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Abstract

We consider a family of third-order ordinary differential equations (ODEs)
with the cubic nonlinearity in second-order derivative, which is closed with
respect to contact transformations. Using Lie’s infinitesimal method we
construct the basis of differential invariants for this family of equations and
the operators of invariant differentiation. Invariants provide a simple way of
finding the equations, which may be equivalent to a given nonlinear ODE and
the transformation connecting two equivalent equations. Some examples are
given to illustrate the results obtained in the paper.

PACS numbers: 02.30.Hq, 02.30.1k

1. Introduction

It was noted by Lie [1] that the family of third-order ordinary differential equations (ODE:s)
3Ry, Y)Y 4300,y ¥y + Py y) (D)

is closed with respect to an arbitrary invertible contact change of variables

Y= S0x,y, ¥y

X=0(x,y, ), y=W¥(x,y,y), y =Qx, y,¥), ()
Q= DV/Do, (W, + Y W) D, — (D +y' D)Wy = 0. 3)

Here D = 9, +y'9, + y”9, +- - - is the operator of total derivative and the subscripts stand for
partial differentiation.

Transformation (2) is an equivalence transformation for equation (1). It relates equation
(1) to an equation of the same form

7' =583 5,557 + 3R, 5,7)5"7 +30(F 5, 305"+ PE.5.7), @)
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where the functional dependence of the coefficients P, O, R, S on X, 3, ¥ may be different
from that of P, Q, R, Sonx, y, ¥’ inthe ODE (1). Similarity reductions of partial differential
equations (PDEs) often lead to ODEs of the form (1). However, it is not always evident how
to integrate these ODEs. One way is to find another equation (4) with a known solution, which
is related to the given ODE (1) by an invertible transformation (2). This equivalence problem
may be solved by use of the invariants of the group of contact equivalence transformations of
the family of equations (1). These invariants are usually referred to simply as invariants of
the corresponding family of equations. Equations (1) and (4) are equivalent with respect to a
contact transformation (2) iff all their invariants are equal.

There are two systematic approaches to the equivalence problem for differential equations:
Lie’s infinitesimal method and Cartan’s equivalence method. But most of the authors applying
Cartan’s method [2] do not provide explicit formulas for invariants of the families of equations
under study, except perhaps the paper [3], where the equivalence problem is solved explicitly.

Lie’s infinitesimal method is more widely used [4]. Based on ideas outlined by Lie [5],
this approach has been developed in Ovsyannikov’s book [6] for infinite Lie groups and has
been applied later in [7] to equivalence transformation groups. The group of transformations
can possess infinitely many differential invariants [6]. As follows from [6, 8] there exists the
finite basis of differential invariants such that all other higher order invariants of the group are
obtained from the basis ones by algebraic operations and invariant differentiations. The order
of an invariant / is defined by the highest order of derivatives of functions P, Q, R, S with
respect to x, ¥, y" involved in 1. Operators D of invariant differentiation satisfy the condition:
if I is an invariant of equation (1), then DI is its invariant too. The number of independent
operators of invariant differentiation coincides with the number of variables on which depend
the arbitrary elements (functions P, Q, R, S) in equation (1).

The linearization problem is a particular case of the equivalence problem when one of
equations (1) and (4) is linear. It has been studied in detail in [9, 10]. Linearization criteria
for the third-order ODE (1) have been obtained in [9] by Cartan’s method and then in [10]
by direct approach. The problem of equivalence to Chazy equations with respect to point
transformations (when ®,, = 0, ¥,y = 0 in (2)) is solved in [11] for a particular case of
equation (1) corresponding to S(x, y, y') = 0.

The outline of the present paper is as follows. In section 2 we apply Lie’s method
to construct the basis of third-order invariants of equation (1) and find three independent
operators of invariant differentiation. In section 3 several examples show how the invariants
can be applied in solving the equivalence problem. Concluding remarks are made in
section 4.

In the calculations presented here, we have used computer algebra tools for checking
the results obtained and some tedious computations. Finally, expressions (7)—(12) have been
written in the Maple package, and the invariants in all examples of section 3 have been obtained
by substituting the concrete functions P(x,y,y’), Q(x,y,y), R(x,y,y), S(x,y,y") into
these formulas.

2. Invariants of equation (1)

The nth-order differential invariant / of equation (1) is found from the invariance criterion
X1 = 0[6], where X is the generator X of the group of contact equivalence transformations
of equation (1) extended to the derivatives of P, Q, R, S up to the nth order. In our study
of invariants of equation (1), we use two results established in [10], which may be stated as
follows.
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Lemma 1. Generator X of the group of contact equivalence transformations of equation (1)
has the form

X = —wydy + (w — y'wy)dy + (wy + y'wy)dy +7dp +kdg + pIg + 0 s, 5)

where w = w(x, y, y') is an arbitrary function known as the characteristic function of the
group of contact transformations (2), w, k, p, o dependon x,y,y', P, Q, R, S as

7=dw-30dw+P@3 d(wy) +wy), 0 =wyyy —SGd(wy) +2wy) +3Rwyy,
K = dz(wy/) +d(w,) — 2R d>w+ 0 d(wy) + Pwyy, (6)
o =d(wyy) +wyy — S d®w — R(dw)y +2Qwyy, d=0,+y0,.

Lemma 2. Egquation (1) does not have nontrivial algebraic invariants and differential
invariants of the first and the second order.

Therefore, we should search the third-order invariants
I('xa ya y,7 Pa Q7 R7 Sa Px’ Py9 Py/a cet Sy’a Pxxa cet Sy’y’a Pxxx’ MR Sy/y/y/)

of equation (1). For the most compact representation of results, we use so-called pseudovector
fields [12], which depend on the derivatives of P, Q, R, S of the first order

a=S8+yS, —Ry+20S —2R?, B=R.+YR,— Qy+PS— QOR, o
y=0:+yQ,— Py+2PR — 202,

second order

Ay =ay +2Ra — 258 +25,, Ay =ay+y'ay,+2Q0a — 2R + 2Ry,

By =By + Qa — Sy +2R,, B, =B +y'By+Pa— Ry +20,, )
' =yy+208 —2Ry +20,, [ =y +yyy +2PB —2Qy +2P,,

A():Az"rZBl, B[)=2B2+F],

third order

M, =A1y/+3RA1 — SAy, M2=A1X+y/A1y+3QA1 — RA,,

M5 = A()y/ + 3QA1 + RAy — 25 By, My = Aoy + y/A()y +3PA, + 0Ap — 2R By,

Ms = BOy’ + 2QAO — RBy — 38T, Mg = By + y/BOy +2PAy — 0By — 3RTI,,

M =Ty + QBy — 3RT, Mg =Ty, +y'Tay + PBy — 30T, ©)
Ly = Ay + 3(aAo — 3BAY), Ly = Aoy +aBy — 5(BAo +3y Ay,

L3 = Boy + 1(3al> + BBy) — v Ao, Ly =Tsy + 3(3BT2 — v By)

and their combinations: the relative invariants

a=3A By — A}, b=9AT, — AyBy, ¢ =3A¢T, — B2,

jo =3cL, —bLy+al;+ %A](?)MzMg + My(M7 — Mg) + Ms(Mg — 2M7))
+ 3 Bo(3M  Ms + 6My(Ms — My) + M3(My — 2Ms)) + 3 Ao(M3 — 2M>) M7 — My My)
+3A0(2M7 — 2MyMs + M2 — M3Mg) + 3T (6M3 — 3MoMs + M3 — My (M4 + Ms)),

3
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Jji =cLy—bLy+3aLy+ 3T2(2M, — M3)My + (M3 — My)Ms — 3M, My)
+ 5 Ao(M(2My — Ms) + 6M7(Ms — My) — 3M3Myg) + 3 Bo(My Mg + My (2M7 — Ms))
+1Bo(M3Mes — M3 +2MyMs — 2M2) + 3 A, (M4 + Ms)Ms — M} + 3MeM7 — 6M3),
J3 = AoM; — 3A 1 M,, Ja=2BoMi + Ag(M3 — 2M>) — 3A My,
Js = 302M1 + Bo(2M3 — My) + Ag(Ms — 2My) — 3A1 M,
Jo = 3T2M3 + Bo(2QMs — My) + Ag(M7 — 2Ms) — 3A1 My,

J1=302Ms + Bo(2M7 — Me) — 2A0 Ms, Js = 32 M7 — BoMs,

i1 = 10Bgjz —4Aojs +3A1 s, ir =302 /3 +2Boja — 5A0js + 9A1 je,

i3 = 6I"2js — Bojs — Aoje + 6A1 7, ig =9 js — 5Bojo +2A0j7 + 3044 Js,
is = 32 j6 — 4By j7 + 10A¢ js,

ki = 4T'5i1 — Boir + 2Agiz — Ajig, ko = Thinr — 2Bgis + Agis — 4Aqis,

k3 = 5(3T2b — 2Boc) My + 3(Bob — 6T'2a) 2M, + M3)

+(Aob — 6A1¢)(4My + Ms) + (3A1b — 2A0a) (2Ms — M7),
ks = (3T2b — 2Byc)(2M3 — My) + (Bob — 6T2a) (M4 + 4Ms)

+3(Aob — 6A10) (Mg +2M7) + 5(3A1b — 2Aa) My

(10)

and
Ji = cBMy — M3) + b(Ms — M) + a(Me — 3My), J, =3I1L1 — ByL,

+ ALz — 3A Ly — M{Mg — 2M, M7 + MyMe + M3My + (MyMs — M7 — M2) /3,
J3 =22 My — be(My + M3) + (b + 2ac)(My + Ms) /3 — ab(Me + M7) + 2a> M,

Jy = 4iyis — izig + 3i3, Js = cji — bjoji +aji,
Jo = ¢(20j3j7 — 8jajo +3J3) +b(6jajs — 503 js — jsjs) +a(20jajs — 8jsjz +3j¢)
Jy = i1ij — 8iyiais +i3is — iaizis +2i3, Js = Tajg — Bojgj1 + Avjoji — Arji b
Jo = 3T(103j¢ — 20j3 jsj7 — 4jajsis +8iij7+ J3)

+ Bo(1003 js js — 203 jo j7 — 40} js + 4jajs jr + 2jajd — j2 jo)

+ A0(20j4 )5 js — 1003 jie js + 403 j3 — 4 jajojz — 2j2 j1 + Jsjé)

+3A1(20jajojs — 103 js +4jsjejr — 8jaji — Jg) Jo = (b* — 4ac)/60.
Theorem 1. Nine third-order invariants
L=J""0n L=J""hn L=J"n =470, .

=005, Is=J0"ds, L= 0 k=00 dy =07

form the basis of differential invariants for equation (1), the invariant differentiations are
defined by the operators

Di = J; ' Go(Ds +y'Dy) = jiDy),  Dr=Jy " (ki(Ds +y' D)) — kaDy), 13
Dy = J; *(ks(Dy + y' D) + TJo Dy — ks Dyo).

Any other differential invariant of equation (1) is a function of invariants (12) and their
invariant derivatives.

4
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To prove this statement, we calculate the third extension X of generator (5)
}? =X+ JTxapx + n~"8py + ﬂy,ap‘,, + ..+ O'y/y,y/as)_/v,v,

by the standard prolongation formulas [6] with x, y, y’ regarded as independent variables and
P, O, R, S as dependent ones:

C* =D,C = T& — Tyne — Ty, CY=D,C—T.& —Tyny — Ty&y, (14)
€' = DyC —T:&y — Tyny — Ty iy

Here C is equal to w, k, p, o, ¥, ..., oV, while T is equal to P, O, R, S, Py, ..., Syy
successively, £ = —wy,n = w — y'wy, { = w, + y'w, are the coordinates of X at x, y, ¥/,

the functions , «, p, o are given by (6), D, = 0x+ Pcdp+---, Dy, =0y + Pyop+---, Dy =
dy + Py 0p + - - - are the operators of total differentjgtion with respect to x, y, y'.

As is seen from (5), (6) and (14), the operator X has to depend linearly on the derivatives
of an arbitrary function w up to the sixth order (their number is equal to 84). It can be
represented in the form

X = wX| +w,Xo+w, X3+ wy Xg+ Wy Xs + - - - +3°w/9y Xga, (15)

where the operators X; are given in appendix A. According to the theory of invariants of
infinite transformation groups [6], the relation X/ = 0 should be split by w and its derivatives.
This gives rise to a homogeneous system of linear first-order PDEs

Xi1=0,...,Xsal =0. (16)

Functionally independent solutions of system (16) provide the third-order invariants of
equation (1).
The solution of system (16) is found in several steps. First, we solve the subsystem

X1 =0, X4 =0, X571 =0,...,Xsal =0 (17)

with the most simple operators X, X4 and 28 coefficients of the sixth-order derivatives of w
in (15). Note that six of these operators are represented as linear functions of the remaining 24
operators (see appendix A). Therefore, in the space Rg3(x,y,y’, P, O, R, S, Py, ..., Syyy
system (17) has 59 independent solutions (here d = 9, + y'0y)

y',P,Q,R,S, P, ..., Sy,

Py, .oy Syyr, uy =dSyy — Ryyy,

Uy = szy/ —dRyy, uz = dZSy, +dRyy — 20y,

uy =S +d’Ry —2dQyy, us =2d*Ry —dQyy — Pyyy,

ug=2d°R — d*Qy — dPy,, u; = d*Qy — dPyy, ug =d&*Q — d*Py,
ug = dSyy — Ryyy, uio = d*Sy +dRyy =20y,

Uy = ZdzRy —dQyy = Pyyy, unn= szy —dPyy,

uiy =d*S, —5dR,y +4Q,yy, w1 =dRyy — OQuyy, uis =dQyy — Pryy,
uie = dSyy — Ruxys u17 = dRyy — Qrays uig = dQxx — Pryy.
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In these variables next 21 operators (coefficients of the fifth-order derivatives of w in (15))
become

X36 = 0p,, — S(20us + 0uyy) — 2R (g + Ouyy ).
X37 = Z} +20u, +25(0uy, — ¥'0uyy) + 2R0u, + (2 — 4Y'R) 0y,
Xs3g = Z% — 20y, — S04, + 4y — 29 R)dy,, X39 = 2y 0,4,
Xip =00, +0p,, — S(40u, +20us — 20, + Dy +20u,5) — R(204, + 204, — 0uyy)
+40 (g + Buyy)
Xuz =Z+ Z + 704, + 304, + Q(8Y 04,y — 40u,,) + 4S04,
+3'8(204,, — Ouyy — 40uy5) + B — 2/ R)yys + 2+ 2Y'R) 0y
Xaa = Z3 = T84, + 3y ups — 29280y + (4" + Y2 R)By,, + 4y Q0
Xus = 2%, Xu7 = Og,, +0g,, +0p,, — S(20,, +40,,)
+ R(60y, + 0y, +40u,) + O (60 + 40, +40y,5 + 0uyy) — 2P (g + uyy ),
Xag = Zj + Z, + 88y, + 108, +288,, — 6R3,,, — 600y, +2Pdy,, — 100,
+ B+ Y R)Oyuyy + 2+ 8y R)yy + ¥ O (405 +20,,) — 4y Py,
X9 = Z2 — 83y, — 10y 3y, +3Y 8y + 4y (L + Y R)yye + ¥ 084y, — 29> Py
Xs0 = 2y"8u,45 Xs1 = 0s,, + Or,, +0g,,, — 250y, + R(43,, +69,,)
+ Q (605 — 63y, + Oy — 20u,5) — P (4045 + 204, + 2045 + Oy ).
Xso =Z§+Zy +30y, + 119,, — 4ROy, +4P 0y, + Y Q(3y,, — 60y, — 40,y)
— 2y P(0uys + 9y Xs3 = Z% — 304, — 2y Q0y,, — Y* Py,
Xs4 = 0s,, + 0k, + 4ROy, — 200, — P(204, +43u; — 404, + 9y,
Xss = Z3+40,, +2008,, + P (20,4, + 4y 04y — ¥'0uy,)
Xs6 = s, —2Q0,, —2Pd,,.
Here we use the notation from appendix A and omit three operators X9, X41, X46 since they

are linear combinations of other operators. As 41 independent invariants of the operators
X36, ..., X56 we can take

yl, P’ Q,R,S, Px"~~’Sy” AlsA27Bl’B27F17F27
Vi = Sey +¥'Syy — Ry, V2 = Ry +Y'Ryy — Oy,
v3 = Qxy +y/ny - Pyy/a M17 MR MSa Lla L27 L37 L47

18
Uiz =ui3 — lORXy — ZSPXyr — 4PSxy' + 6Qny/, (18)

iy =uis+3Ryy+ SPyy + PSyy — RQyy — OR,y,
it;s =ui5+3Q0xy +2(RPyy + PRy —200.y),

where Ay, Ay, By, B>, I'1, 'y, M;, L are defined by (8) and (9).
In variables (18) next 15 operators of system (16) take the form
Xo1 = 3p, + Sy (40z,, — 0ay,) — 2Ry 0ays,
Xy = Z(}, + 80y, + 2R0,, + (4y'Sy — 128)05,, + 28 — y'Sy) 0, + (4R —2y'Ry) 0z,
Xo3 = =20, + y/S(Za,—,14 - 1285,13) — (2+4y'R)z,,
Xog = =2y 0,5,
Xo6 = 09, +0p, + (25; — 6Ry)0a, + (Ry — Sy — @)z, + 220y — Ry — B) 5.

6
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Xy = Z% +289,, — R3y, —4Q0,, + (12R — 6y'Ry) 0, + ¥ (Ry — &)y,

L @0y =2V~ 40)0a,

X8 = —28,, + 4+ 10y'R)05,, — 3a,, — 4y Q0.

X29 = y/(6aﬁ13 - 85”4)’

X390 = 0g, + 3ny +680z, + (R, + Qy)0;, +2(20 — Py +¥) 0,

X351 = Z% —4R3,, — 0y, + 2Py, +6Y' Bz, + (V' Qy + Y OR —20)0s,,
+2y’()/ - P)")aflls’

X3 = =20, + ¥ (83, — 204,,).

X33 = 8Sx + aR),./ + (2Py’ - 6Qx - 63/)81213 + (Qx - Py/ + V)3a14 - 2Px8ﬁ15,

X34 = Z3+200,, + Pdy, + Y 2Py — 6y)da,, + V' (¥ — Py)day,,

X35 = 8S),./‘

These operators are the coefficients of the fourth-order derivatives of w in (15). The operator

X5 is a linear function of other operators of system (16) (see appendix A). Therefore, in the
space of variables (18) the system X,/ =0, ..., X35/ = 0 has 27 independent solutions

Y,P,Q,R, S, aB,y, A1, Ay, Bi, By, T, 2, My, ..., Mg,

Ly, Ly, L3, Ly, My = By + Q(A2 + B) — RBy — ST + ,/2+ (B* —ay) /4, 1
where «, B, y are given by formulas (7).
In variables (19) next ten operators of system (16) take the form
X =0p, Xpn=20, Xi3 =0, —20r,, Xi1a=—1/20y,, Xi5s=0g,
X16=20p, X17=20a, —0p,, Xi3=0g, X19 = 20q, X0 = 0s.
In the space of variables (19) operators X, ..., X2 possess 17 independent invariants
y', A1, Ag, Bo, T2, My, ..., Mg, Ly, Ly, L3, Ly. (20)

In these variables, the remaining eight operators X», X3, Xs, ..., X1 of system (16) become
X, =0y,
X3 =y'0y —3A104, — 24004, — Bodp, — 4M 10y, — 3M>0p, — 3M30y,

— 2M40pm, — 2Ms0p, — MOy, — M70y, — 4L 101, —3L20r, —2L30r, — L4y,
X5 = —3A104, — 2A00p, — Bodr, — M, (8M2 + 38M3) — (BMy + M3)0y, — 2M30u,

— QM4+ Ms)0y, — M50y, — (Mg + M7)0pm, — 3L 101, —2L20;, — L30y,,
Xo =3A10um, + Ao(3n, +20u5) + Bo(20m, + Ou,) + 3020w, + M10y, + M39y,

+ M50, + M70;,,
X7 =—3(A13r, + Agdy, + Bodr, +T01,),
Xg = —3A104, — Ag0da, + Bodp, + 3T20r, — 4M 0y, — 2M>0p, — 2M30p,

+2Me0p, +2M70p, + 4Mgdy, — 3L 10, — L20r, + L30r, +3L40,,,
Xo =3A10u, + Ao(3n, +20u,) + Bo(20u, + ;) + 3720w,

— M50, — M40, — Medr, — Mgy,
X0 = Ag0a, +2By04, + 3208, + (My + M3)0py, + MaOp, + (Ms +2Ms) 0,

+2Medy, + (Mg + 3M7) 3y, + Mg (30u, + p1,) + L0y, +2L30,, +3L40,,.
In the space of variables (20) the operators X5, X4, X7, X9 have 13 invariants
A1, Ao, Bo, T2, jos Jis J2, 3o+ -0 J8 (21)
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defined by (8), (10), (11). In variables (21) the remaining operators take the form
X5 = —3A104,— 2A098,— Bodr, — jod;, — 5j30j,— 4jadjs — 3js0j,— 2jedj; — J10j,
X]() = AoaAl + 2BoaA0+ 3F2330+ jlajo + j48j3+ 2j58j4+ 3j68j5+ 4j78j6+ 5j38j7,
Xg = —3A18A1 — AoaAO + BOE)BO + 3F231"2 — joajo + jlajl — 5j38j3 — 3j48j4
— Js9js + Jedjs + 379, + 58
X3 = —3A104, —2A004, — Bodp, — 6j0dj, — 5j10;, — 4J20,, — 630,
- 5j48j4 - 4]58Js - 3j68j6 - 2j7aj7 - jSa_iS'
In the space of variables (21) the system X5/ = 0, XgI = 0, X9/ = 0 has 10 functionally
independent solutions (11). The last operator X3 becomes

X3 = —6Jod;, — 5110, — 4129;, — 8J30,, — 10714,
— 14750, — 10J63,, — 15470, — 1850, — 12753y,

Its invariants (12) provide the basis of functionally independent solutions of system (16).
One can readily verify that the operators X3, Xs, X, X5, X9, X0 leave invariant two
systems of equations of the second order

Ay, Ay, By, T', =0; a,b,c=0
and five systems of equations of the third order
Jos j1=0;  ja,...,js=0; i1,iz,03,i4,i5=0; ki,ka=0; ks, ks, Jo=0

(that is why variables (10) and (11) are called the relative invariants). The invariance condition
of these systems under remaining operators from (16) holds identically. Each equation
Ji =0,i =0,...,9also is invariant under the operators X1, ..., Xg4.

According to [6] the coordinates f, g, i of the invariant differentiation operator

D= fDc+gD,+hD,
are found from the relations

Xf = f& +g& +héy, Xg = fu.+gny +hny, Xh= fe.+gt, +hey, (22)

where £ = —w,,n = w — Ywy,{ = w, + y'w, are the coordinates of generator (5) at
the independent variables x, y, y’. Equalities (22) should be split by w and its derivatives
Wy, ..., 3%w/dy"®. For the functions f,§ = g — y'f, h this yields the system of linear
first-order PDEs, where eight equations are nonhomogeneous:

Xsf =—F, Xiwof =—h, Xof = X358 =3,
X3h = Xgh = ]’l, Xsh = f, )_(6/1 = —g

The remaining equations of the system are homogeneous, whence it follows that f, g, h depend
only on variables (20). Taking into account that the operators X3, X5, X¢, Xs, X9, X10 act on
the variables Jy, jo, j1, k1, k2, k3, k4 as

X3 = —6Jp0y, — 6jodj, — 5710, — Tk10k, — 6kr0y, — Tk3 0k, — 6k40,,

X5 = —jo0j, — k10, — k30g,, X0 = j10j, + koOg, + k40, Xo = 7Jo0k,,
Xg = —Jjodj, + j10), — k10k, + kodk, — k30k, + kadg,. Xo = 7Jo0,,

one can find the general solution of this system

f=jody 'F(D) + ki dy P H(I) + ks dy °G (D), g=yf+7J,°G),
h=—jidg F(I) — ko dy " H(I) — ke Jy G (D),

8
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where F (1), G(I) and H([) are arbitrary functions of variables (12). Equating (F, G, H)
to (1,0,0), (0,0, 1) and (0, 1, 0) respectively, one obtains three independent operators of
invariant differentiation (13).

The last part of the proof is rather standard. It is not difficult to show that the invariant
differentiations of (12) yield 24 independent fourth-order invariants. On the other hand, one
can obtain the fourth-order invariants from the invariance criterion X/ = 0. Extension of
generator (5) to the fourth-order derivatives of P, Q, R, S and splitting the equality XI=0 by
w, Wy, ..., 3 w/dy" giverisetothe system X;I =0, ..., X120/ = 0 with 10 equations being
again the linear combinations of the remaining 110 equations. Hence, in the 143-dimensional
space Ris(x,y,y, P, O, R, S, Py,...,Syyyy) one obtains 33 independent invariants of
equation (1). Nine of them are of the third order and 24 are of the fourth order, which
coincides with the number of invariants obtained from (12) by invariant differentiations (13).
Similar reasoning extended to the higher orders implies that invariants (12) form the basis.
This completes the proof.

3. Examples of equivalent equations

Example 1. Let us consider the equation

-5 =/

5
7' =S G2+05% - 25 k= const, ()
2 2 x

with the invariants I, = —36+/50 E~5/°, where 6 = F2E 4G+ k)3 E =30 +1,
L =1EP[3052(y% + k) — 9], I = 20E~*3[305 22y + k) — 2],

Iy = 180E33[50%5~*(32 + k) (195% — k) + 20y ~2(7115" + 5k) + 495],

Is %E*7/3[625/*4(184)7’2 +k)(k — 2125) + 1205 72(15235" — 31k) + 34 596],
Is = 180E 33625 ~*(3? + k)39 + k) + 2072 (141> — 20k) + 1511, . ..

and find if the ODE (23) may be equivalent to the equation

f
By’ ’

(24)

w_¥?_ B Y

s _ = //+

= A+5B% —8BB") +
oy 287 T mp )

f) =Ko+ Ky +Kyy?,
(25)

where Ko, K|, K, = const, A = A(x), B = B(x) # 0. It is known that equation (25)

linearizes on differentiation [13]. The first two invariants of the ODE (25) read as

I, = —14400¢ /°By*[2ABf'y” + 3hfy +640B> '],

I = 1e*P[(675B'h — 300Bh" — 19A + 38400K,B”)y"* + 5600A Bfy” — 2022 400B> f°],

where h = 3AB’ —2BA’, € = 15(320B*f' + hy")?y"* + (160Bf — Ay'?)?. Note that only

one of the invariants (24), namely I; # 0, depend on a single variable 6. Equation (25)

possesses the same property when A(x) = 0, K, # 0, K3 = K12 —4KoK;, # 0. In this case,

its invariants become I; = —9+/10te /%, where t = Bf? f 3y* ¢ = (31/8 + 1),

L= e BeKaf/f? = 1581, =3Pt @K f + K3)/f” - 16],

Iy = 45¢P512 K f (19K, f + 5K3) /f™ + 2T (1422K, f + 353K3) /£ + 1980],

Is = 327 "P[—1*(736Ky f + 183K3) (848K, f +213K3) /™

— 192t (3046K, f + T77K3)/f"* + 2214 144],
Iy =L Ko f (6K f + K3)/f* + 21 (564K, f + 161K3) /£ + 1208], ...
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Equating them to invariants (24) and taking into account that 4K, f = f"> — K3, we find
T =280,y = C(y+K,/2K>), k = —C?K3/4K? x = y~'(2K,/B)'/*/C, C = const. For
the sake of simplicity, we set C = 1, K, = 1/2,K; = 0, Ky = k/2, B(x) = 1. From
relations (3), one can readily obtain the missing function W (x, y, y’) in transformation (2) and
then establish that the contact change of variables

1 -y .
x=—, y==5 —x, y=y (26)
y y
turns the ODE (23) into the equation

YRy K
Y=

2y’
It linearizes on differentiation, taking the form yIV —y =0, with the general solution
y=coe" +cre " +cpsinx +c3co8x,
where the constants ¢; satisfy the relation 4coc; + c% + cg + k/2 = 0. The substitution of this
function into (26) leads to the solution of the ODE (23) in a parametric form

_ 1 _ coe +cre  +cysinx +c3co8x
X = —, y= — —X
coe* —cre ¥ +cpcosx —c3sinx coe* —cie ™ +cpcosx —c3sinx

with the parameter x. This example shows how the use of invariants enables one to obtain the
solution of an equation under study via the solution of an equivalent equation.

Example 2. The third-order ODE

= M, m = const 27
2(x —2my’)
has the constant invariants
I, =0, I, =-79/3, I; = —40, I, = 89100, Is = 129735, 28)
I = 27180, I; =0, Ig = 4021785, Iy = —47400.

Equation (25), which linearizes on differentiation [13], has the constant invariants in two cases.
When A(x) = B2, f(y) = 0 it has the invariants

I =0, I, =—-19/3, I; = 80, 1, = 2700, Is = 540,

Is = —900, I; =0, Is = —1080, Iy = 2280.

When A(x) = 0, f(y) = Ko, Ko # 0, invariants of the ODE (25) coincide with (28) and

hence, it is equivalent to equation (27). Direct calculation shows that the contact change of
variables

X =2mx+y, y=xy —y+mx>, ¥ =x (29)
transforms the ODE (27) to equation (25) with B(x) = 1, Ko = —2m?
"2 2
" — y_ _ 2m_’ (30)
2y Y

which takes the form y’V = 0 after a differentiation. The general solution of the ODE (30) is
given by the formula

y=cotcix +6‘2x2 +C3x3,

where the constants ¢; satisfy a single quadratic relation 3cjc3 — ¢5 + m? = 0. Substituting it
into (29) and then eliminating x from

X = 3C3x2 +2(co +m)x +cy, y = ZC3x3 +(cp + m)x2 — cg,

10
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one arrives at the general solution of the ODE (27)
§ = + 1% + &2 (X — 2mey)>?,
where Co = E%(CQ — 5m)/3 —Cp,C1 = —(C2 + m)/(303), C) = 2/«/27C3.

Example 3. In [14], the higher order analogies to the Painlevé equations are studied. In an
autonomous case one of them reads as

10001 "2 2., 4 n " 2
LA v 210" 9w 2v v )
v =4 N +3T—? 2 5?4_105 ?—E —K0+K2U +SF (31)
Another fourth-order ODE presented in [14] has the form
le=3v/vm+ZL/2_£U/2UN+2_7U_/4+K3 2v”_v_/2
v 2 v 2 2 8 v3 v
302 " s 8
+56 (% _ 12) +2Kp07 — 4K3° + 6. (32)
v v v v
As is shown in [15], when K3 = 0, the third-order ODE
72 i 3 /
9 F
(L, L ——U—+K3v’—58v—+ﬂ,
2v’ v 8 2 v2 v 33
- (33)

F(v) = Kov + K1v> + Kov® +4K38 — 2—
v

represents an integral of equation (31). If K; = 0, equation (33) is an integral of the ODE
(32). The invariants of the ODE (33) are calculated by formulas (12), but the result is too
cumbersome. So, only the first two invariants are given here:

I, = 7200E~/y?[158v® + v*(88 H + 15G) — 4v*(GH +708v>F) — 400> FG],
L = —1E*P[42750" + 1200°(1358 — 11K3v) — 112000°v?F H + 126 400v* F*
+16v* (76 K3v* — 1960K38v* +43008% — 75(Kov® + Kov°) — 172507 F)], (34)
where G = K,v7 — Kouv3 — 8K38v2 + 882, H = K3v? — 56,
E = 33750 — 54000 H + 1200" (225v* F + 24K 3v* — 240K38v” + 38005°)
+128v%(15008G — 225v2 FH — 4H?) + 960v™* (75v* F? + 8v* F H? + 25G?)
—38400v*v* F?H + 64 000v° F>.

We suppose that equation (33) may be equivalent to an equation, which follows from the
system with the Hénon—Heiles Hamiltonian

H—l(2+ 2P +angd) + A 2 B = A, B, ) = const
=3 P11t Py twiqy + w2q, q19, 3‘]1 2‘]2 ) w1, w2, A, b, A = const.
All its integrable cases, when Hamiltonian’s equations of motion
q{ +wi1q1 — Bqi + Aq; =0, @5 + gy +2Aq1q2 — Ag; =0 (35)

are solved in terms of hyperelliptic functions of genus two, are presented in [16]. One of
them, namely the KdV5 case, corresponds to B = —6A. Then elimination of ¢; between two
equations (35) gives rise to the equation

13,11 72 12,0 2 22 " A )L2
vV =22 gl ol oy 1o (LS - y—4> + 2k y +dkay® — 2k s 435

y y y y y y y

for the function y = ¢,, with the parameters k; = w2(Bwy, — w1)/2,ky = A2/2, ky =
3wy — w1 /2. This fourth-order ODE possesses an integral

"2 /i I
v = XY +k3y,_51y_+f(y)
zy/ y y4 /

2

28

(36)

A
. fO) =k0+k1y2+k2y4+k3F -

11
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The third-order equation (36) has the invariants
I, = 18006y y2[154y0y'0 + y*y* 20k +158) — y*y(gh + T00y8 f) — 10y° fgl,
L = —1e723[4275y%y" + 30y%y° (1351 — 11ksy*) — 700y°y" fh +7900y'? >

+y*y"(76k3 y® — 1960k31y* + 43001 — 300(koy® + k2y'%) — 6900y° £)]. (37
where
g = koy'® — koy® — 2ksay* + 222, h = kyy* — 5A,

e =3375y'%y""2 — 1350y'°y""% + 30y8y® (225y° f + 6k3y® — 60ksry* +9501.%)
+8y8y"(15000g — 225y fh — h3) + 60y*y* (752 f2 + 2y° fh* + 25g%)
—600y8y” f2h + 1000y £3.

Equations (33) and (36) are both quadratic, but not cubic in v” and y”. As follows from [11],

an ODE (1) with S(x, y,y") = 0 and an ODE (4) with S(%, ¥, ') = 0 may be connected

either by point transformation X = ¢(x,y),y = ¥(x, y), or by contact transformation (2)

such that ®(x, y, ') = const is an integral of the ODE (1) (see, e.g., ODEs (30), (41) and

transformations (29) and (42) respectively).

Invariants (34) and (37) do not involve the independent variable. Comparing them we
can suppose that the independent variable remains unaltered and equations (33) and (36) are
connected by the point transformation of the form v = y”. Indeed, the change of variables

v =y?, v =2yy
turns the ODE (33) into equation (36) with the parameters 4ky = Ko, 4k; = K;,4k, =
K>, ks = K3, 2 = §. This relation between integrals (33) and (36) of the fourth-order ODEs
was not found either in [14] or in [15]. Thus, we can conclude that in an autonomous case,
the fourth-order analogies to the Painlevé equations given by ODEs (31) and (32) are related
to an integrable case of Hénon—Heiles Hamiltonian and hence, they are solved in terms of
hyperelliptic functions of genus two.

Example 4. The Caudrey—Dodd—Gibbon equation [17]
Uy = Uprrer — 30Utyyy — 30uyity, + 180u%u, (38)

possesses an invariant manifold defined by the third-order ODE
2

u u 12
Uppy = — =% + 2’ — §)—= + 6uu, — — u*> — s5)*, s =const (39)
U, U, U,

(new infinite sequence of invariant manifolds of equation (38) see in [18]). Application of
invariant manifolds generalizes the separation of variables method for evolution equations:
first we integrate the ODE (39) with respect to x and then substitute its solution u(f, x) =
f(x,c1(2), ca(t), c3(¢)) into equation (38). This yields the system of first-order ODEs for the
functions ¢; (t), which arose as constants of integration in solving the ODE (39).

Equation (39) has invariants

I, =244/ 30E‘5/6u§[7uui +6(u? — 5)(109u> — 45s)u)2r — 2304u(u?® — 5)7],
L= —%E‘2/3[5(137u2 —21s)ut + 672uu? — 5)%u® +42480(u> — 5)*,

where E = 2[49u§ +224u(9s — 13u2)u§ +576(u?* — 5)*(13u? +3s)ui —13824uu?*— s)4u)2( —
55296(u? — 5)°]. When s = 0, it is not difficult to see that these invariants (as well as other
invariants of the ODE (39) omitted here) may be represented as the functions of a single
variable ¥ = u*/?/u,:

I = 124/15e7%/5(2%)*3 (7 + 654%% — 2304%%),

(40)
L = —Ye 2543 (685 + 6727 + 42 4805%),

12



J. Phys. A: Math. Theor. 42 (2009) 085204 Y Y Bagderina

where ¢ = 49 — 2912%? + 7488%% — 13 824x° — 55296x%. Invariants (40) depend on one
variable, which is not sufficient to find an equation equivalent to the ODE (39). However, we
can suppose that the ODE (39) with s = 0 is equivalent to an equation with the invariants
depending on X only, for example, to one of the ODEs
" = a3(X)i"” + ay(X)i"* + ay (X)it" + ap(%),
=113 =112

@@+ DS
u u

The substitution #” = w reduces the first ODE to solving the Abel equation

=/

i = az(%) +a;(X)i" +ag(x)i'.

w' = az(B)w? + ay(X)w? + ay (X)w + ag(X)
and two quadratures. The second ODE is reduced to the Abel equation by the substitution
i@’/i’ = w. Invariants (40) provide only one function in transformation (2), namely
® = u’?/u,. The remaining part of transformation (2) is found from equations (3). By
this way, one obtains the contact transformation

_ou? _ w2 u _, 2
X = s Uu=x —_, U = —
Uy U, Ju
connecting the ODE (39) with s = 0 and the equation

=113 =12 —//

7

7" = 65452 — (1 — 280y @2 — 5 1L
i’ i 3 x

Example 5. Another example of this kind of equations provides an ODE

"= Ly2ey” = A+ Dyl , [ = const, 41)

(I + D[2xy" — (1 +2)y]
which arises in the classification of integrable Hamiltonian hydrodynamic chains associated
with Kupershmidt’s brackets [19]. It possesses a remarkable property: for parameter values
1 =1,2,3,..., equation (41) linearizes on exactly / differentiations [19]. Also the family of

equations (41) admits the contact equivalence transformation

. I
F=x—(0+2Y, y=yyH, y=——y-m 42)
Y I+1

mapping the ODE (41) into an equation of the same form with the parameter [ = —1/( + 1).
It is readily seen that invariants

Iy = 18L2/I(I2 + LY E~%/%(x?y”? — Lxyy)"*3y(2xy’ — Ly)?, L=1+2,
L = —5E7P(x2y? — Lxyy)™#P3[9(% +3L%) (2xy’ — Ly)*
— 1202+ L7 131* + 5112L% + 18(1 + L)®)xy'(xy' — y)(2xy' — Ly)?
+1612(1% + L*)72(351* — 27917 L* — 339(1 + L)*)x*y?(xy’ — Ly)?],
I = 4IE~*3(x?y”? — Lxyy")23[401(111% + 21 L*)(I* + L*>)~'x?y?(xy’ — Ly)?
+24012L%2xy?y' (xy' — Ly) — 27(1> + L*)(2xy’ — Ly)*],
where E = —4I( + 3)2l + 3)2xy’ — Ly)2/5 — 213L%y?, and other invariants of
equation (41) are the functions of a single variable xy’y~'. This yields the function ® (x, y, y’)
in transformation (2). The whole change of variables found from conditions (3),
Rl
xy'’
transforms the ODE (41) to the equation

y"” _(2_ 1)(1 _)‘”3 + (1 —)-//2 )_7// [ . )_CZ)_IH+2 s
= X(ZX — — _x Yy p B2 |
y ' o)\ T2

= )'):L/lny—lnx, 7 =1Iny,
Xy

13
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4. Concluding remarks

One of the main ways of solving nonlinear ODEs is to study if they are equivalent to a
historically solved ODE. Theory of equivalence of differential equations deals with different
problems. The first one is to establish if two given equations, say (1) and (4), are equivalent with
respect to an invertible transformation (2). Whenever they are equivalent the second problem
is to find transformation (2) connecting these equations. Since the equivalent equations
should have equal invariants, both of these problems may be solved with the use of invariants
of the family of equations (1) as follows. Using formulas (12), we calculate invariants
LIi(x,y,Y),k > 1 for equation (1), invariants L(x,9,5),k > 1 for equation (4) and then
investigate whether the relations

11(x7y3y/):i1(x7)_/75/)s 12(-x7y7y/):72(x’5}a5/)1 13('x’y7y/)273()?1_)-}’)_/)?"'
43)

are consistent. There may be three possibilities as follows.

(1) In exceptional cases, when all invariants of two given ODEs (1) and (4) are constant and
mutually equal, system (43) is obviously consistent. But transformation (2) connecting
these equations can be found by direct computations only, i.e. by substituting (2) into (4),
replacing y” by virtue of (1), splitting the equality obtained by y” and then integrating the
resulting system of nonlinear PDEs for the functions @, W, Q2 and equations (3) together.

(2) Generally, as is seen from the previous section, invariants are not identically constant.
Then from the first one or more algebraic equalities (43), taking into account (3), one
can find a possible form of transformation (2). If substituting it into remaining relations
(43) one obtains identities, then system (43) is consistent and equations (1) and (4) are
equivalent under this transformation (2).

(3) When all invariants are the functions of a single combination of x, y, y’, one can suppose
that equation (1) is equivalent to an ODE with the invariants, which also depend on
one variable only. One cannot find via the invariants the whole change of variables (2).
Invariants provide only one function, say ®(x, y, y'), in transformation (2). Function
W(x,y, ") is found as a solution of linear first-order PDE (3). It is simlper than seeking
the transformation (2) directly, when one should integrate the system of nonlinear PDEs
for the functions ¢, ¥, Q.

Note that invariants may be effective when we need to prove nonequivalence of two given
equations. For example, if some invariant /; of equation (1) is constant and the same invariant
I, of equation (4) is nonconstant, then these two equations are obviously nonequivalent. If an
invariant I; of equation (1) is a function of a single combination of variables x, y, y’ and the
same invariant I; of equation (4) does not possess this property, then these two equations are
nonequivalent too.

In this paper, we provide the basis of differential invariants (12) for the family of
equations (1) as well as the operators of invariant differentiation (13). The result is given
in terms of the functions (7)—(11) and is probably as compact as it could be already. Formulas
(7)—(11) seem too large for calculations, but they are simple for programming in any symbolic
package such as Maple or Mathematica.
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Appendix A. Operators of the equivalence transformation group of the equation (1)

Here the operators X, X4, X51, ..., X34 from system (16) are given. Note that 10 of these
operators may be represented as linear functions of the 56 remaining operators. These are the
operators X41, X1, X62, X63, X683, X69, X74 and

Xs = —Xg7, Xso = —X73, 2X25 = PXeo+ QXe7 + RX73+ SX75 — X45 — X72.
Each operator X; is a coefficient of a certain derivative of w in the prolonged operator X.

Below we label once every operator X; by the corresponding derivative of w. Instead of a part
of operators X;, we give their linear combinations X;, because it does not alter the solution of

system (16).

We do not present here 18 operators
X2(wx)a XS(wy)» XS(wxx)a X6 = 2y,X5 - Xé(wxy)a
}_(7 = y/2X5 - y/XG + X7(wyy)v XS(wxy/)y )—(9 = y/X8 - X9(wyy’)’ XIO(wy/y/)y
X11(Wxxx), X1 =3y'X11 — Xio(Wyy),  X13 =3Y7X11 — 2’ X120 + X13(Wayy),
Xia= X1 — Y* X1+ ' X135 — X1a(wyyy), X15(Wxxy'),
X16 =2y X15 — X15(Wyyy), X17 = y?X15 — ¥ X16 + X17(Wyyy),
XlS(wxy’y’)a Xl9 = y,XIS - X19(wyy/y/)a X2()(wy’y’y’)a
since they are too cumbersome. In appendix B, we provide the Maple program, which allows
us to obtain all the coefficients X1, ..., Xg4 of the prolonged operator (15).

Using the notation d = 9, + y'9, and
Z(I)f = y/an - aFvv Z}: = 2y/8F,u - ava Z% = yl2aFn - y/aFX,\’ + aF,\‘l"
Z; = y,any’ - 8Fv_v’ ’ Z‘;‘ = 3y/anxx - 8Fxxy’ Z; = SyIZaF.wx - 2y,8Fxxy + anyy’
Z5 =y ok, — k., + Y 0k, — OF,,, Zp =2y'0r,, — 0r,,.
Z?’ = y/zanxv’ - y/an,vy/ + aF,"vv” ZQF = y/aFw’v’ - aFvy/v’
with F being equal to P, O, R or S, the operators X, X4, X5y, ..., Xg4 are as follows:
Xiw)=d,,  Xa(wy) = —d, — y'd,.

X1 (Wyxxx) = 0p, —3Q0p, —2Rdg,, — SO, — (9Qx + Py)op,, —30,0p,,
— (6R, + Qy)dg,,, —2R,dg,, —30,p,, — (3S; + Ry)0g,,, — Syor
—2Rydg,,, — Sy (ds... + 8Rm,),
X0 =4y'Xo1 — Xo2(Wny) = Z —3QZ} —2RZ}, — SZj, — dg,, — 30p,,
+60,Z3 — (6dQ + P))Z} +4R,Z), — (4dR + Q) Z}, — 30, Z], +25,Z;
— (2dS+Ry)Zy — 2Ry Z]y — Sy (Z§ + Z}) — Pdp,, +6Q0p,,
+ R(dg,,, +40g,,,) +25(0s,,, + .., ),
X3 = 6y Xo1 — 3y Xop + X03(Waryy) = =307} —2RZy — SZj — 2}, — 375,
+90,Z% — (3dQ + Py)Z} +6R,ZS) — AR+ Q,)Z}, — 30, Z} + 35,75,
— (dS+Ry)Z3 — 2Ry Z) — Sy (Z3+ Z}) — PZ}p +6QZ} + R(Z} +4Z])
+285(Z5+ Z) + 0g,,, +60p,,,.
X4 =4y Xo1 = 3y X +2y' X3 — Xoa(wayyy) = =2 — PyZy — Oy Z — Ry Z§
— SyZ§ — PZ3 +6QZY + R(Z3 +4Z3) +28(Z3 + Z}) + Z[, + 623,
Xos = y"*Xo1 — Y3 Xop + y? X3 — y' Xoa + Xo5(Wyyyy) = RZG — PZ +28SZ5 + 7,

XXy
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Xa6(Wyrry) = dg, +3p, +3P0p, + Q(dg,, —30p,,) — R(0,, +200,,)
— 8(30s,, +0r,,) + (10P, + y'P)dp,, +3Pydp,, + (40, +Y 0,)dg,,,
+0,(dg,,, —30p,,) + 2Py —60.)0p,, —60Q,p,,, + ('Ry — 2R,)0r,,,
— Ry(r,, +280,,,) —4R.0g,,, — 4Ry, + (¥'Sy — 85:)3s,,,
=95 (38%,\» + aRm') —2(5: + Ry’)aRm/ =Sy (485”},, + 28&,\»/«)’
Xo7 =3y Xo6 — Xo7(Wxyy) = ZL +3PZp + Q(Z) —3Z}) — R(Zk +2Z)))
— S(3Z4+ Z}) — 0r,, — 33g., — 63p,, — 6P,Z3 +TdPZb + 0, (62} — 2Z3)
+3dQZ4 + 2Py —3dQ)Z), + RyRZy +4Z%) — dR(Z}, +2Z)) — 60y Z),
+8,(6Z3+2Z3) —5dSZ{ — (dS+2Ry)Z}, — 4Ry Z)) — S, (425 +273)
—4Pop,, + Q(120p,,, — dg,.,) + R(20,,, +80g,,,) + S(50s,,, +4r,,,).
Xog = 3y Xo6 — 2y'Xo7 + Xog(Wayyy) = 3PZ3 + QZ — RZ}, — 3875 — Zi — 37},
—9P,Z% +4dPZ} — 30,28 +2dQZ) + 2Py Z} + 3R, Z5 + 95,25 — 2dSZ;
— 2Ry Zy — 4S8, Z5 —4PZ) + Q(12Z) — Z])) + R(2Z} +8Z)) + S(5Z] +4Z3)
+409, ., +180p,,,,
X29 = y X6 — ¥ Xo7+ y' Xog — X29(Wyyyy)
=—Zx+dPZ$ +dQZ, +dRZS +dSZ; —4PZ}, — QZ +2RZ + 5825 +4Z)),
X30(Wexyy) = g, + g, + P(dg,, +309p,,) + Q(20r,, +dg,, —30p,,)
+ R(30s,, — dr,, — 200,,) — S(30s,, +0&,,,) + Py(dg,,, +30p,,)

Xy

+ 3PX8QXX«\‘ + (7Px + y,Py)aP' y/ + 6Qx8Rxxx + Qy (zaR.u‘,\‘ + BQX_V)" - 38P 4 ")

XXy 'y

+(0.+Y 0y + P)ig., +(SPy — 30005, +9R.Ds,.
+ R_V (3830‘,\' - aR.\'yv’ - 2aQy,\"_v’) + (Qy/ - 2Rx)8Q.w’y’ + (ZQy/ - Rx + y/Ry)aR.wy’
— 90,05, + 3Ry — 58, + 'S5, — S,(30s,., +0r,,.,)

xxy xyy w'y

— (8¢ +3Ry)g,,, — 6Ry g, — Sy(70s,,, +30r,,.,):
X31 =2y'X30 — X31(Wayyy) = Z + P(Z, +3Z3) + Q(2Zp + Z))) + R(3Z5 — Z3)
—38Z3 — 20k, — 530, — Py(2Z, +6Z}) +dP(2Z), +4Z}) +4dQZ},
— Qy(4Z3, +2Z})) + 5Py 23, + (2dQ + Py) Z), + R, (2Z} — 6Z3) + 6 dRZ}
+ 0, (22} + Z})) +68,Z% + B3Ry — 2dS)Z] — 3R, Z} — 1S, Z3 — TPop,,,
+Q(183p,,, —20g,,,) + R(30r,,, +120g,,,) + S(83s,,, + 60k, ),

vy yy'y

X3 = y?X30 — Y Xa1 + Xy (wyyyy) = PZL +2QZ; +3RZ; — 273, — 3P, Z)),
+dP(Z)+Z}) —60,Z% +2dQZ5 + (dQ + Py)ZE — IR, Z§ + (AR +20,) Z}
+3dRZ3+(dS+3Ry)Z§ —TPZ}, —2QZ), +3RZy +8SZ3+ 90,

X33(Wyyyy) = s, +0r, + P(dg,, +38p,,) + Q(20r,, +dg,,) — 3S0s,,,

+R(38s,, — 0r,,) +2P:dg,., + Py(dg,,, +30p,, )+ (4P + Y P)dp,,,

'y xy'y

+40,0g,, + 0y(20r,,, +0g,,,) + (20, +Y O, +2Py)dg ., +8Pydp, .,

xyy

+6R.ds,,, + Ry(30s,,, — 0r,,,) +2Qy 00, + (4Qy + Y R))0x .,

xy'y

+(6Ry — 25, + y’sy)as”,v, —38,0s,,, —4RyOg,,, — 108,05, .,
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X34 = ¥' X33 — Xsa(Wyyyy) = Z9+ PZy +20Z5 +3RZ — 30k, — 2P, Z),
+dP(Z),+Z}) —40,Z5 +2dQZ} + (dQ +2Py)Z), — 6R, Z§ + (AR +40,)Z}
+3dRZ]+(dS+6Ry)Z; —10Pdp,,, —3Q0dg,,, +4Rdg,,, + 11835, .

X35(wyyyy) = s, + Pdg,, +2Q0g,, +3Rds,, + Pdg,,, + Pydg,,,

+dPdp,,, +20.0r,,, +20y0r,,, +(dQ +3P)dg, ., +3R.s,,,
+3Ryds,,, + (AR +60Q,)g,,, +(dS+9Ry)ds,, .

X36(Wxxxxx) = dp, —3Q0p, —2RAg,, — SOk,

X37 = 5y'X36 — X37(Wyany) = Zp —30QZ}p —2RZ}Y, — SZjy — dg,,, — 30p,,,

X3g = 10y X35 — 4y’ X37 + X33(Waxyy) = Z3 —3QZ3 —2RZ), — SZ3 — Z}, — 3Z},,

X39 = 10y X36 — 6y X37 + 3y X33 — X30(Wrryyy)

=-3QZ} —2RZ}, — SZ% — Z}, — 3Z},

X0 = 55" Xa6 — 4y X37 + 3y Xag — 2y X30 + Xao(Wayyyy) = —Z%),

Xa1(Wyyyyy) = V' Xao — ¥ X390 + ¥ X35 — ¥ X37 + ¥ X6,

Xur(Wexxry) = dg,, +0p,, +3Pp, + 0(dg,,, —30p, ) — R(0r,,, +200,,,)

— S(30s,,, + &)

Xu3 =4y Xap — Xa3(Wxrryy) = ZlQ +Z3+3PZ}
+Q(Z —3Z}) — R(Z +2Z])) — S(3Z§ + Z}) — 0r,.,

Xas = 6y Xy — 3" Xaz + XaaWaryyy) = Z5 +3PZ3 + (27, — 32})

— R(Z3 +22%) — S(323+ Z}) — Z}, — 3Z], — 6Z),

Xus =4y X — 3y X3 + 2 Xag — Xus(Wyyyyy) = 3PZG + Q26Q
— RZ% — 3825 — 73 — 373,

X6 = y*Xar — Y3 X3+ y? Xaa — ¥ Xus + XagWyyyyy) = —Z5,

X47(Wxyy) = Or,, + 3o, +0p,, + P(g,,, +30p,,) — S(33s,,, +0r,,,)

xxy xy'y

+ Q(20g,,, +0g,,, —30p,,,) + R(33s,,, — dr,,, —200,,,)
Xag =3y Xa7 — XagWiayyy) = Zp + Z + P(Z4 +3Z}) + Q(2Z + Z], — 3Z3,)
+R(3Z§ — Z} —2Z}) — S(3Zi+ Z%) — 20r,,, — 500,,, — 90p,,,»
X9 =3y X7 — 2" Xag + Xag(Wayyyy) = Zi + P(Z3 +3Z%) + Q223 + Z3)
+R(3Z3 — Z}) — 382§ — 22} — 5Z)),
Xs0 =y Xa7 — ¥ Xag + ¥ Xao — Xso(Wyyyyy) = PZY +207Z% +3RZS — 275,
Xs51(Wyryyy) = Bs,, +0r,, +00,, + P(do,., +33p,,,) — S(30s,,, +3x,,,)
+ Q(20g,,, +9,,, —30p,,,) + R(30s,.,, — dr,,, —200,,,)
Xso =2y'Xs1 — Xso(Wayyyy) = Zg+ Zy+ P(Z], +323) + Q(2Z}, + Z})
+R(3Z] — Z}) —3SZ3 —30r,,, — T30,
Xs3 = y?Xs1 — Y X5 + Xs3(Wyyyyy) = Z5+ PZY +20Z% +3RZS — 373,
Xs5a(Wyyyyy) = s, + g, , + P(dg,,, +30p,,,) + Q(20r,,, +00,,,)
+R(30s,,, — &, ) — 3S0s,,.,.

Xy y y'y'y

—3dg,,, —60p,,,,

xyy
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Xss = ¥/ Xsa — Xss(Wyyyyy) = Z3+ PZ, +207Z3 +3RZ] — 40k

Xs6(Wyyyyy) = ds,., + Pdg,., +200k,,, +3Rds, .,
X57(Wxrrrxx) = 0p,, s

Xs3 =6y Xs7 — Xss(Wxrxrry) = Zp,

Xso = 15y Xs57 — 5y Xs53 + X50(Waxxayy) = Z,

Xeo = 20y" Xs57 — 10y X553 + 4y Xs9 — Xo(Warxryyy) = Z5,

X61 (Wyxyyyy) = 3y X0 — 6y Xs50 + 10y” X553 — 15y X 57,

X2 (Wyyyyyy) = 2y Xo1 — 3> Xe0 + 4y Xs9 — 5y X553 + 6y Xs7,

Vyly!

X63(Wyyyyyy) = ' X2 — ¥ Xo1 + Y Xeo — ¥* Xs0 + ¥ Xs3 — 6 Xs7,

Xea(Wyxxxxy) = 0, +0p, s
Xos = 5Y'Xea — Xos(Wxryy) = Zgy + Zp,

Xo6 = 10y?Xea — 4y' X5 + X66(Wrrryyy) = ZSQ +78,

Xo7 =10y X64 — 65 Xg5 + 3y Xe6 — X67(Wrxyyyy) = Z5,
Xos(Wyyyyyy) = 2y X7 — 37 X6 + 4" Xos — 59" Xea,
Xeo(Wyyyyyy) = ¥ Xes — ¥ Xe7 + ¥ Xo6 — ¥ X6s + ¥ Xea,
X70(Wixxxyy) = Or,,, + 90, + 0P,
X71 =4y X70 = X71(Wnyyy) = Zp + Z)) + z3,

X720 = 6y2X70 — 3Y' X791 + X72(Wiryyyry) = Z3 + Z3,

X73 = 4y X70 — 3y X71 + 2y X750 — X73(Wayyyyy) = Z§,
X7a(Wyyyyyy) = ¥ X73 = Y2 X792 + Y2 X71 — Z* X7,
X75(Warxyyy) = 05, +OR,, + 90, + P,

X6 = 3y X75 — X76Waryyyy) = Z§+ Zj + Z)),

X77 =3y X715 — 2 X6 + X77(Wyyyyy) = Z3 + Z5,

X7g = ¥ X75 — ¥ X76 + Y X77 — X73(Wyyyyryry) = Z3,
X79(Wixyyyy) = 05, +Or,,,
Xgo = 2y' X790 — Xgo(Wayyyyy) = Z§+ Zy,
Xg1 = y?X79 — ' Xg0 + X1 (Wyyyyryy) = Z§,

, + aQ"_r},/},r )

X82(wxy/y’y’y’y’) = 0ds,,

xY°)

o + 8Ry/y’y/ 9
v o 79
Xg3 =y Xgo — Xg3(Wyyyyyy) = Zg,

Xsa(Wyryyyyy) = 85,1,

Yy

Appendix B. Maple program for obtaining the operators Xj,...,Xg4

To obtain all the operators Xy, ..., Xg4 of system (16) we have used the Maple code given
below. Here we denote z = y’ and d = 9. For brevity in arrays Dif and T we write in detail
only the sequences of derivatives for the function P. They are followed by dots, which should
be replaced by similar expressions for the functions Q, R and S. In arrays A, B dots should
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be replaces by missing derivatives of w in accordance with the numeration of operators X; in
appendix A.

[> restart;
[> alias(w=wl(x,y,z),P=P1(x,y,2),0=Q01(x,y,2), R=R1(x,y,2),5=S1(x,y, 2));

B and A are the arrays of all derivatives of the function w(x, y, ¥) up to the sixth order and
their notations, respectively

[> B := array(1..84, [w, diff (w, x), diff (w, y),diff (w, z),diff (w, x,x),...,
diff(w, z,z,2,2,2,2)]);

[> A := array(1..84, [W, Wx, Wy, Wz, Wxx, ..., Wzzzzzz]);

Al is the set of substitutions of the form B[i]=A[i]

[>A1l:={}:forifrom1to84doA2:=AlunionB[i] = A[i]; Al := A2; end do:

Dif is the array oprartial differentiations oy, 9y, dy, dp, dg, g, Js, p,, - - -, 35),./‘,/],r in the

prolonged operator X

[> Dif := array(1..83, [dx, dy, dz, dP, dQ, dR, dS, dPx, dPy, dPz, ..., dPxx, dPxy,
dPyy, dPxz, dPyz, dPzz, ..., dPxxx, dPxxy, dPxyy, dPyyy, dPxxz, dPxyz,
dPyyz, dPxzz, dPyzz, dPzzz, ...]);

[> Dif1l := convert (Dif, set) :

T is the array of variables T in prolongation formula (14)

[> T:= array(1..43,[x,y,2,P,Q,R, S,diff (P, x),diff(P,y),diff (P, 2),...,
diff (P, x,x),diff(P,x,y),diff(P,y,y),diff (P, x,z),diff(P,y, z),
diff(P,z,2),...1;

C is the array of coordinates of the prolonged operator X

[> C:=array(1..83) :

First 7 entries in the array C are defined by (5), (6)

[> C[1] := —diff(w, z);

[> C[2] :=w — zxdiff (w, z);

[> C[3] := diff (w, x) +zxdiff (w,y);

[> C[4] := diff (w, x, x, x) + 3%zxdiff (w, x, X, y) + 3%z 2xdiff (w, x,y,y)
+z"3%diff (w,y,y,y) — 3kQx(diff (w, x, x) + 2%zxdiff (w, x,y) +22%diff (w,y,y))
+Px (3%diff (w, x, z) + 3xzxdiff (w,y,z) +diff (w, y));

[> C[5] := diff(w, x, X, 2) + 2*xz*xdiff (w, x,y, z) + 2°2xdiff (w,y, vy, z) +diff (w, x,y)
+zxdiff (w,y,y) — 2xRx (diff (w, x, x) + 2%z+diff (w, x,y) + 272xdiff (w,y,y))
+Qx (diff (w, x, z) +zxdiff (w,y,z)) +Pxdiff (w, z, z);

[> C[6] := diff(w, x, z,2) +zxdiff(w, ¥y, 2, 2z) +diff(w,y,2z) — Sx(diff (w, x, X)
+2xzxdiff (w, x,y) + 2 2+%diff (w,y,y)) — Rx(diff (w, x,2) +zxdiff (w,y, 2z)
+diff (w,y)) + 2xQxdiff (w, z, 2);

[> C[7] :=diff(w, z, z, z) — Sx(3xdiff (w, x,z) + 3*z*xdiff (w,y, z) + 2xdiff (w,y))
+3xRxdiff (w, z, z);
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Coefficients &,, &, &, in prolongation formula (14)
[> X := array(1..3, [diff (C[1], x), diff (C[1],y),diff (C[1],z)]);
Coefficients 7y, 1y, 0, in prolongation formula (14)
[> Y :=array(1..3, [diff (C[2], x), diff (C[2],y),diff (C[2],z)]);
Coefficients ¢y, ¢y, ¢, in prolongation formula (14)
[> Z := array(1..3, [diff (C[3], x),diff (C[3],y),diff (C[3],z)]);
Extension of operator X to the first-order derivatives of P, O, R, S
[> forifrom4to7dofor jfrom1lto3do
C[3%i — 5+ j] := diff (C[i], T[j]) — diff (T[i], x)*X[j] — diff (T[i], y)=*Y[j]
—diff (T[i], z)*Z[j]; end do; end do;
Extension of operator X to the second-order derivatives of P, O, R, S

[> for kfrom 1 to 4 do for j from 1 to 3do for i from 3+k+5 to
3%k +4+ j do C[3%k + 8+ 2°(j — 1) +i] := diff (C[i], T[j]) — diff (T[i], x)*X[]j]
—diff (T[i], y)*Y[j] — diff (T[i], z) *Z[j]; end do; end do; end do;
Extension of operator X to the third-order derivatives of P, O, R, S
[> forkfrom1to4dofor jfrom1to3doforifrom6xk+ 14 to
6%k + 12+ 2°(j — 1) + j do C[4xk + 20 + (j — 1)"2 + 1] := diff (C[i], T[]
—Aiff (T[i], x)*X[j] — diff (T[i], y) *Y[j] — diff (T[i], z)*Z[j];
end do; end do; end do;
In array C the derivatives of w(x, y, y') are replaced by their notations from array A
[> for i from1 to 83 do C1[i] := subs (A1, C[i]); end do :
Display all the operators X1, ..., Xsg4

[> forifrom1lto84doll:=0; for jfrom1to83dol2:=11;
13 := coeff (C1[j], A[i], 1) *Dif[j]; 11 := 12+ 13; end do;
print ("Operator X", i, "is equal to", collect(11,Dif1)); end do;
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