim
r→+∞

η(r) ≥ α.
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Ïóñòü α′ ∈ (0, α). Êàê ïîêàçàíî â [2], íàéäåòñÿ òàêîå ÷èñëî c > 0, ÷òî ïðè âñåõ r ≥ ac
è t ≥ c/r âûïîëíÿåòñÿ íåðàâåíñòâî ϕr(t) ≥ ψr(t), ãäå ôóíêöèÿ ψr(t) îïðåäåëåíà äëÿ
ïîëîæèòåëíûõ t ïîñðåäñòâîì ôîðìóëû

ψr(t) ≡





α′, t /∈
[

1

a
,
( η
α′

)1/ρ 1

a

]
,

η

(at)ρ
, t ∈

[
1

a
,
( η
α′

)1/ρ 1

a

]
.

(10)

Îòñþäà íà îñíîâàíèè (9) çàêëþ÷àåì, ÷òî

r−ρ lnMf (r) ≥
+∞∫

c/r

ψr(t)K(t) dt, r ≥ ac. (11)

Ïîäñòàâëÿÿ â (11) âûðàæåíèÿ K(t) èç (8) è ψr(t) èç (10) è âûäåëÿÿ èçâåñòíûé èíòåãðàë
(ñì., íàïðèìåð, [6, çàäà÷à 4. 174])

+∞∫

0

K(t) dt =
π

sin πρ
cos ρ θ, (12)

ïîëó÷àåì îöåíêó
r−ρ lnMf (r) ≥

≥ πα′

sin πρ
cos ρ θ +

(1/a)(η/α′)1/ρ∫

1/a

(ηa−ρ − α′tρ) (t cos θ + 1)

t (t2 + 2t cos θ + 1)
dt − α′

c/r∫

0

K(t) dt.

Ïåðåéäåì çäåñü ê âåðõíåìó ïðåäåëó ïî ïîñëåäîâàòåëüíîñòè çíà÷åíèé r, íà êîòîðîé η = η(r)
ñòðåìèòñÿ ê β. Ñ ó÷åòîì (2) èìååì

σρ(f) ≥ πα′

sin πρ
cos ρ θ +

(1/a)(β/α′)1/ρ∫

1/a

(βa−ρ − α′tρ) (t cos θ + 1)

t (t2 + 2t cos θ + 1)
dt.

Äëÿ ïîëó÷åíèÿ îöåíêè (5) îñòàëîñü ñäåëàòü â èíòåãðàëå çàìåíó ïåðåìåííîé t = 1/x
è âîñïîëüçîâàòüñÿ ñâîáîäîé âûáîðà ÷èñåë α′ ∈ (0, α) è a > 0.

3. Äîêàçàòåëüñòâî òî÷íîñòè îöåíêè

Ïîêàæåì, ÷òî îöåíêà (5) äîñòèæèìà. Äëÿ ýòîãî ðàñïîëîæèì ïîñëåäîâàòåëüíîñòü Λ0 íà
ëó÷àõ arg z = ±θ òàê, ÷òîáû

∆ ρ(Λ0) = β, ∆ ρ(Λ0) = α, (13)

à êàíîíè÷åñêîå ïðîèçâåäåíèå

f0(z) =
∞∏

n=1

(
1− z

λn

)
, λn ∈ Λ0, (14)

èìåëî òèï

σρ(f0) =
πα

sin πρ
cos ρ θ + max

a>0

a∫

a(α/β)1/ρ

(
β a−ρ − αx−ρ

) x+ cos θ

x2 + 2x cos θ + 1
dx. (15)

Îòíîñèòåëüíî ïàðàìåòðîâ çàäà÷è áóäåì ïðåäïîëàãàòü, ÷òî

ρ ∈ (0, 1), β > 0, α ∈ (0, β], θ ∈ (0, π/2],
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íàõîäÿñü â ñèòóàöèè, íå èçó÷åííîé ðàíåå. Ñëó÷àè α ∈ (0, β) è α = β ðàçáåðåì îòäåëüíî.
Ïóñòü âíà÷àëå α ∈ (0, β). Âîñïîëüçóåìñÿ êîíñòðóêöèåé ýêñòðåìàëüíîé ïîñëåäîâàòåëüíî-

ñòè, ïðåäëîæåííîé àâòîðîì â [2] äëÿ θ = 0. Âûáèðàåì âñïîìîãàòåëüíóþ ïîëîæèòåëüíóþ
ïîñëåäîâàòåëüíîñòü (mk)

∞
k=1 ñî ñâîéñòâîì

m1 > 1, mk+1 = m4
k, k ∈ N,

è ñòðîèì ïîñëåäîâàòåëüíîñòü (rj)
∞
j=1 ⊂ R+, ñîáëþäàÿ ñëåäóþùåå ïðàâèëî. Íà ïðîìåæóò-

êàõ âèäà [mk, m
2
k − 1] è

[
(β/α)1/ρm2

k, mk+1

)
òî÷êè rρj îáðàçóþò àðèôìåòè÷åñêóþ ïðîãðåñ-

ñèþ ñ ðàçíîñòüþ 2/α ; íà ïðîìåæóòêàõ (m2
k − 1, m2

k] òî÷êè r
ρ
j îáðàçóþò àðèôìåòè÷åñêóþ

ïðîãðåññèþ ñ ðàçíîñòüþ
2ρ

(β − α)m2
k

; íà ïðîìåæóòêàõ âèäà
(
m2
k, (β/α)1/ρm2

k

)
òî÷åê rρj íåò.

Ñîãëàñíî [2] âåðõíÿÿ è íèæíÿÿ ρ - ïëîòíîñòè ïîñëåäîâàòåëüíîñòè (rj)
∞
j=1 ðàâíû β/2 è α/2

ñîîòâåòñòâåííî. Ïîëàãàÿ

Λ0 ≡
(
rj e

−iθ)∞
j=1

⋃(
rj e

iθ
)∞
j=1

,

ñðàçó ïîëó÷àåì (13). Îáðàçóåì ïî ïîñëåäîâàòåëüíîñòè Λ0 êàíîíè÷åñêîå ïðîèçâåäåíèå (14).
Çàìåòèì, ÷òî

f0(z) =
∞∏

j=1

(
1− z

rj
eiθ
) (

1− z

rj
e−iθ

)
=
∞∏

j=1

(
1− 2z

rj
cos θ +

(
z

rj

)2
)
,

îòêóäà

Mf0(r) = max
|z|=r
|f0(z)| = f0(−r) =

∞∏

j=1

(
1 +

2r

rj
cos θ +

(
r

rj

)2
)
.

Ïîñêîëüêó ñ÷èòàþùàÿ ôóíêöèÿ nΛ0(τ) ïîñëåäîâàòåëüíîñòè Λ0 åñòü óäâîåííàÿ ñ÷èòàþùàÿ
ôóíêöèÿ ïîñëåäîâàòåëüíîñòè (rj)

∞
j=1, òî, ïîâòîðÿÿ ñîîòâåòñòâóþùèå âûêëàäêè èç ïóíêòà 2,

ïðèõîäèì ê ïðåäñòàâëåíèþ

r−ρ lnMf0(r) =

+∞∫

0

ϕ0,r(t)K(t) dt, r > 0, (16)

ãäå ϕ0,r(t) ≡
nΛ0(rt)

(rt)ρ
è K(t) îïðåäåëåíû â (8). Òàêèì îáðàçîì, ôóíêöèÿ (14) äîñòàâëÿåò

ðàâåíñòâî â (9).
Ñ òî÷íîñòüþ äî îñòàòî÷íûõ ÷ëåíîâ, íå âëèÿþùèõ íà âåëè÷èíó òèïà (2), ôóíêöèÿ ϕ0,r(t)

ñ ïàðàìåòðîì r > 0 ñîâïàäàåò ñ ôóíêöèåé Φr(t), êîòîðàÿ îïðåäåëÿåòñÿ ïðè t > 0 ôîðìó-
ëàìè

Φr(t) ≡ α, t ∈
(

0,
m1

r

]
,

Φr(t) | [mkr ,
mk+1
r ] ≡





α, t /∈
[
m2
k

r
,

(
β

α

)1/ρ
m2
k

r

]
,

β

(
m2
k

rt

)ρ
, t ∈

[
m2
k

r
,

(
β

α

)1/ρ
m2
k

r

]
,

ãäå k ∈ N (ïîäðîáíîñòè ñì. â [2]). Òåì ñàìûì, èç (16) ñëåäóåò, ÷òî

σρ(f0) = lim
r→+∞

+∞∫

0

Φr(t)K(t) dt. (17)
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Ââåäåì äëÿ ñîêðàùåíèÿ çàïèñè íåñêîëüêî îáîçíà÷åíèé. Ïóñòü

g(a) ≡
a∫

a(α/β)1/ρ

(β a−ρ − αx−ρ) (x+ cos θ)

x2 + 2x cos θ + 1
dx =

=

(β/α)1/ρ(1/a)∫

1/a

(
β

(at)ρ
− α

)
K(t) dt. (18)

Ïîñêîëüêó ôóíêöèÿ g(a) íåïðåðûâíà è ïîëîæèòåëüíà ïðè a > 0, ïðè÷åì

lim
a→+0

g(a) = lim
a→+∞

g(a) = 0, (19)

òî íàéäåòñÿ òàêàÿ òî÷êà a0 > 0, ÷òî g(a0) = max
a>0

g(a). Äëÿ t > 0 ïîëîæèì

ψ0(t) ≡





α, t /∈
[

1

a0

,

(
β

α

)1/ρ
1

a0

]
,

β

(a0t)ρ
, t ∈

[
1

a0

,

(
β

α

)1/ρ
1

a0

]
.

(20)

Ñ ó÷åòîì îïðåäåëåíèé (18), (20) îöåíêó (5) ìîæíî ïåðåïèñàòü â âèäå

σρ(f) ≥ πα

sin πρ
cos ρ θ + g(a0) =

+∞∫

0

ψ0(t)K(t) dt.

Â ÷àñòíîñòè,

σρ(f0) ≥
+∞∫

0

ψ0(t)K(t) dt. (21)

Òðåáóþùåå îáîñíîâàíèÿ ñîîòíîøåíèå (15) ðàâíîñèëüíî ôîðìóëå

σρ(f0) =

+∞∫

0

ψ0(t)K(t) dt. (22)

Äîêàæåì, ÷òî

lim
r→+∞

+∞∫

0

(Φr(t)− ψ0(t)) K(t) dt 6 0, (23)

è òîãäà ðàâåíñòâî (22) áóäåò óñòàíîâëåíî. Äåéñòâèòåëüíî, èç (21), (17), (23) èìååì

+∞∫

0

ψ0(t)K(t) dt 6 σρ(f0) = lim
r→+∞

+∞∫

0

(Φr(t)− ψ0(t)) K(t) dt+

+

+∞∫

0

ψ0(t)K(t) dt 6
+∞∫

0

ψ0(t)K(t) dt,

îòêóäà è âûòåêàåò (22).
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Èòàê, îñòàëîñü ïðîâåðèòü íåðàâåíñòâî (23), âûðàæàþùåå ¾áëèçîñòü¿ âåñîâîé ñ÷èòàþ-
ùåé ôóíêöèè ϕ0,r(t) ïîñëåäîâàòåëüíîñòè Λ0 ê ¾ýêñòðåìàëüíîé¿ ôóíêöèè ψ0(t) èç (20).
Âíà÷àëå âûâåäåì ïðåäñòàâëåíèå

+∞∫

0

(Φr(t)− ψ0(t)) K(t) dt =
∞∑

k=1

g

(
r

m2
k

)
− g(a0), (24)

îïèðàÿñü íà (18), (20). Äëÿ ýòîãî çàïèøåì

ψ0(t)− α ≡ 0, t /∈
[

1

a0

,

(
β

α

)1/ρ
1

a0

]
,

(β/α)1/ρ (1/a0)∫

1/a0

(ψ0(t)− α) K(t) dt = g(a0).

Êðîìå òîãî,

Φr(t)− α ≡ 0, t /∈
∞⋃

k=1

[
m2
k

r
,

(
β

α

)1/ρ
m2
k

r

]
≡ Tr,

∫

Tr

(Φr(t)− α) K(t) dt =
∞∑

k=1

(β/α)1/ρ (m2
k/r)∫

m2
k/r

(
β

(
m2
k

rt

)ρ
− α

)
K(t) dt =

=
∞∑

k=1

g

(
r

m2
k

)
.

Ïîýòîìó

+∞∫

0

(Φr(t)− ψ0(t)) K(t) dt =

+∞∫

0

(Φr(t)− α) K(t) dt −
+∞∫

0

(ψ0(t)− α) K(t) dt =

=

∫

Tr

(Φr(t)− α) K(t) dt −
(β/α)1/ρ (1/a0)∫

1/a0

(ψ0(t)− α) K(t) dt =

=
∞∑

k=1

g

(
r

m2
k

)
− g(a0),

è ìû ïîëó÷èëè (24).
Òåïåðü îöåíèì ñóììó â (24) äëÿ r ∈

[
m2
s, m

2
s+1

]
ïðè ôèêñèðîâàííîì s ∈ N, ðàçáèâàÿ åå

íà òðè ÷àñòè:
∞∑

k=1

g

(
r

m2
k

)
− g(a0) =

s−1∑

k=1

g

(
r

m2
k

)
+

∞∑

k=s+2

g

(
r

m2
k

)
+

+

(
g

(
r

m2
s

)
+ g

(
r

m2
s+1

)
− g(a0)

)
.
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Èñïîëüçóÿ â îöåíêå ïåðâîé ñóììû íåðàâåíñòâî K(t) 6 tρ−1, t > 0, è îòáðàñûâàÿ ïîä
çíàêîì èíòåãðàëà îòðèöàòåëüíîå ñëàãàåìîå, èìååì

0 <
s−1∑

k=1

g

(
r

m2
k

)
=

s−1∑

k=1

(β/α)1/ρ (m2
k/r)∫

m2
k/r

(
β

(
m2
k

rt

)ρ
− α

)
K(t) dt 6

6
s−1∑

k=1

(β/α)1/ρ (m2
k/r)∫

m2
k/r

(
β

(
m2
k

rt

)ρ
− α

)
tρ−1 dt 6

6 β
s−1∑

k=1

(
m2
k

r

)ρ (β/α)1/ρ (m2
k/r)∫

m2
k/r

dt

t
=

=
β

ρ
ln
β

α

s−1∑

k=1

(
m2
k

r

)ρ
6 β

ρ
ln
β

α

s−1∑

k=1

(
mk

ms

)2ρ

.

Â ñèëó âûáîðà ïîñëåäîâàòåëüíîñòè (mk)
∞
k=1 âûïîëíåíî lim

s→∞

s−1∑

k=1

(
mk

ms

)2ρ

= 0, ïîñêîëüêó

s−1∑

k=1

(
mk

ms

)2ρ

< s

(
ms−1

ms

)2ρ

=
s

m
3ρ/2
s

.

Îòñþäà

lim
s→∞

sup
r∈[m2

s,m
2
s+1]

s−1∑

k=1

g

(
r

m2
k

)
= 0. (25)

Èñïîëüçóÿ â îöåíêå âòîðîé ñóììû äðóãîå íåðàâåíñòâî K(t) 6 tρ−2, t > 0, è ñíîâà
îòáðàñûâàÿ ïîä çíàêîì èíòåãðàëà îòðèöàòåëüíîå ñëàãàåìîå, èìååì

0 <
∞∑

k=s+2

g

(
r

m2
k

)
=

∞∑

k=s+2

(β/α)1/ρ (m2
k/r)∫

m2
k/r

(
β

(
m2
k

rt

)ρ
− α

)
K(t) dt 6

6
∞∑

k=s+2

(β/α)1/ρ (m2
k/r)∫

m2
k/r

(
β

(
m2
k

rt

)ρ
− α

)
tρ−2 dt 6

6 β
∞∑

k=s+2

(
m2
k

r

)ρ (β/α)1/ρ (m2
k/r)∫

m2
k/r

dt

t2
=

= β

(
1−

(
α

β

)1/ρ
) ∞∑

k=s+2

(
m2
k

r

)ρ−1

6 β

(
1−

(
α

β

)1/ρ
) ∞∑

k=s+2

(
ms+1

mk

)2(1−ρ)

.

Âûáîð ïîñëåäîâàòåëüíîñòè (mk)
∞
k=1 îáåñïå÷èâàåò âûïîëíåíèå óñëîâèÿ

lim
s→∞

∞∑

k=s+2

(
ms+1

mk

)2(1−ρ)

= 0,
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ïîñêîëüêó
∞∑

k=s+2

(
ms+1

mk

)2(1−ρ)

6
∞∑

k=s+2

(
mk−1

mk

)2(1−ρ)

=
∞∑

k=s+2

1

m
3(1−ρ)/2
k

.

Îòñþäà

lim
s→∞

sup
r∈[m2

s,m
2
s+1]

∞∑

k=s+2

g

(
r

m2
k

)
= 0. (26)

Îöåíèì, íàêîíåö, âûðàæåíèå

g

(
r

m2
s

)
+ g

(
r

m2
s+1

)
− g(a0), r ∈

[
m2
s, m

2
s+1

]
,

îïèðàñü íà îïðåäåëåíèå òî÷êè a0 è ñâîéñòâî (19) ôóíêöèè g(a). Ðàññìîòðèì äâà âîç-
ìîæíûõ ñëó÷àÿ: r ∈ [m2

s, msms+1] è r ∈
[
msms+1, m

2
s+1

]
. Â ïåðâîì ñëó÷àå èìååì

r

m2
s+1

6 ms

ms+1

è

g

(
r

m2
s

)
− g(a0) + g

(
r

m2
s+1

)
6 g

(
r

m2
s+1

)
→ 0, s→∞.

Âî âòîðîì ñëó÷àå èìååì
r

m2
s

≥ ms+1

ms

è

g

(
r

m2
s+1

)
− g(a0) + g

(
r

m2
s

)
6 g

(
r

m2
s

)
→ 0, s→∞.

Ñëåäîâàòåëüíî, ìîæåì óòâåðæäàòü, ÷òî

lim
s→∞

sup
r∈[m2

s,m
2
s+1]

(
g

(
r

m2
s

)
+ g

(
r

m2
s+1

)
− g(a0)

)
6 0. (27)

Ñî÷åòàÿ (24)�(27), ïîëó÷àåì (23).
Òàêèì îáðàçîì, â ñëó÷àå α ∈ (0, β) öåëàÿ ôóíêöèÿ f0(z), ïîñòðîåííàÿ ïî ïðàâèëó (14),

óäîâëåòâîðÿåò (15) è ÿâëÿåòñÿ ýêñòðåìàëüíîé â çàäà÷å (4) ïðè θ ∈ (0, π/2].
Ñëó÷àé α = β â òåõíè÷åñêîì îòíîøåíèè ãîðàçäî ïðîùå ïðåäûäóùåãî, íî îáëàäàåò

ñâîåé ñïåöèôèêîé. Ñîãëàñíî (5) òèï öåëîé ôóíêöèè ïîðÿäêà ρ ∈ (0, 1) óäîâëåòâîðÿåò
íåðàâåíñòâó

σρ(f) ≥ πβ

sin πρ
cos ρ θ, (28)

åñëè ïîñëåäîâàòåëüíîñòü âñåõ åå íóëåé Λ = Λf ëåæèò â óãëå

Γθ = {z ∈ C : | arg z| 6 θ}
ñ θ ∈ (0, π/2] è èìååò ρ - ïëîòíîñòü

∆ ρ(Λ) = ∆ ρ(Λ) = ∆ ρ(Λ) = lim
n→∞

n

|λn|ρ
= β. (29)

Èñêëþ÷åííîå çäåñü çíà÷åíèå θ = 0 â ñâåòå ýêñòðåìàëüíîé çàäà÷è (4) ïðè α = β íå ïðåä-
ñòàâëÿåò èíòåðåñà, ïîñêîëüêó, êàê èçâåñòíî, òèï öåëîé ôóíêöèè ïîðÿäêà ρ ∈ (0, 1), íóëè
êîòîðîé ëåæàò íà îäíîì ëó÷å è èçìåðèìû ñ ρ - ïëîòíîñòüþ β, âñåãäà âû÷èñëÿåòñÿ ïî òî÷-
íîé ôîðìóëå

σρ(f) =
πβ

sin πρ
.

Îäíàêî, êàðòèíà óñëîæíÿåòñÿ, êîãäà â îãðàíè÷åíèè (3) íà ðàñïîëîæåíèå íóëåé ðàñòâîð
óãëà ïîëîæèòåëüíûé.
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Ïîêàæåì, ÷òî îöåíêà (28) òî÷íà. Äëÿ ýòîãî âûáåðåì èçìåðèìóþ ïîñëåäîâàòåëüíîñòü
(rj)

∞
j=1 ⊂ R+ ñ ρ - ïëîòíîñòüþ β/2 è ñíîâà ïîëîæèì

Λ0 =
(
rj e

−iθ)∞
j=1

⋃(
rj e

iθ
)∞
j=1

,

f0(z) =
∞∏

n=1

(
1− z

λn

)
, λn ∈ Λ0.

Ïîñëåäîâàòåëüíîñòü Λ0 ðàñïîëîæåíà ñèììåòðè÷íî íà ñòîðîíàõ óãëà Γθ è èìååò
ρ - ïëîòíîñòü ∆ ρ(Λ0) = β, ïîä÷èíÿÿñü (29), à äëÿ f0(z) ñïðàâåäëèâî ïðåäñòàâëåíèå (16).
Ðàññóæäàÿ ñòàíäàðòíûì îáðàçîì, çàôèêñèðóåì ε > 0 è ïîäáåðåì t0 = t0(ε) > 0 òàê, ÷òîáû
ïðè rt ≥ t0 âûïîëíÿëîñü ñîîòíîøåíèå

ϕ0,r(t) =
nΛ0(rt)

(rt)ρ
6 β + ε.

Òîãäà

r−ρ lnMf0(r) =

+∞∫

0

ϕ0,r(t)K(t) dt =

=

+∞∫

t0/r

ϕ0,r(t)K(t) dt +

t0/r∫

0

ϕ0,r(t)K(t) dt 6 (β + ε)

+∞∫

t0/r

K(t) dt + o(1), r → +∞.

Ïîñêîëüêó ε > 0 ïðîèçâîëüíî, òî ñ ó÷åòîì ôîðìóë (2), (12) ïîëó÷àåì

σρ(f0) 6 πβ

sin πρ
cos ρ θ.

Òàêèì îáðàçîì, ïîñòðîåííàÿ ôóíêöèÿ f0(z) äîñòàâëÿåò ðàâåíñòâî â (28). Òåîðåìà 1 ïîë-
íîñòüþ äîêàçàíà.
Îáñóäèì òåïåðü íåêîòîðûå íþàíñû, ïîëåçíûå äëÿ ïîíèìàíèÿ ñóòè äåëà. Âíà÷àëå îòìå-

òèì, ÷òî ôóíêöèÿ f0(z), ïðåäúÿâëåííàÿ â çàêëþ÷èòåëüíîé ÷àñòè äîêàçàòåëüñòâà òåîðå-
ìû 1, èìååò âïîëíå ðåãóëÿðíûé ðîñò. Óêàæåì åñòåñòâåííîå îáîáùåíèå ýòîãî ïðèìåðà.
Âîçüìåì íà ëó÷å arg z = − θ ïðîèçâîëüíóþ èçìåðèìóþ ïîñëåäîâàòåëüíîñòü Λ1

ñ ρ - ïëîòíîñòüþ β/2, à íà ëó÷å arg z = θ � ïðîèçâîëüíóþ èçìåðèìóþ ïîñëåäîâàòåëü-
íîñòü Λ2 ñ ρ - ïëîòíîñòüþ β/2. Òîãäà ïîñëåäîâàòåëüíîñòü Λ0 ≡ Λ1

⋃
Λ2 áóäåò îáëàäàòü

ñâîéñòâîì (29). Ïðîâåðèì, ÷òî ôóíêöèÿ (14), ïîñòðîåííàÿ ïî òàêîé ïîñëåäîâàòåëüíîñòè
Λ0, èìååò òèï

σρ(f0) =
πβ

sin πρ
cos ρ θ. (30)

Ïî-ïðåæíåìó, f0(z) ÿâëÿåòñÿ ôóíêöèåé âïîëíå ðåãóëÿðíîãî ðîñòà, íî òåïåðü â ðàñïîëî-
æåíèè åå íóëåé ñèììåòðèÿ îòíîñèòåëüíî âåùåñòâåííîé îñè, âîîáùå ãîâîðÿ, îòñóòñòâóåò.
Ñîãëàñíî [5, ãë. II, �2] èíäèêàòîð f0(z) âû÷èñëÿåòñÿ ïî ôîðìóëå

hρ(f0, ϕ) ≡ lim
r→+∞

r−ρ ln |f0(reiϕ)| =

=
πβ

2 sinπρ
(hρ(ϕ+ θ) + hρ(ϕ− θ)) , 0 6 ϕ 6 2π,

ãäå ÷åðåç hρ(ϕ) îáîçíà÷åíî 2π - ïåðèîäè÷åñêîå ïðîäîëæåíèå ôóíêèè cos ρ(ϕ − π) ñ [0, 2π]
íà R. Ïðÿìîé ïîäñ÷åò äàåò

hρ(f0, ϕ) =
πβ

sinπρ
·





cos ρ(π − θ) · cos ρϕ, 0 6 ϕ 6 θ,
cos ρθ · cos ρ(ϕ− π), θ 6 ϕ 6 2π − θ,
cos ρ(π − θ) · cos ρ(2π − ϕ), 2π − θ 6 ϕ 6 2π.
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Íî òîãäà ñ ó÷åòîì íåðàâåíñòâà cos ρ θ ≥ cos ρ(π − θ) ïîëó÷èì

σρ(f0) = max
06ϕ<2π

hρ(f0, ϕ) = hρ(f0, π) =
πβ

sin πρ
cos ρ θ,

ïîäòâåðæäàÿ (30).
Ñ äðóãîé ñòîðîíû, äàæå äëÿ ôóíêöèé âïîëíå ðåãóëÿðíîãî ðîñòà íåðàâåíñòâî â (28)

ìîæåò îêàçàòüñÿ ñòðîãèì. Äåéñòâèòåëüíî, ïóñòü Λ ñîñòîèò èç äâóõ èçìåðèìûõ ïîñëåäîâà-
òåëüíîñòåé, îäíà èç êîòîðûõ èìååò ρ - ïëîòíîñòü β1 ≥ 0 è ðàñïîëîæåíà íà ëó÷å arg z = − θ,
à äðóãàÿ èìååò ρ - ïëîòíîñòü β2 ≥ 0, β2 6= β1, è ðàñïîëîæåíà íà ëó÷å arg z = θ, ïðè÷åì
β1 + β2 = β. Ñíîâà âûïîëíåíî (29). Îáðàçóåì ïî òàêîé ïîñëåäîâàòåëüíîñòè Λ êàíîíè-
÷åñêîå ïðîèçâåäåíèå (6). Èñêëþ÷èâ òðåáîâàíèåì β2 6= β1 ñëó÷àé ¾ïðàâèëüíîé¿ ôóíêöèè
f0(z), ìû âñå ðàâíî èìååì äåëî ñ ôóíêöèåé f(z) âïîëíå ðåãóëÿðíîãî ðîñòà. Â îáîçíà÷åíèÿõ
èç ôîðìóëû äëÿ hρ(f0, ϕ) èíäèêàòîð hρ(f, ϕ) èìååò âèä [5, ãë. II, �2]

hρ(f, ϕ) =
π

sin πρ
(β1 hρ(ϕ+ θ) + β2 hρ(ϕ− θ)) , 0 6 ϕ 6 2π.

Ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé ïðèõîäèì ê ðàçâåðíóòîé çàïèñè

hρ(f, ϕ) =
π

sin πρ
·





A
π−θ cos

(
ρϕ− ϕ

π−θ

)
, 0 6 ϕ 6 θ,

A
θ

cos (ρ(ϕ− π)− ϕ
θ
) , θ 6 ϕ 6 2π − θ,

A
π−θ cos

(
ρ(2π − ϕ)− ϕ

π−θ

)
, 2π − θ 6 ϕ 6 2π,

ãäå äëÿ êðàòêîñòè îáîçíà÷åíî

A
θ
≡
√
β2 cos2 ρ θ + (β2 − β1)2 sin2 ρ θ, ϕ

θ
≡ arctg

(
β2 − β1

β
tg ρ θ

)
.

Âñëåäñòâèå îãðàíè÷åíèé, íàëîæåííûõ íà ïàðàìåòðû, ñïðàâåäëèâû íåðàâåíñòâà

A
θ
> β cos ρ θ, |ϕ

θ
| 6 ρ θ.

Áåðåì ϕ∗ ≡ π + ϕ
θ
/ρ. Òîãäà θ 6 π − θ 6 ϕ∗ 6 π + θ 6 2π − θ. Ïîäñòàâëÿÿ çíà÷åíèå ϕ∗

â âûðàæåíèå äëÿ èíäèêàòîðà, ïîëó÷èì

σρ(f) ≥ hρ(f, ϕ
∗) =

π

sinπρ
A
θ
>

πβ

sin πρ
cos ρ θ = σρ(f0).

Òàêèì îáðàçîì, ôóíêöèÿ f(z), â îòëè÷èå îò f0(z), íå ÿâëÿåòñÿ ýêñòðåìàëüíîé.

4. Òåîðåìû åäèíñòâåííîñòè è ïîëíîòà ñèñòåì ýêñïîíåíò

Îñíîâíîé ðåçóëüòàò ñòàòüè ïîçâîëÿåò ïîëó÷àòü íîâûå òåîðåìû åäèíñòâåííîñòè äëÿ öå-
ëûõ ôóíêöèé è òåîðåìû î ïîëíîòå ñèñòåì ýêñïîíåíò. Ïîäîáíûå ïðèìåíåíèÿ òåîðåìû 1 â
ñëó÷àå θ = 0 äàíû â ðàáîòå [2]; ïîäðîáíûé ðàçáîð îáùåé ñèòóàöèè θ ∈ [0, π/2] òðåáóåò îò-
äåëüíîé ïóáëèêàöèè. Îñòàíîâèìñÿ êîðîòêî íà íåêîòîðûõ ïðèëîæåíèÿõ. Òàê, åñòåñòâåííûì
ðàçâèòèåì ðåçóëüòàòà Á.Í. Õàáèáóëëèíà [7, òåîðåìà 4] ÿâëÿåòñÿ ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2. Ïóñòü ρ ∈ (0, 1), è ïóñòü Λ = (λn)∞n=1 � ïîñëåäîâàòåëüíîñòü êîìïëåêñ-

íûõ ÷èñåë êîíå÷íîé âåðõíåé ρ-ïëîòíîñòè β > 0 è íèæíåé ρ-ïëîòíîñòè ≥ α ∈ [0, β],
ðàñïîëîæåííàÿ â íåêîòîðîì óãëå ðàñòâîðà 2θ 6 π. Åñëè òèï ïðè ïîðÿäêå ρ öåëîé ôóíê-

öèè f, îáðàùàþùåéñÿ â íóëü íà Λ, ìåíüøå âåëè÷èíû

2 ρ
√
π Γ(1− ρ/2)

Γ((1− ρ)/2)
sθ(α, β; ρ) =

sin πρ

π
Γ(ρ) Γ2(1− ρ/2) sθ(α, β; ρ),

ãäå sθ(α, β; ρ) âûïèñàíà â òåîðåìå 1, òî f ≡ 0 íà C.
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Â ôîðìóëèðîâêå òåîðåìû 2 ôèãóðèðóåò Γ-ôóíêöèÿ Ýéëåðà. Äîêàçàòåëüñòâî ïîëó÷àåòñÿ
ïðÿìûì ñîåäèíåíèåì òåîðåìû 4 èç [7] è íàøåé òåîðåìû 1.
Ïðèâåäåì òåïåðü ñëåäñòâèå òåîðåìû 1, îòíîñÿùååñÿ ê ÷åòíûì öåëûì ôóíêöèÿì ýêñïî-

íåíöèàëüíîãî òèïà, êîòîðûå èãðàþò âàæíóþ ðîëü â ðàçëè÷íûõ ðàçäåëàõ êîìïëåêñíîãî
àíàëèçà, íàïðèìåð, â òåîðèè ðÿäîâ Äèðèõëå (ñì. [8]).

Òåîðåìà 3. Ïóñòü β > 0, α ∈ [0, β], θ ∈ [0, π/4], è ïóñòü

F (z) =
∞∏

n=1

(
1− z2

λ2
n

)
, | arg λn| 6 θ,

ïðè÷åì

lim
n→∞

n

|λn|
= β, lim

n→∞

n

|λn|
≥ α.

Òîãäà ýêñïîíåíöèàëüíûé òèï

σ(F ) ≡ lim
r→+∞

r−1 ln max
|z|=r
|F (z)|

ôóíêöèè F (z) óäîâëåòâîðÿåò òî÷íîìó íåðàâåíñòâó

σ(F ) ≥ s2θ(α, β; 1/2), (31)

â ïðàâîé ÷àñòè êîòîðîãî ñòîèò âåëè÷èíà

s2θ(α, β; 1/2) = πα cos θ + max
a>0

a∫

a(α/β)2

(
β√
a
− α√

x

)
x+ cos 2θ

x2 + 2x cos 2θ + 1
dx (32)

èç òåîðåìû 1.

Äëÿ äîêàçàòåëüñòâà äîñòàòî÷íî ðàññìîòðåòü öåëóþ ôóíêöèþ

f(z) =
∞∏

n=1

(
1− z

µn

)
, µn = λ2

n,

ïîðÿäêà ρ = 1/2 ñ íóëÿìè

(µn)∞n=1 ⊂ Γ2θ = {z ∈ C : | arg z| 6 2θ} , 2θ ∈ [0, π/2],

ó÷åñòü, ÷òî

lim
n→∞

n

|µn|1/2
= β, lim

n→∞

n

|µn|1/2
≥ α, σ1/2(f) = σ(F ),

è ïðèìåíèòü ê íåé òåîðåìó 1.
Áåç ó÷åòà íèæíåé ïëîòíîñòè íóëåé (α = 0) îöåíêà (31) ïðèíèìàåò âèä

σ(F ) ≥ β

2
max
a>0

1√
a

ln
(
a2 + 2a cos 2θ + 1

)
.

Åñëè æå ïîñëåäîâàòåëüíîñòü íóëåé F (z) èìååò ïëîòíîñòü (α = β), òî (31) ïðåâðàùàåòñÿ
â îöåíêó

σ(F ) ≥ πβ cos θ.

Âñå îöåíêè òî÷íû. Èíòåãðàë â (32) âû÷èñëÿåòñÿ ÷åðåç ýëåìåíòàðíûå ôóíêöèè è â ñëó÷àå
α ∈ (0, β), íî èòîãîâîå âûðàæåíèå ñòîëü ãðîìîçäêî, ÷òî âðÿä ëè öåëåñîîáðàçíî ïðèâîäèòü
åãî çäåñü.
Èç òåîðåì 2, 3 íåìåäëåííî âûòåêàåò ñëåäóþùåå óòâåðæäåíèå.



ÌÈÍÈÌÀËÜÍÎÅ ÇÍÀ×ÅÍÈÅ ÒÈÏÀ ÖÅËÎÉ ÔÓÍÊÖÈÈ. . . 125

Òåîðåìà 4. Ïóñòü Λ = (λn)∞n=1 � ïîñëåäîâàòåëüíîñòü êîìïëåêñíûõ ÷èñåë êîíå÷íîé

âåðõíåé ïëîòíîñòè β > 0 è íèæíåé ïëîòíîñòè ≥ α ∈ [0, β] òàêàÿ, ÷òî | arg λn| 6 θ,
ãäå θ ∈ [0, π/4]. Ïóñòü öåëàÿ ôóíêöèÿ F îáðàùàåòñÿ â íóëü íà ìíîæåñòâå ±Λ, è åå

ýêñïîíåíöèàëüíûé òèï ìåíüøå âåëè÷èíû

Γ2(3/4)√
π

s2θ(α, β; 1/2),

ãäå s2θ(α, β; 1/2) çàäàåòñÿ ôîðìóëîé (32), à ÷èñëîâîé êîýôôèöèåíò Γ2(3/4)/
√
π ðàâåí

0.8472 . . . . Òîãäà F ≡ 0 íà C.

Äëÿ òîãî ÷òîáû ðàñêðûòü âîçìîæíîñòè äëÿ ïðèìåíåíèÿ òåîðåìû 4 ê ýêñïîíåíöèàëü-
íîé àïïðîêñèìàöèè â êîìïëåêñíîé îáëàñòè, íàïîìíèì íåêîòîðûå îïðåäåëåíèÿ. Ïóñòü
Λ = (λn)∞n=1 � ïîñëåäîâàòåëüíîñòü òî÷åê èç C, è Λ(λ) îáîçíà÷àåò ÷èñëî âõîæäåíèé òî÷êè
λ â ïîñëåäîâàòåëüíîñòü Λ. Ãîâîðÿò, ÷òî ñèñòåìà (êðàòíûõ) ýêñïîíåíò

EΛ ≡
{
zn−1eλz : λ ∈ Λ, n = 1, 2, . . . ,Λ(λ)

}
, z ∈ C,

ïîëíà â êðóãå

KR ≡ {z ∈ C : |z| < R} , R > 0,

åñëè îíà ïîëíà â ïðîñòðàíñòâå A(KR) ôóíêöèé, àíàëèòè÷åñêèõ â ýòîì êðóãå, íàäåëåííîì
òîïîëîãèåé ðàâíîìåðíîé ñõîäèìîñòè íà êîìïàêòàõ èç KR. Ñèìâîë R(Λ) îáîçíà÷àåò ðàäèóñ
êðóãà ïîëíîòû ïîñëåäîâàòåëüíîñòè Λ, ò. å. òî÷íóþ âåðõíþþ ãðàíü ðàäèóñîâ êðóãîâ KR,
â êîòîðûõ ïîëíà ñèñòåìà EΛ. Îáîçíà÷èì ÷åðåç σinf (Λ) òî÷íóþ íèæíþþ ãðàíü çíà÷åíèé
σ > 0, äëÿ êîòîðûõ íàéäåòñÿ öåëàÿ ôóíêöèÿ F 6≡ 0 ýêñïîíåíöèàëüíîãî òèïà 6 σ òàêàÿ,
÷òî F îáðàùàåòñÿ â íóëü íà Λ (ñ ó÷åòîì êðàòíîñòåé): F (Λ) = 0. Ñîãëàñíî èçâåñòíîìó êðè-
òåðèþ ïîëíîòû ñèñòåìû EΛ â ïðîñòðàíñòâå A(KR) (ñì., íàïðèìåð, [9, � 3.3.1]) ñïðàâåäëèâî
ðàâåíñòâî

σinf (Λ) = R(Λ).

Ïðè ôèêñèðîâàííûõ β > 0, 0 6 α 6 β, 0 6 θ 6 π/4 ââåäåì êëàññ Pθ(α, β), ñîñòîÿùèé
èç âñåâîçìîæíûõ ïîñëåäîâàòåëüíîñòåé Λ = (λn)∞n=1 êîìïëåêñíûõ ÷èñåë êîíå÷íîé âåðõíåé
ïëîòíîñòè β > 0 è íèæíåé ïëîòíîñòè ≥ α ∈ [0, β] òàêèõ, ÷òî | arg λn| 6 θ. Ïîëîæèì

Rθ(α, β) ≡ inf
Λ∈Pθ(α, β)

R(±Λ). (33)

Íàøà öåëü � êàê ìîæíî òî÷íåå îöåíèòü õàðàêòåðèñòèêó Rθ(α, β). Ïîïðîñòó ãîâîðÿ, òðå-
áóåòñÿ ñ õîðîøåé òî÷íîñòüþ íàéòè ðàäèóñ íàèáîëüøåãî èç êðóãîâ, â êîòîðûõ çàâåäîìî
ïîëíà ëþáàÿ ñèñòåìà ýêñïîíåíò, ìíîæåñòâî ïîêàçàòåëåé êîòîðîé ±Λ ïîðîæäåíî êàêîé-
ëèáî ïîñëåäîâàòåëüíîñòüþ Λ èç êëàññà Pθ(α, β).
Íàèëó÷øèå èç èçâåñòíûõ ê íàñòîÿùåìó ìîìåíòó îöåíîê äëÿ Rθ(α, β) óäàåòñÿ ïîëó÷èòü,

ñî÷åòàÿ òåîðåìó 4 ñ êëàññè÷åñêèì íåðàâåíñòâîì (ñì. [10, � 2.5])

σ(F ) ≥ β exp

{
α

β
− 1

}
.

Ýòî íåðàâåíñòâî ñïðàâåäëèâî äëÿ ýêñïîíåíöèàëüíîãî òèïà ëþáîé öåëîé ôóíêöèè F , ïî-
ñëåäîâàòåëüíîñòü íóëåé êîòîðîé èìååò âåðõíþþ ïëîòíîñòü β è íèæíþþ ïëîòíîñòü ≥ α.

Òåîðåìà 5. Ïóñòü çàôèêñèðîâàíû ÷èñëà β > 0, 0 6 α 6 β, 0 6 θ 6 π/4, è âåëè÷è-

íà s2θ(α, β; 1/2) âû÷èñëåíà ïî ïðàâèëó (32). Òîãäà äëÿ ýêñòðåìàëüíîãî ðàäèóñà ïîëíîòû

Rθ(α, β), îïðåäåëåííîãî ôîðìóëîé (33), ñïðàâåäëèâà äâóñòîðîííÿÿ îöåíêà

max

{
Γ2(3/4)√

π
s2θ(α, β; 1/2); 2β eα/β−1

}
6 Rθ(α, β) 6 s2θ(α, β; 1/2).
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Íàïðèìåð, äëÿ ñèñòåì ýêñïîíåíò ñ èçìåðèìûìè ïîêàçàòåëÿìè èìååì

β max
{

Γ2(3/4)
√
π cos θ; 2

}
6 Rθ(β, β) 6 πβ cos θ,

ãäå ÷èñëîâîé êîýôôèöèåíò Γ2(3/4)
√
π = 2.6614 . . . . Â ÷àñòíîñòè,

2.6614 . . . β 6 R0(β, β) 6 πβ.

Â çàêëþ÷åíèå îòìåòèì, ÷òî òåîðåìà 3 äîïóñêàåò ðàñïðîñòðàíåíèå íà ôóíêöèè, èíâàðè-
àíòíûå îòíîñèòåëüíî ïîâîðîòà íà óãîë 2π/s, ãäå s = 3, 4, . . . , â äóõå ðàáîòû [7]. Àíàëî-
ãè÷íîå çàìå÷àíèå äåéñòâóåò è â îòíîøåíèè îñòàëüíûõ ðåçóëüòàòîâ ðàçäåëà 4 íàñòîÿùåé
ñòàòüè.
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ABSTRACTS

N.F. Abuzyarova

Some properties of principal submodules in the module of entire functions

of exponential type and polynomial growth on the real axis

Abstract. In the work we consider a topological module of entire functions 𝒫(𝑎; 𝑏),
which is the isomorphic image of Fourier-Laplace transform of Schwarz space formed
by distributions with compact supports in a finite or infinite segment (𝑎; 𝑏) ⊂ R. We
study the conditions ensuring that the principal submodule of module 𝒫(𝑎; 𝑏) can be
uniquely recovered by zeroes of a generating function.
Keywords: entire functions, subharmonic functions, Fourier-Laplace transform,
principal submodules, local description of submodules, invariant subspaces, spectral
synthesis.

E.O. Azizyan, Kh.A. Khachatryan

One-parametric family of positive solutions for a class of nonlinear

discrete Hammerstein-Volterra equations

Abstract. In the present work we study a class of of nonlinear discrete Hammerstein-
Volterra equations in a post-critical case. We prove the existence of a one-parametric
family of positive solutions in space 𝑙1. We describe the set of parameters and establish
the monotonic dependence of each solution both in a parameter and a corresponding
index.

Keywords: post-criticity condition, iterations, monotonocity, one-parametric family
of solutions.

S.N. Askhabov

Periodic solutions of convolution type equations

with monotone nonlinearity

Abstract. By the method of monotone operators we establish global existence and
uniqueness theorems, as well as estimats and methods of finding the solutions for
various classes of nonlinear integral equations of convolution type in the real space
of 2𝜋-periodic functions 𝐿𝑝(−𝜋, 𝜋).

Keywords: nonlinear convolution type equations, monotone operator, potential
operator.
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V.F. Vil’danova

On decay of solution to linear parabolic equation with double degeneracy

Abstract. For a linear parabolic second order equation with a double degeneracy
𝜇(𝑥)𝑢𝑡 = (𝜌(𝑥)𝑎𝑖𝑗(𝑡, 𝑥)𝑢𝑥𝑖)𝑥𝑗 in an unbounded domain we obtain the upper bound for
the decay rate of the solution to the Dirichlet initial boundary value problem. For a
wide class of revolution domains we prove a lower bound. We adduce the examples
showing the upper and lower bounds are in some sense sharp.
We prove the unique solvability of the problem in an unbounded domain by

Galerkin’s approximations method.

Keywords: parabolic equation with a double degeneracy, decay rate of a solution,
upper bound, existence of a solution.

S.A. Iskhokov, M.G. Gadoev, I.Ya. Yakushev

Garding inequality for higher order elliptic operators with a non-power

degeneration and its applications

Abstract. For higher order elliptic operators in an arbitrary (bounded or unbouned)
domain in 𝑛-dimensional Euclidean space R𝑛 with a non-power degeneration we
prove a weighted analogue of Carding inequality. By means of this inequality we
study the unique solvability of variational Dirichlet problem, whose solution is
sought in the closure of the class of infinitely differentiable compactly supported
functions. The degeneration of the coefficients in various variables is characterized
via different functions. The lower coefficients of the operators are assumed to
belong to some weighted 𝐿𝑝-spaces. For one class of elliptic operators with a power
degeneration in a half-space we study the solvability of variational Dirichlet problem
with inhomogeneous boundary conditions.

Keywords: elliptic operator, non-power degeneration, Garding inequality, variational
Dirichlet problem.

A.A. Klyachin, I.V.Truhlyaeva

On the convergence of almost polynomial solutions of the minimal surface

Abstract. In this paper we consider the polynomial approximation of the Dirichlet
problem for minimal surface equation. It is shown that under certain conditions on the
geometric structure of the domain the absolute values of the gradients of the solutions
are bounded as the degree of these polynomials increases. The obtained properties
imply the uniform convergence of approximate solutions to the exact solution of the
minimal surface equation.

Keywords:minimal surface equation, uniform convergence, approximate solution.
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A.R. Manapova, F.V. Lubyshev

On Frechèt differentiability of cost functional in optimal control

of coefficients of elliptic equations

Abstract. In the work we consider non-linear optimal control problems for semi-
linear elliptic equations with discontinuous data and solutions (states), with controls
in the boundary conditions of conjugation of heterogeneous media and in the right
hand side of the state equation. We prove the differentiability and Lipshitz continuity
for the grid analogue of the cost functional for extremum problems.

Keywords: optimal control problem, semi-linear elliptic equations, cost functional,
differentiability, Lipschitz continuity.

D.A. Tursunov, U.Z. Erkebaev

Asymptotic expansions of solutions to Dirichlet problem for elliptic

equation with singularities

Abstract. The paper proposes an analogue of Vishik-Lyusternik-Vasileva-
Imanalieva boundary functions method for constructing a uniform asymptotic
expansion of solutions to bi-singular perturbed problems. By means of this method
we construct the uniform asymptotic expansion for the solution to the Dirichlet
problem for bi-singular perturbed second order elliptic equation with two independent
variables in a circle. By the maximum principle we justify formal asymptotic
expansion of the solution, that is, an estimate for the error term is established.

Keywords: asymptotic expansion, Dirichlet problem, Airy function, modified Bessel
functions, boundary functions.

V.B. Sherstyukov

Minimal value for the type of an entire function of order 𝜌 ∈ (0, 1),
whose zeros lie in an angle and have a prescribed density

Abstract. In the work we find the minimal value that can be taken by the type of an
entire function of order 𝜌 ∈ (0, 1) with zeros of prescribed upper and lower densities
and located in an angle of a fixed opening less than 𝜋. The main theorem generalizes
the previous result by the author (zeros lie on one ray) and by A.Yu. Popov (only
the upper density of zeros was taken into consideration). We distinguish and study
in detail the case when the an entire function has a measurable sequence of zeroes.
We provide applications of the obtained results to the uniqueness theorems for entire
functions and to the completeness of exponential systems in the space of analytic in a
circle functions with the standard topology of uniform convergence on compact sets.

Keywords: type of an entire function, upper and lower density of zeros, uniqueness
theorem, completeness of exponential system.



ISSN 2074-1863 Уфимский математический журнал. Том 8. № 1 (2016). С. 130-130.

CONTENTS

N.F. Abuzyarova
Some properties of principal submodules in the module of entire functions

of exponential type and polynomial growth on the real axis
pp. 3–14

E.O. Azizyan, Kh.A. Khachatryan
One-parametric family of positive solutions for a class of nonlinear

discrete Hammerstein-Volterra equations
pp. 15–21

S.N. Askhabov
Periodic solutions of convolution type equations

with monotone nonlinearity
pp. 22–37

V.F. Vil’danova
On decay of solution to linear parabolic equation with double degeneracy

pp. 38–53

S.A. Iskhokov, M.G. Gadoev, I.Ya. Yakushev
Garding inequality for higher order elliptic operators with a non-power

degeneration and its applications
pp. 54–71

A.A. Klyachin, I.V.Truhlyaeva
On the convergence of almost polynomial solutions of the minimal surface

pp. 72–83

A.R. Manapova, F.V. Lubyshev
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