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Abstract
For a system of second-order ordinary differential equations conditions of
linearizability to the form x” = 0 are well known. However, an arbitrary

linear system need not be equivalent via an invertible point transformation to
this simple form. We provide the criteria for a system of two second-order
equations to be mapped to the linear system of the general form. Necessary
and sufficient conditions for linearization by means of a point transformation
are given in terms of coefficients of the system. These results are illustrated
with a number of examples.

PACS number: 02.30.Hq

1. Introduction

Systems of second-order ordinary differential equations (ODEs) are of great interest and widely
applicable. They arise in theory of surfaces, mechanics (Euler—Lagrange equations, e.g., in
many-body problems), mathematical physics as symmetry reductions of partial differential
equations (PDEs), and in the context of integrable systems. Some of them are linear
(free-particle system, harmonic oscillator with time-dependent frequency) and simple for
integration. In applications, linear equations often occur in disguised forms; it is only after a
change of variables that the underlying linear structure of a nonlinear differential equation is
uncovered. There then arises the problem of transforming a given differential equation into a
linear one, which is called a linearization problem.

Linearization problems can be treated as a particular case of an equivalence problem.
Two systems of second-order ODEs

x" = filt,x,y,x',y), ' = folt,x,y,x',y) (1.1
are equivalent if there exists an invertible change of variables

B _ - 90, @1, 2)
f=9(f,x,)’)7 x:‘pl(thsy)v y:(p2([9x1y)v A:#
at,x,y)
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which transforms one system into another. As it was shown by Sophus Lie [1], many methods
of solving differential equations are equivalent to mapping a given equation into another one
with known properties (known solution). Linear systems are considered to be the simplest
class of easily solvable equations. Therefore, it is of interest to provide general linearizability
criteria for the systems of nonlinear ODEs.

Lie was the first to solve the linearization problem for a scalar second-order ODE
[1, chapter 14] (see also [2, 3]). For a system of two second-order ODEs, the following
result is well known [4-7].

Theorem 1.1. The system of two second-order ODEs (1.1) is reducible via a point
transformation (1.2) to the simplest equations
" =0, 3 =0 (1.3)
if and only if it has the form
x" =Ky +2Lx" +2My + Pix?+ 251X’y + Q1Y%+ x'(Vix"? + 2Vox'y' + Vay'?),
V' =Ky + 2Ly + 2Mox’ + Py + 25,x'y + Qax+ ¥ (Vix? + 2Vox'y' + Vay'™?),

with the coefficients K;, L, M;, P;, Q;, S;, Vo, V;, j = 1,2, depending on t, x, y, which satisfy
15 relations:

(1.4)

(1():0, (1120, (1220, (1320, (1720,

b() = 0, b] = 0, b2 = 0, b3 = 0, b7 = 0, ag — bg = 0, (15)
a4—2a5=0, 305—(16:0, b4—2b5=0, 3b5—b6=0,
where

ap = Vor — Viy = S1Vi+(P1 — S2)Vo + 02 V2,

ar = Vyu+ Q1 — Siy + 01(82 — P) + 81(S1 — Po) + (L1 + L) V2,

ar = Vo +Six — Py + 0102 — 8185 —2M Vi + QL — Ly) Vo +2M, Vs,
a3 = Q1 — My + Mi(S1 — Po)+ (Ly — L) Q1+ K1 V2,

ay = Sy — My, + My (Py — $2) + (Lo — L1)S1 + K1 Vo,

as =Sy — L1y — M\ S, + My Q1 + 3K Vo + 1Ko Vs,

ag = Py — Lay + M1 S, — My Q1 + K1 Vo + 3Ky Vs,

a7 =M — K1y — (L1 + Ly))M; + K1 S + K70y,

ag =L, — Kix — L% — M M, + K P+ K>S,

by = Voy — Vor = S5V + (P — S)Vo + 01V,

b1 = Vi + Qay — Sax + 02(S1 — P2) + 8$2(82 — P1) + (L1 + Lo) Vi,

by =Vor + 82y — Pox + Q102 — 818 —2Mp Vo + 3Ly — L) Vo + 2M 1 V1,
by = Qo — Moy + Ma(S2 — P1) + (L1 — L2) 02 + Ko Vi,

by = 8oy — My + Mr(Py — S1) + (L1 — L2) S + K3 Vo,

bs = Sy — Loy — MpS1 + M1 Q2 + K2 Vo + 1K1 V1,

be = Py, — Lix + MyS; — M1 Q2 + Ko Vo + 3K V4,

b1 = Mo — Koy — (L1 + L)) Mo + K25 + K1 Q2

bg = Ly — Kay — L3 — MiMs + K2 Py + K1 S

(1.6)

are the first-order relative invariants of the system (1.4).
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However, unlike a single equation, an arbitrary linear system may be irreducible by a point
transformation to the simplest form (1.3). One of possible reasons is that it can possess 5 to 8
or 15 Lie point symmetries [8], the maximum number being achieved by equations (1.3) [9].
Moreover, (1.3) is the unique system of two second-order ODEs (up to the change of variables
(1.2)) which admits a point symmetry group of maximal dimension [4]. Hence, it remains an
open problem to describe all nonlinear systems of two second-order ODEs reducible by an
invertible change of variables (1.2) to the arbitrary linear system.

Such general linearization criteria based on symmetry properties of the system (1.1) have
been obtained in [10]. They are stated as follows.

Theorem 1.2. System (1.1) is linearizable by means of a point transformation if and only if
it admits an Abelian Lie algebra L4 with the basis

X; =E)(t, x, y)8 + & (t, x, )y +EX(t, x, ¥)dy, i=1,...,4,
such that rank“éik || =2

Theorem 1.3. System (1.1) is linearizable by means of a point transformation if and only if it
admits a four-dimensional Lie algebra L4, with commutators [X;, X;] =0, [X;, X4] = X,
i,j=1,2,3.

These two theorems require calculating Lie symmetry algebra for equations (1.1), which
implies integrating a system of linear PDEs in functions £°, £!, £2. Note also the paper [11]
where a new method of linearization for a system of two second-order ODE:s is proposed.
First given the system (1.1) is reduced to a single equation in y(x) and then Lie’s theorem on
linearization of scalar second-order ODE is applied.

In this paper we provide general linearization criteria which, similarly to theorem 1.1,
solve the problem in terms of the coefficients of the system (1.4). As is noted in [11], if
the system (1.1) is linearizable, then it must be of the form (1.4) that is not changed by
any transformation (1.2). The outline of this paper is as follows. In section 2 the case of
transformation (1.2) with & = 6(¢) is studied. The case of arbitrary transformation (1.2)
(with 6, # 0 or 6, # 0) is considered in section 3. In section 4 our results are illustrated by
examples of a system of geodesic equations, a system of interacting particles and the stationary
reduction of the Heisenberg model and others.

2. Linearization by means of a restricted class of point transformations
First we solve the linearization problem when the function 6 in (1.2) depends on ¢ only.

Theorem 2.1. The system of two second-order ODEs is reducible via a point transformation:

=60, X=pi(t, x,y), y =@, x,y), A =@ 0oy — @102 70, (2.1)

to a linear system

' =piOF + @Y +L(OX +m (7)Y,

—n o= _— o o 2.2)
V' = p2D)y +q@O)x + L@y +ma(i)x

if and only if it has the form
x” = K] + 2L1x’ + 2M1y/ + P].X/z + 2S1x’y’ + Qly/z, (2 3)

V"= Ky + 2Ly +2Mox' + Poy”? +28:x'y + Q2x",
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with the coefficients K;, L, M;, P;, S;, Q5 j = 1,2, depending on t, x, y, which satisfy 20
relations:

a; =0, bj =0, j=1,....6 (2.4)

azy + (82 — Pr)ag + Si1(ag — bg) =0,  ag. + Qra7 — S1b7 =0,
ary+ (P, — Spa;+ Q1(ag —bg) =0, agy +Sa; — 01b; =0,
bix + (Pt — $2)b7 + Qo(bg —ag) =0, bg, — Qrar + S1b7 =0,
b1y + (St — Py)b7 + Sp(bg —ag) =0,  bgy — Sa7+ Q17 =0.

2.5)

Proof. Substitution of (2.1) into a linear system (2.2) yields the equalities
X'Qjx + Y iy + Qe+ 2X' P + 23 Py + X2k + 2V 0xy + V20 5y
+H(pj0' +0"/0) (@) + X' Qi+ 0 y) + ULig; +mjps)0”
+‘Ij((ﬂ3fj,z + x/(p37j,x + y/(p37j,y)s ] = 1’ 2.
Solving them for x”, y” one obtains the system of second-order ODEs with the same
dependence on x’, ¥ as in equations (2.3). Equating the coefficients of like powers of x’, y’
in this system to the corresponding coefficients of equations (2.3) one can find expressions
Qi = (pj0 +0"/0N¢;. +q;0'03_j; — Kigjx — K2y + (Ljg; +mj@3_ ;)07
Qiix = 2(pj0' +0"/0;  +3q,0'03_j« — L1¢jx — M2y,

Qiy = 3P0 +0"/0N0; \ + 19,0/ 03_j — Mg« — Lrg; . (2.6)
Qjxx = —P1ojx — 020;,y, Qixy = —=S190jx — 520y,
iy = —019jx — P29¢j y, j=12

for all second-order derivatives of the functions ¢, ¢,. Therefore, the system of second-order
ODE:s (1.1) is reducible by a change of variables (2.1) to a linear system (2.2) if and only if it
has the form (2.3) and the system of linear PDEs (2.6) is compatible.

In order to find the compatibility conditions we differentiate (2.6) with respect to ¢, x, y
and compare mixed derivatives of the third order of the functions ¢;, ¢,. This leads to 16
relations:

al(p‘,;x — bz(pj,y = O, a2<p‘,~,x — bl(pj,y = O,
a3Qjx taePjy = 0, bﬁ@jqx + b3(pj,y =0, (27)
aspjx +bspj, =0, as@jx +bapjy =0, J=12

(as — H/2+ (=1) a0 @; « + brgjy — a;j0%¢p3_; , =0,

a9+ (bs — H/2+ (—1)iag8?)g;y — ;020310 =0, j=1,2, 2.8)

where H = 60" /6 — %9”2/9’2 +a30”? and
@y = 3(py — ph) + 3 — 1) + §(p3 — pi),
ajz%q}—mj—%(p]+p2)qj, j=1,2, 2.9)
a3 = 3(p| + Py — q192) — i — L, — 1 (p7 + p3).

Note that from equations (2.8) formula

as+bs = H (2.10)
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follows. Equations (2.7) represent six algebraic linear homogeneous systems for ay, ...,
ag, bi,...,be with nonzero determinant A. They have trivial solution given by (2.4).
Differentiating equalities (2.8) with respect to x, y leads to four systems

(a7x + (82 — Pp)ag + Si(ag — bg))pj « + (bgx — Qra7 + Sib7)e;, =0,
(b7 + (P1 — 82)b7 + Q2(bg — ag))pj.y + (agx + Q2a7 — S1b7)@jx =0,
(a7y + (P — Sp)ar + Qi(ag — bg))pj « + (bgy — Sra7 + Q1b7)¢pj, =0,

(b7y + (81 — P2)b7 + Sa(bg — ag))@;.y + (agy + Sra; — Q1b7)g;. = 0, =12
Their solution is trivial too and yields relations (2.5). Thus, we have obtained compatibility
conditions (2.4) and (2.5) for the system (2.6) and this completes the proof. U

3. Linearization by point transformation of the general form

The main result of this paper is stated as follows.

Theorem 3.1. The system of two second-order ODEs (1.1) is linearizable by a point
transformation (1.2) with 0, # 0 if and only if it has the form (1.4) with the coefficients
satisfying the conditions: (1) either

rank B = 0, 3.1
where B is 6 x 3-dimensional matrix with elements
By = —ao, By = by, B3 = ;(by — ay),
By = by, By, = 1(ax +3by), By; = 1(bg +5bs) — by,
By = 1(3as + by), By = a, Bs3 = 1 (a6 + 5as) — aa, 3.2)
B4y = b3, By, = 3 (3bs — be), By3 = by, .
Bs; = 1 (3as — ae), Bsy = a3, Bs3 = ay,
Bg1 = ;(3bg — bs) — bs, By = j(as — 3ag) +as, Bez = ag — bs,
and then the system (1.1) is linearizable to the simplest form X" =0, y" = 0;
(2) or rank By = 1, rank B, =1, rank By =1, 3.3)

where B is the first column of matrix B, B; is 6 x 2-dimensional matrix, which consists of the
first and the second columns of B, B3 is 6 x 2-dimensional matrix, which consists of the first
and the third columns of B and following relations hold:

Bj1(Bj3,y — Bjo;) + Bja(Bj1; — Bjzx) + Bj3(Bj2x — Bj1,,) =0, j=1,...,6, (3.4

B}\Bj3; — Bj1Bj3(Bj1; + Bj3x) + Bj3Bj1« + K1 B}, — 2L B} Bj3
+P\Bj1B}; — ViB}; + Bjs(Ky B} — 2M, B}  Bj3 + Q2 B5) =0,
B} Bjs, — Bji1(Bj3Bj1., + Bj2Bj3) + BjxBj3Bj1 « + M| B},
— S1Bj,Bj3 + VoBj1 B}y + B},(Q2Bj3 — M3Bj))
+Bjy((Ly — L) B} + (P — $)Bj1 Bjs — ViB%) =0,
sz'lBjZ,y — Bj1Bj2(Bj1,y + Bja.x) + sz‘szl,x + QlB]3'1
+(P, —28)) B}, Bjs + (P, — 25,)B;1 B}, + 02 B,
— Bj3(VaBj, —2VoBj1Bjz + V1 B},) =0, ji=1,...,6, (3.5)
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Bj1[2bs; — by + bg, — agy — b7y + K1by — Ky B3; +4MyBs; — 20»ay
— (L1 + Ly)Besi + Sa(ag — bg) + (P> — 381)b7] + Bj3[bsy — 3bs, +4Vyb7]
+ Bj3[5b7, — 3b3; + 4M3 By + Qa(bg — ag) + (P1 — 582)b7] = 0,
Bj1[B13, + B33 x + Ban,y — K1ag + Q103 +4Via; +2Vo(bg — ag) — 2V,b7]
+ Bja[—1by — bay + (Py — S1)bs + S2(Be1 + Baa) + 2V, (b — ag) — 2Vyb7]
+Bj3[2a0, — ar + b1y +4L1ag — 2Maby — Qzay + Siby — Prax] =0,
Bj1[2a4; — asy — agx +2K2bg — 205a3 — 2Viaz + 2V, bq]
+ Bjs[b1; +2bsx — bsy — by — 28103 +2(Py — 83) Bap + 2V (ag — bg)]
+ Bjs3laz, + by — b1y +2(Ly — L1)ag +2Q2a1 +2(S2 — P1)Bi3] =0,
Bji[bsy — by — a1, + (La — 3L1)by + Q1b1 — S2a; + (P2 — S1) B3; + Vias]
+ Bjslase — bay — 4Mrby — 2Vab3 — 2Vo(Be1 + Ba3) + Vi(2as — ay4)]
+ Bj3[3agy + Sbo, + (P +382)by + Vab1] =0, j=1,...,6, 3.6)

Bji[ao +box + (L1 + Ly)ag + Siby + Srby — 3 Pi(az + b)) |
— Bj[bix + Q2Bnl + Bjz[Vi(az + by) — 2Vob1] = 0,
Bjilaoy + 3bo, + (P2 — S1)ag + (382 — P1)bg + V2b1]
+ Bjs[2a0x — 20209 — 2Voby + V1 B3] = 0,
Bji[b3; — 3b7, + Koby — (L1 + Ly)b3 + (Py + 82)b7]
+ Bj3[2b3, — 2M>b1 + Q2Bo3 — 2V1b7] =0,
Bji[b3y + b4y — 2bs, + (Ly — L1)by + (S1 — P2)b3] + Bj3[ (382 — P1)bs — 2M»b,
+ Q2(Bg1 + By3)] + Bj3[b1y, — ViBy + (P — $2)b1]1 =0,
Bj1[3b1: + bax — 2bs, — Kaag — Sy1b3 +2Vob | + Bj3[1b1x + 2Maag + Q2 B3]
+ Bja[b3, + (P1 — 82)b3 + Q2 By — 2V1b7] =0,
Bj1[3b1y — bax + (L1 — La)ag — 2Moby — Vabs]| + B[ 314 + 2Vobs — Vi By |
+ Bj3[—aox + (52 — Pr)ag +202by — V1 B3] =0, j=1...,6. (3.7)
Proof. Substituting (1.2) into a linear system (2.2) one obtains a system of second-order
ODEs with the same dependence on x’, y" as in the system (1.4). Equating corresponding

coefficients of x’, y’ from these two systems to each other leads to 15 relations. When 6, # 0
they can be solved for the following derivatives of ¢y, ¢, 6:

Qjx = Vigji + QFy — P)@j .« — 029, +2X 6, + Z;67,

Qixy = Vouj+ (F2 — SD@jx + (Fo — 2oy +(X;0, +Y;0,) + Z;0.0,,

@jyy = V20jr — Q1@+ QF — P2)gjy +2Y;60, + Zjeyz.,

Qjix = Fogj+(F1 — LD)@jx — Myp; , + (T;j0 + X ;60,) + Z;0,0,,

Qjy = — M@+ (F1 — L), + (Y6, +T;0,) + Z,;0,6,,

@i =2F19;,— Ki; . — Kap; , +2T;6, + Z;6}, i=12, (3.8)
O = 2F10, — K160, — KaBy, 6y = Fo6, — Mi6, + (Fy — L6,
O,y = Vol — Q16 + (2F; — P2)b,.

(3.9)

6
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Here we use the notation

F() = %G;I(Gxx - Vlel + Plex + Q29y)v F = e;l(elx - FOOI +L19x + MZG)')a
Fy = 07" (0xy — Vobr + 10 + (S2 — Fo)by), T, = %(pj‘pj,t +q;03—j+),
X;=35(pj@jx +4;93-j) Y= 35(pj@iy+4i93-j);

ijlj(pj+mj(p3_j, j:l,z

Therefore, an invertible change of variables (1.2) with 6, # 0 turns the system of second-order
ODE:s (1.1) into a linear system (2.2) if and only if the system (1.1) has the form (1.4) and the
system of 15 PDEs (3.8) and (3.9) is compatible. Further, we find the compatibility conditions
for this system.

Differentiating (3.8) with respect to t, x, y and (3.9) with respect to ¢, y one can calculate
the derivatives ¢y ;xy, ¢2,xy in three different ways and other mixed derivatives in two ways.
Comparing them and using expressions (3.8) and (3.9) for the second-order derivatives of ¢,
@2, 0 gives rise to 18 relations. Their linear combinations take the form of two linear systems
for 6, /6y, 6, /6,:

Bj16,/6; = Bjs, j=1,...,6, (3.10)

Bj16,/6, = Bj, j=1,...,6, (3.11)
three relations for the derivatives 0y, Oy, Oxxy
2Gg = —30; — by, Gy = —a30,0, — b16,/0, +bs +bs, Gy = —a30,0, —by, (3.12)
and three equations
ag = A71073 (b3 Moy M3y + by (May Mz + MazM31) /2 — agMaz Ms3),
ar = A0 (ao M3, — by M3 Maz — bsM3,), (3.13)
ay = A0 (b3 M3, + by May Moz — agM3;),

where coefficients Bj; are given by (3.2), M;; denotes the minor of the corresponding element
in Jacobi matrix of transformation (1.2), o;(#),i = 0, 1, 2, 3 are given by (2.9) and

Go = Fox — F; + PiFo+ Q2 F> — Vi, — (L1 + F) V) — My Vy,
Gi = Fix + (L — F))Fo+ MyFy + bg — YK\ Vi — 1 K2V + Gob, /6x + b36, /6,
Gy =Fp + (81 — ) Fo+ S F, — Vo, — M1 Vi — (Lo + F) Vo + aot; /0, + Goby /6,

According to the Kronecker—Capelli theorem the system (3.10) is consistent if and only
if rank By = rank B; while the system (3.11) is consistent if and only if rankB; = rankB,. It
is possible when either rank B = 0 or relations (3.3) hold.

First consider the case of rankB; = 1, i = 1, 2, 3. Compatibility conditions of systems
(3.10) and (3.11) arise as difference of equations (3.11) differentiated with respect to ¢ and
the corresponding equations (3.10) differentiated with respect to y. These conditions take the
form (3.4) when 6, 0,, are eliminated using relations (3.10) and (3.11) differentiated with
respect to x. Equalities (3.5) arise in a similar manner as compatibility conditions of equations
(3.10) and (3.11) with equations (3.9).

Equalities (3.6) are obtained as compatibility conditions of equations (3.9) and (3.12) in
the following way. The second and third equations (3.12) differentiated with respect to ¢, y
are solved for the derivatives 0;;xy, 0;xxy, Oxxyy and compared with the same derivatives arising
from expressions (3.9) differentiated twice with respect to x. After replacing the derivatives
of 0 by virtue of (3.9)—(3.12) these relations take the form (3.6).
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Differentiation of relations (3.13) with respect to ¢, x, y, elimination of «y, o, &5 and
substitution of second-order derivatives of the functions ¢, ¢,, 6 by virtue of (3.8)—(3.11)
lead to equalities

ao; + by — b1:6, /0, +agHy — b1 Hy = 0,

oy +3boy + 200,60, /6, +agHy — b1 Hy = 0,

by — 3bys + 2b3.6, /6 + by Hs — by Hy = 0, 3.14)
b3y +bsy — 2bs, + b1,6; /0 + b1 Hs — b3 Hy, = 0,

5b11 + bay — 2bs, + 5b1,6, /6y + b30, /6, + bsH; — agHs = 0,

1biy — bax + 3b1,0y /60, — ao.0, /6 + bsHy — agHe = 0,

with the coefficients
Hy =Ly +L,— (P +5)6,/0, +2V6] /0,
Hy = Py — i+ (P; — 35,)0,/0, + 20,6} /67,
Hy = —S; + (Py — $2)0y /0, + 026; /67 +2V06, /65 — 2V16,6, /67,
Hy = =V, + 2V, /6, — V16} /67,
Hs = Ky — 2Ma6, /6, + 026} /67,
Ho=L,— Ly + (P — $)6,/0, — V16} /07 — 2M>0, /0, +20,6,0, /0.

Using (3.10) and (3.11), equalities (3.14) multiplied by B;; are changed to relations linear in
6;/6x, 6, /0, and then to the form (3.7).

It remains to find compatibility conditions for equations (3.12). One should differentiate
the second and third equations (3.12) with respect to x, the first one with respect to ¢, y and
compare the derivatives 6;,,, and 0y, Oy.xx and Oy,,,. This yields the equalities which hold
identically, taking into account (3.9)—(3.11) and (3.14).

For the case of rankB = 0 equations (3.10) and (3.11), compatibility conditions for
equations (3.12) as well as for equations (3.9) with (3.12) become identities. The right-hand
side of relations (3.13) vanishes. Thus, the system (1.1) is reducible to a linear system, which
satisfies the conditions o9 = 0, @y = 0, ap = 0. From the results of [9] (corollary 1 of
theorem 2) it follows that in this case the system (1.1) is linearizable to the form x” = 0,
y" =0. O

Remark 1. To prove linearizability of the system (1.1) via a point transformation (1.2) with
0y # 0 it will suffice to make the substitution ¥ = y, y = x into this system and then apply
theorem 3.1

Remark 2. Conditions (3.4)—(3.7) are rather cumbersome, but they can be programmed in any
symbolic package such as Maple or Mathematica. Moreover, to establish nonlinearizability
of systems (1.1), for the most part it is sufficient to check conditions (3.3) only. Examples 3
and 5 illustrate this in the next section.

For the case of linearizability by transformation (1.2) with 8, # 0 condition analogous to
condition (3.3) looks like

rank B, = 1, rank By = 1, rank Bs = 1, (3.15)

where By is the second column of matrix B, Bs is 6 x 2-dimensional matrix, which consists
of the second and the third columns of B. Condition (3.15) for the system (1.1) becomes
condition (3.3) for this system rewritten in variables X = y, y = x.

8
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If given the system (1.1) is linearizable, then there are two ways for finding the
corresponding transformation (1.2) (or (2.1)). The first is to integrate the compatible system
of PDEs (3.8)—(3.13) (or (2.6), (2.8)). The second is to calculate Lie symmetry algebra of
the system (1.1), find a four-dimensional subalgebra satisfying theorems 1.2 or 1.3 and then
construct the change of variables which maps this subalgebra to one of realizations given in
[10, sections 3—4].

4. Applications

Now consider a few examples to illustrate the theorems.

Example 1. In [12] while studying the movement of zeros for a linear PDE, a system of
n second-order ODEs has been obtained. It may be treated as a system which represents the
motion of n interacting particles. For n = 2 it takes the form of equations

x" = By+Bix — Ex' + (x — y) "' [2(Ag + A1 x + Axx® + Asx?y) +2xy
— (Do + D1x)(x" +y") — Dax(xy’ + yx)],

“.1)
¥ =Bo+Biy — Ey +(y —x)"'[2(Ao + A1y + Aoy” + Azxy?) +2x'y/

— (Do + D1y)(x" +y") = Day(xy" + yx')],
with constant parameters Ao, Ay, Az, A3, Bo, Bi, Do, D1, D,, E. For the system (4.1) only four
coefficients (1.6) are nonzero:

. )\.0+)\.1X+)\2x2 )\.0+)\.1X+)L2xy

= y = M+ y
T CERTTUG

_).0+)\.1y+)\2y2 be = A )\.0+)\.]y+)\.2xy

7T= T . < > §=A3+ — T,
4(x —y) 4(x —y)

where Ao = D()(Dl + 2E) — 430, A = D](Dl + 2E) — 4Bl, Ay = DZ(DI + 2E) + 8A3,
A3 = (DgDy — E*)/4 — 2(A, + By). It is readily verified that the system (4.1) satisfies all
conditions (2.4) and (2.5) of theorem 2.1. In variables X = x + y, y = xy it becomes

X" =—=(D1+ E)X' — Dy + (2A,+ B))X +2A3y +2A,,
)_/// = Do)_C/ — E)_)/ + Byx + 2(A2 + Bl)y —2Ay.

Moreover, if Ag, A1, A, are equal to zero, then the system (4.1) satisfies conditions (1.5) of
theorem 1.1. In this case let us find transformation (2.1) linearizing (4.1) to the form x” = 0,
3" = 0. Coefficients (2.9) equal to zero and the system (2.8) reduce to (2.10):

29/6/// _ 39//2 — 4)»39/2. (42)

Equation (4.2) has a particular solution 8 = tan\/A3¢, 0 = tanhy/—A3t or 6 = t for A3 positive,
negative or zero, respectively. The last three pairs of equations (2.6)

Pjxx = 07 Pjxy = ((Pj.,y - (pj,x)/(x - )’)» Pjyy = 07 ] = 17 2a
have the solution ¢; = o;(t)xy + B;()(x +y) + y;(t), j = 1,2. The remaining
equations (2.6) take the form

20 = (0"/0' + E)a + Dy, 28 = ©"/9'+ D+ E)B — Do,

" It “4.3)
V4 —)/9 /9 +2A00[—2A1ﬂ,

where we omit the lower indices for o, B, y. For a given 6 = 6(¢) let («;(¢), B;(t)), j = 1,2
be the fundamental system of solutions of the first two equations (4.3). Then it is not difficult

9
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to find corresponding particular solutions y; (), y»(¢) of the last equation (4.3) and thus obtain
the linearizing transformation (2.1).

Example 2. In [13] all systems of two second-order ODEs admitting real four-dimensional
Lie algebras are classified. Consider one of them, which is not decoupled and has the form
(1.4) (cf system A% in [6])

X+ f)E+ 1Dy =0, Y+ (FO)x +g())y? =0. (4.4)

For these equations all coefficients (1.6) vanish except for a; = —by = (f' — fg)/2. Matrix
B has two nonzero elements (3.2) By; = by and Bys = az. If we have f(y) = 2exp F(y),
g(y) = F’(y) with some function F(y), then a3 = 0, by = 0 and the system (4.4) satisfy
condition (3.1) of theorem 3.1. Therefore, it is linearizable to the form x” = 0, y" = 0 by a
point transformation (1.2) with 6, # 0.

If /" — fg # 0, the system (4.4) does not satisfy condition (3.3) of theorem 3.1, but it
satisfies condition (3.15). Interchanging x and y one obtains the system (with b3 = —ag # 0),
which satisfies all conditions (3.3)—(3.7) of theorem 3.1. It means that the system (4.4) is
linearizable by a point transformation (1.2) with 8, # 0, 6, = 0. It is not difficult to see that
simple change of variables

=y, X=x, y=t

turns the system (4.4) into a linear system

¥ =gOx - fDF, ' =g@®y + f(OX.
Now let us find transformation (1.2) linearizing the system
x"+2eF V% + 1)y =0, V' 4+ 2x'ef + F'(y)y =0 4.5)

to the form x” = 0, y” = 0. The first equation (3.12), 26,,, /6, — 36‘3)(/93 = 0, is satisfied,
for example, by linear function in x. Substitution of 8 = x + 72 (y) into equations (3.9) and
remaining equations (3.12) leads to a single relation Q' = (1 + 2) exp F(y). Equations (3.8)

become
Pjxx = 0, Pjxy = eF(Q(pj,x - ‘Pj,t)s Pjyy = (F'+ 296F)‘/’j,yv
@i =0, Py =" (Qp; +9¢)x), @jn =0, i=12.

Their particular solution is given by ¢; = t — xQ2(y), ¢2 = Q2(y). Thus, the system (4.5) is
mapped to equations (1.3) by the transformation

T=x+1Q2(y), F=1—x2(y), 5 =Q(>), Q(y) = tan (fe”—")dy).

Example 3. As is shown in [14], the Heisenberg model S; = S x S, 512 + S22 + S32 = 1via
the transformation

2 2uv u—v
S1= , 2 = , 3=
u+v u+v u+v
reduces to the system
2 2
2u; 2v;
Uy = Uxx — s —V; = Uxx — .
u+v u+v
The system of two second-order ODEs
2u” 207
u = , v = (4.6)
u+v u+v

10



J. Phys. A: Math. Theor. 43 (2010) 465201 Y Y Bagderina

describes its stationary solution. Equations (4.6) admit five-dimensional Lie algebra Ls with
the basis [15]

X1 =0, Xo=x3, X3=0,—0, Xis=ud,+vd,, Xs=u’d,—v°0,.
The nonzero commutators are
[X1, X5] = Xy, [X3, X4] = X3, [X3, X5] =2X,4, [X4, X5] = Xs.

To establish nonlinearizability of the system (4.6) we can use theorems 1.2 or 1.3. But in
this case we need to prove that algebra Ls does not contain subalgebra L4 or L4 (up to
transformations of the basis of Lie algebra).

Here it is easier to use theorems 2.1 and 3.1. For the system (4.6) the only nonzero
coefficients (1.6) are a, = by = 2(u + v)~? and condition (2.4) of theorem 2.1 is not satisfied.
The nonzero elements (3.2) of matrix B are By, = By, = 2(u + v)~2 whence it follows that
rank B, = 2. System (4.6) does not satisfy condition (3.3) of theorem 3.1 or condition (3.15)
either. Hence, it is not linearizable.

Example 4. System (4.6) belongs to the class of equations
X = Pi(x, px +281(x, px'y + Q1(x, y)y7?,

" ! 14,/ /. 4‘7
¥ = Palx, )y + 28:0x, y)x'y + Qa(x. y)x, @D
which one can associate with geodesic equations
d2 i - d j d k
T S, i jk=1,2. (4.8)

- 4+, —

d2 K dr dr
If we set (x',x*) = (x, y), then the coefficients of projective connection I'?; are related to
coefficients of the system (4.7) as follows:

Fy=-P, Th==8, Ip=-01, TIfj=-0, TIh=-5 TIy=-".
4.9)

For the system (4.7) nonzero coefficients (1.6) are

a1 = Qix —Siy, + Q1(S2 — P+ 81(8S1 — P2), ay=S8i1x— P, + 0102 — 515,

b1 = Q2 — Soc + Q2(S1 = P) + 52(S2 — P1), by =83 — Por + 0102 — 515.

If aj, ay, by, b, vanish, then the system (4.7) satisfies theorems 2.1 and 1.1. It is mapped to
the form x” = 0, ¥ = 0 by the transformation 7 = ¢, ¥ = ¢;(x,y), ¥y = ¢2(x, y), where
©1, ¢y are functionally independent solutions of the compatible system of equations (cf [16,
theorem 1]):

(4.10)

(pxx+P1(px+Q2(py =0, (pxy+51§0x+52(py =0, (pyy+Q1§0x+P2(py =0. (411)

The explicit procedure for constructing this linearizing transformation is given in [7, 16].

For the system (4.7) matrix B is given by

0 b Bay+b))/4 0 0 0
BT = 0 (ar +3by) /4 a 0 00
(by — @) /4 0 0 00 0

and condition (3.3) of theorem 3.1 is satisfied if and only if the relations
b2 = day, a1b1 — a2b2 = O, b] 75 0 (412)

11
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hold. In this case equalities (3.4) hold identically, (3.6) and (3.7) provide the relations

b1y — ay + S1b1 + (S — Pr)as — Qra1 =0, biaix — axbyy =0, “13)
azy — aiy + Q1b1 + (P, — S1az — S2a1 =0, aay — aibyy, =0 .
and (3.5) become identities by virtue of (4.12) and (4.13).

In order to find linearizing transformation (1.2), we note that for the system (4.7) relations

Fo = (Oxx +2P10; + 020,)/(20,), F, =0, F, = Fy0, /6,
G0= FOx —F02+P1F()+Q2F2, G1 =0, G2 =2G09y/9X
hold and the system (3.9)—(3.12) reduces to simultaneous equations
6, =0, b0, — ax, =0, 20,01 /0c — 302 /6% + 2302 +2b) + 2P,
+ PP — 20581 +2(Qax + 02(2P) — $2))az /by +303a1 /by =0 (4.14)
in the function 6. From the last equations (3.8), ¢;;, =0, j = 1, 2, we have
e =1tBi(x,y)+vyx,y), j=12.
Then equations (3.8) with ¢; ;«, ¢; ;, reduce to
Bjx = FoBj+ (piBj+q;B3-j)0x/2, Bjy = Bjxty/bx, j=12.
We can take the linearizing transformation in the form
r=06(1), X =tB(1), y=v(x,y)), (4.15)
where 7(x,y) = const provides the general solution of ODE dx/dy + a»/b;y = O,
0,yy — 6yyx # 0 and functions 0, B, y are the solutions of equations (4.14) and
B: = (Fo+ p16:/2)B, Ver = 2Fy — PO)yx — Qayy + 26y + 16y,

Yoy = (F2 = S yx + (Fo — $2)yy + p2(Oxyy + 0yv0) /2 + 0.6, y,

Yoy = =01x + QF2 = Py, + pa6,y, + b6} y.
System (4.7) satisfying conditions (4.12) and (4.13) is mapped by transformation (4.15) to a
decoupled linear system.

Remark. While the system (4.7) satisfying (4.12) and (4.13) is not reducible to the simplest
equations X" = 0, y” = 0, in this case in the system (4.7) an equation X" = 0 separates
in variables 7 = ¢, X = ¢(x, y). Function ¢(x, y) should satisfy equations (4.11), whose
compatibility conditions by ¢, — ax@x = 0, bog, — a;¢x = 0 coincide by virtue of (4.12).

Example 5. Consider two-dimensional space with the metric g(x', x?) defined by symmetric
nondegenerate matrix g;. Then the coefficients of geodesic equations (4.8) are the Christoffel
symbols given in terms of the metric tensor g;; as

T = 38" (8jmk + &km.j — Zjkam)- (4.16)

where the ¢ ;” stands for the partial derivative with respect to % and g¥ is the inverse matrix for
gii- The Riemann curvature tensor is defined by

R;’kl = F;’l.k - F;’k,l + Finkrﬁ - anlr;nlw 4.17)
Substituting (4.16) into (4.17) and comparing with (4.9) and (4.10) it is readily seen that for
a system of two geodesic equations we have
- N
227 a7
A=g1180—8gh A=2A(gn2+8n11 —2812.12)
+211(8222(2812.1 — 811.2) — 8521) + 82 (81128122 — 822.1) — &112)
+812(811,2822,1 — &11,18222 +2812,1822.1 + 281228112 — 4812,18122)- (4.18)
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The following question naturally arises: is it possible to reduce the system of geodesic
equations (4.8) to a linear system that is not equivalent to the simplest equations

d?x!

dr?
To find the answer we should check conditions (4.12) and (4.13) for the system (4.8). The
first condition (4.12), b, = a,, is obviously satisfied. Substitution of (4.18) into the second
one, a1by — a,b, = 0, yields the relation A/4A = 0, whence it follows that a;, a,, by, b,
vanish. But in this case the system (4.8) satisfies theorem 1.1 and, therefore, is reducible to
equations (4.19). Thus, in metric space the only possibility for a system of two geodesic
equations is the linearization to the form (4.19) provided the Riemann tensor is zero. This fact

that the space is flat if and only if the Riemann tensor vanishes is well known (see, e.g., [6, 7,
16)]).

=0, i=1,2. (4.19)

5. Conclusion

In this paper we study nonlinear systems reducible to arbitrary linear systems, which may not
be equivalent to the restricted class of equations x” = 0. The importance of this problem has
been noticed, for example, in [7]. Here we prove general linearizability criteria for a system
of two second-order ODEs, which are given in terms of coefficients of the system. A similar
problem for a system of three second-order ODEs remains open.

One of the possible applications of our results may be a further extension of the method
of finding sequentially linearizable systems proposed in [11]. Applying this method to the
systems of three second-order ODEs, first the number of dependent variables of the system
should be reduced, then the linearization criteria (theorems 1.1, 2.1 or 3.1) may be used for
the reduced system of two equations.

In the paper it is shown that the class of systems of two second-order quadratically semi-
linear ODEs involves the systems which, being linearizable, are not reducible to x” = 0.
However, it is established that such systems cannot be treated as systems of two geodesic
equations in metric space. It is shown that systems of two geodesic equations may be
linearizable only to the form x” = 0. The study of the linearization problem (as in section 4)
for systems of n geodesic equations remains an open problem.
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