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Abstract

Approximate Lie symmetries of the (2 + 1)-dimensional nonlinear diffusion
equation with a small convection are completely classified. It is known that
the invariance principle furnishes a systematic method of solving initial-value
problems. The solutions of instantaneous source type of the 2D diffusion—
convection equation are obtained for the case of power-law diffusivity, using a
symmetry reduction.

PACS numbers: 02.20.As, 02.30.Jr, 05.45.—a

1. Introduction

The nonlinear diffusion—convection equation
u, = V(Dw)Vu) + K(u)Vu (1)

has numerous applications in physics, chemistry and biology [1] (see a review of related
references in [2, 3]). Much work has been devoted to constructing exact solutions of such
equations [3-5]. One of the effective methods of solving nonlinear partial differential equations
is the classical Lie group analysis [6—8]. The technique of Lie symmetry reduction provides
relatively simple similarity solutions of equation (1) which are at the same time of significant
physical interest. The group classification of one-dimensional equation (1) by point [9, 10]
and potential [11] symmetries was performed. The symmetry properties of two- and three-
dimensional equation (1) were classified in [3] and used there to find new exact solutions, in
addition to the solutions obtained by Philip and Knight [5].

We consider (with first order of precision) two-dimensional nonlinear diffusion equation
with a small convection

up = (@) + (Y @uy)y +ef Wuy +eguuy +o(e) )
where ¢ is a small parameter. In the filtration theory, for instance, ¢ characterizes the direction
of unsaturated flow in porous media. We investigate the group properties of equation (2)
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by means of the theory of approximate Lie symmetries [12]. This gives advantages when
some terms of an equation can be taken as being small. Often the group of approximate
Lie symmetries of such an equation is larger than the group of classical Lie symmetries of
the equation that provides more possibilities of finding exact solutions. Such is the case, for
example, for equation

= Wuy)y + Wuy)y +eu’ W + Bluy +eu’ w® +y)uy.

The only Lie symmetries are the time and space translations. While there is an additional
approximate Lie symmetry for arbitrary 8 and y (case 5 of section 2), an additional Lie
symmetry, dilation, exists only if 8 =0,y = 0.

In section 2, the class of nonlinear equations (2) is completely classified with respect to
admitted approximate Lie symmetries. The group properties of equation (2) turn out to be
closely related to the properties of the pure diffusion equation

ur = (@ux)x + (Y wuy)y 3)
analysed in [11]. It is a special case of the group classification result presented in [13] for the
two- and three-dimensional heat equation with a source

u; = V(Du)Vu) + Qu). “4)

Some exact solutions of equation (3) are found there for the isotropic case (p(u) = u~!,

Y (u) = u~") and a solution of 2D equation (4) with power-law forms of D(u), Q(u).

Here the use of approximate symmetries in solving initial-value problems allows us to
reduce the number of independent variables of the problem. In section 3, in this way the
solutions of instantaneous source type are found for equation (2) with the power-law form of
the diffusion coefficient. The symmetry properties and group invariant solutions of the 1D
diffusion equation with small convective terms were studied in [14].

2. Group classification of 2D nonlinear diffusion—convection equation

We perform an approximate Lie group analysis of equation (2) with an accuracy o(g). It
means that hereinafter in all equalities we neglect the terms of order o(¢).
We consider the infinitesimal operator

X=x(t,x,y,u,e)o+& x,y,u, &) +nt,x,y,u,&)dy,+vt,x,y, u,c), 5)

corresponding to the infinitesimal transformation of equation (2)
t=t+at(t,x,y,u,e)+oa) X=x+a&(t,x,y,u,e)+o(a) ©)
y=y+an(t,x,y,u,&)+o(a) i=u+av(t,x,y,u,&)+o(a)

where

t=1%0, x,y,u)+et!(t, x, y, u) +o(e) E=¢E%t,x,y,u)+eE'(t,x,y,u) +0(e)

n=ntx,y,u)+en'(t,x,y, u)+o(e) v=001,x,y,u) +ev' (¢, x, y,u) +0o(e).

(N

Operator (5) has the form X = X+ e X' +o(e) with X' = 179, +£°9, +n'dy + v'd,,i =0, 1,
in this notation. The coordinates of operator (5) extended to first and second orders as

Xg=X+v0, +Us0,, +vy 8”y + Uy Oy + Uyy 8””
are calculated by the prolongation formulae
Uy, = Dy, —tty Dy, T — Uy, Dy § —uyy Dy j=12,3

Uxix; = Dy, Uy, — Uxx; Dyt — Uy x; D-"'ig: Uy D-’fin i=23



Approximate Lie group analysis of 2D diffusion—convection equations 755

where (x1, x2, x3) = (¢, x, y) and D,, is the total differentiation operator with respect to x;.
The condition

X — (@uuy)e — (Y uy)y — ef @ux — egwuy)|) = o(e) ()
of invariance of equation (2) under the infinitesimal transformation (6) provides a set of
determining equations, which are linear partial differential equations (PDEs) in functions (7).
In order to analyse these equations we apply the equivalence transformations of equation (2)

=it +a X = o3x +eaqt + Qs y = gy + Eaqt + o8 U = ool + Ay
2 2
o - o — (0%} (079
_ 3 6 3 _
p=—9 v=—1 f=—f-a §=—g—
o] o] o] o]

(a1, 9 > 0, a3, ag # 0), which allow us to simplify the form of functions ¢, ¥, f, g and do
not alter the class of equations (2).
Splitting by powers of ¢ reduces (8) in zeroth order to the condition

XS, — (puy) — (Y @uy),)l@ =0

of invariance of equation (3) under the infinitesimal transformation generated by X°. In first
order in ¢ we have the equality

X — (p(uy) — (Y (wuy)y)|@ + H =0 ©)
where, given X°, the addend H is calculated as

1
H= ;X%(”’ — () — (Y Wuy)y — ef Wuy — eguy)| o).

The symmetry properties of unperturbed equation (3) were studied in [13]. Therefore, for all
functional forms of ¢ (u) and ¥ () classified in [13], the terms 79, £°, n°, v° of coordinates (7)
of the infinitesimal operator (5) are known. For arbitrary ¢(u#) and 1 (1) the only symmetries
of equation (3) are the translation and the dilation operators

Y, =90, Y, =0, Y; = 8y Y4 =210, + x0, +y8y
and, if v = k¢, k = %1, the rotation operator
Yo = yo, — kx0,.

This implies 10 = C +2C4t, 8% = Cr + Cux + Coy, n’ = Cs+ Cyy — kCox, v? = 0 and
condition (9) yields the determining equations in 7!, &', ', v':
1

TIZTI(I) §1=§1(1,X’Y) Tll=77](f’xay) Uuu:O

vl + (7! —28))p=0 vy + () —2n)) ¥ =0 me+&Y =0

Sll + (ZU;” — xlx) ¢ — «‘E)l,yiﬁ + ZU;(p/ +Cyf —Cog=0 u;x(p + U)l')'l// — vll =0

N — @+ (20), —ny,) ¥ + 20 + Cag +xCof =0 Co(kp —¥) = 0.

Hence for arbitrary ¢, ¥, f, g we obtain C4 = 0, Cy = 0 and the principal Lie algebra Lp of
equation (2) is spanned by operators

X1 =09, X, =0, X3 =0, X34 = &Y; i=1,2,3 X7 =¢Yy. (10)
For ¥ = k¢, k = £1, there is an additional operator

Xo = €Y. (11)
If, furthermore, k = —1 and g = f, the basis of Lp is extended by the operator Y, + Y.
These are the only symmetries admitted by equation (2) when ¢(u), ¥ (#) do not enter

(up to an equivalence transformation) into the list of functional forms which provide additional
symmetries of equation (3).
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Table 1. Symmetries for equation (2), ¢(u) = e**, ¥ (u) = +ef".

fw g Symmetries
evi W=/ DU 60 0 (o —2y) Y4+ Y5
u e%(ﬁ_"‘)” or 0 aYy+Ys — 2etd,

Table 2. Symmetries for equation (2), ¢(u) = e*, ¥ (1) = ke*, k = 1.

S @) g(u) K Symmetries
e e + Yy —Ys
Yy —eYy — €Y,
Yo —exYy +e¥y
ue (u+a)e + %Y47 %Y5+£Y,\.+£Y1v
- Yy +Yo+ea(Yy —Yy)
uet e or0 + %Y47%Y5+€Yx
(e + B)e" (e +y)et + $Ys — (0 + %) Ya+ea(BYy +yYy)
- Ya+Yo+e(y — Yy — Y))
(e +B) e yet + $Ys — (0 + %) Yy +ea(BYy +yYy)
u+oae" u + Be" + %Y4+%Y5750th7£/3Yy78t3x78t3'V
- Y4+Y0+g(18—a)(Yx—Yy)
u +ae" e + %Y4 + %Ys —eaY, —stdy —¢eY)

e’ (e*™(Acosu+
wsinu) + B)

e + (yu+ p)e"

(e + Bu) e

(e +peft + 1) et

e (e* (pucosu—
Asinu)+y)
e + (yu — B)e

(eau _ ﬁu)eu

(eotu _ Veﬂu + M) el

$Ys — (o + %) Yy + Yo + ea¥y + ebY,,
wherea =af+y,b=ay —
Yo+ Yo —2eB(Yy — Yy)
Ys — (@+ DYy +aYy—2ep(Y, —Y,)
Ys+(a—B)Yo— (a+B+1)Ys+eaY, +ebYy,
where a = Mo + B) + u(a — B),

b= —pB)+pla+p)

et 0 + (1 —=2a)Y4 + Y5
e 0 + Yy —Ys
Yy —eYy
Yo —exYy
u+oae" 0 + %Y4+%Y57€anfat8x

Similarly, proceeding with other kinds of ¢(u) and v (u) from [13], we find the Lie
algebra of admitted symmetries of corresponding equation (2) for arbitrary f(u), g(#) and

then identify the functional forms of f and g which possess extra symmetries.

Case 1. o(u) = e*, ¥ (u) = %eP". For arbitrary functions f and g the Lie algebra is spanned

by operators (10) and the operator
Xg =¢Ys5 where Y5 = axd, + Byd, +20,.

Additional symmetries are presented in table 1.

Case2. p(u) =e“, ¥ (u) = rxe",k = £1.1If f and g are arbitrary, the Lie algebra is spanned

by operators (10), (11) and the operator
Xg = 8Y5

In the classification result given in table 2 we use auxiliary operators

where Y5 = x0, + y0d, +20,.

Yy = $(x* — k¥, + $xy0y + 1x9,

Y, = %nyax + %(Ky2 — x2)8y + %KyBu.
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Table 3. Symmetries for equation (2), ¢(u) = e*, (1) = £1.

f(u) g(u) Symmetries
uet e/2 or ) Y4 — Y5 +2eY,
u+oe" e 2 or0 Y4+ Y5 — 2eaY, — 2et0y
@ +ayet  eBH/Duor0  (1+28)Ys — Vs — 2eafYy
e/2 + et u Ys —eal, —2etd,
e ext 2Yy — Ys +e(1 —2a)Y,
et 0 Ys — &Y,

Y4 —Ys

Table 4. Symmetries for equation (2), ¢(u) = u?, ¥ (u) = *u”.

fu) gu) Symmetries
w2 y2*p/2 or 0 Ys —2aYy
Inu uP=9/20r0  o¥4+Ys —2erdy

Case 3. o(u) =e“, ¥ (u) = £1.If f and g are arbitrary, the basis of Lie algebra is given by
operators (10) and

Xg =¢Ys where Y5 = xd, +20,.

In table 3 the cases of its extension are given. An auxiliary operator Y, = éxzax + %xau is
used there.

Case 4. ¢(u) = u®, ¥ (u) = £u”. For arbitrary functions f and g the Lie algebra is spanned
by operators (10) and the operator

Xg =¢Ys where Y5 = ox0; + pyd, +2ud,.

Additional symmetries are presented in table 4.

Case 5. ¢(u) = u®, ¥ (u) = ku®, k = £1. For arbitrary functions f and g the Lie algebra is
spanned by operators (10), (11) and

Xg =¢Ys where Y5 =ox0, +0yd, +2ud,.

In table 5 additional symmetries are summarized. Here we use the notation

o Xu
Yy = — 2 (% — ky?)d, +2xy9,) + —2 3,
* T e\ T A 2y + 5T
Y, = — 2 (Qkxyd + (ky? — x2)d,) + —22 5
VT Ro 1) YT Ve )™

Case 6. o(u) = u~", ¥ (u) = ku~', k = £1. For arbitrary functions f and g the Lie algebra
is infinite dimensional. It is generated by operators (10) and

Xoo = €(A(x, y)0x + B(x, y)dy, — 2Aud,)

where A(x,y) and B(x, y) are any solutions of the system A, = By,A, = —«B,. In
table 6 the cases of extension of the basis of Lie algebra are given. An auxiliary operator is
Yt = tat +I/lau.
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Table 5. Symmetries for equation (2), ¢(u) = u®, ¥ (u) = ku®,x = £1.

S @) g(u) Symmetries

u? u’ oYy —7Ys
Yy —eYy — Yy
Yo —exYy + &Y,

u’ (u® + B) u® (% +y) %Y5—(a+%) Yo+ea(BYy+yYy)
Ya+Yo+e(y — B)(Yy = Yy)

Inu +ou® v Inu+ Bu® ZY4+ 3Ys — etd, — eo (¥, + BYy) — eytdy

y=1 Ya+Yo+e(B—a)Yy —Yy)
u® Inu u® (Inu + a) %Yé‘f%Y5+fSYx+£Y1v

u®(u*(Acoslnu +
wsinlnu) + )
u® (W + Blnu)

u® + pu + pu®
u® + pu + Bu®

u® (u*(ncoslnu —
Asinlnu) +y)
u®u® — Blhnu+y)

u® + pu+yu®
u® — pu+yu’

Y+ Yo+ea(Y, —Yy)
1¥s — (¢ + ) Y4+ Yo +eaYy +ebY,,
wherea = af+y,b=ay —
Ys — (@ +0)Yy +aYy +ea¥y +ebYy,
where a = oy —2B,b =ay +28
Ya+Yo+e(y — B)(Yy = Yy)
(0 —a—DYs+ Y5+ (a— DYy +eaY, +ebYy,

where a = y(a — 1) + B(e — 20 + 1),
b=ya—20+1)+p@—1)

u® 0 + oYy —Ys
Yy — €Yy
Yo —exYy
u’ u® + p) 0 + 1¥s — (¢ + ) Y4+ capYy
- Ya+Yo+e(y — B)(Yy —Yy)
Inu +au® 0 + ZY4+ 1Ys — td, —eoaY,
u® Inu 0 + %Y47%Y5+£Y,\.

Table 6. Symmetries for equation (2), ¢(u) = u Ly =kut k= £1.

fu) g(u) K Symmetries

u* u®or0 + (a+ 1Yy =Y,

Inu Inu + Yy — Y + ety + 6ty

u®(Bcoslnu + y sinlnu) u®(y coslnu — Bsinlnu) + (a+1D)Ys—Yy— Y,

u® + yubf u® — yubf - (@+B+2)Ys+ (B —a)Yy—2Y,

u®+ Blnu u® —Blnu — (@ +2)Yq —aYy —2Y; +2eBt(0x — 9y)
Inu 0 + Yy — Y; +et0y

Case 7. o(u) = u°, ¥ (u) = £1.If f and g are arbitrary, a basis of Lie algebra is given by
operators (10) and

Xg =¢Ys where Y5 = ox0, +2ud,.

In table 7 the cases of its extension are given, using an auxiliary operator Y, = (30 +4)~!
(%x28x + 2xu8u).

Case 8. ¢(u) = u=*3

by operators (10) and

, ¥ (u) = %1. For arbitrary functions f and g the Lie algebra is spanned

Xg = e(x?9, — 3xud,) Xo = €Ys where Y5 = —2x0, + ud,.

Additional symmetries are presented in table 8.
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Table 7. Symmetries for equation (2), ¢(u) = u®, ¥ (u) = £1.

fu) g(u) Symmetries
u’ 0 Yy — €Y,
oYy —Ys
u® u® 20Ys — Ys+e(0 —2a) Yy
u® + Bu’ ut=2or0 ( —a)¥s+1¥s+e(a—o)pYs
u’ Inu Ys —eoYy — 2etdy,
w2 +au®  Inu Ys —eoaY, — 2¢tdy
Inu +au® w2 or0 oYy +Ys —2e0aY, — 2et0y
u? Inu u°/? or 0 oYy —Ys+26eY,
0 u® 20[Y4 - Y5
0 Inu Y5 — 2¢t0,

Table 8. Symmetries for equation (2), ¢(u) = w43, v(u) = =£1.

fu) gu) Symmetries
u®or0 u®*2/3 or 0 Y57(a+%) Y,
u?Por0 Inu Y5 —etdy

Inu u?3 or 0 Ys—%Y4—st3x

Case 9. ¢o(u) = 1,¥(u) = k,k = =*1. For arbitrary functions f and g the Lie algebra is
spanned by operators (10), (11) and the operators

Xg = e(4179, +41x3, +41yd, — u(dt +x* +«ky?)d,)

X9 = eY5 Xi0=2¢Ys X1 =¢Y7 Xoo = ca(t, X, )0,
where Ys = uo, Yo = 210, — xuo, Y7 =210y — kyud,
O = Oy + KUyy.

Table 9 lists the cases of extension of this Lie algebra.
The group properties of the 1D diffusion—convection equation

u; = (uy)x +ef (Wu, +o(e) (12)

can be obtained from the above classification of 2D equation (2). The symmetries of
equation (12) are presented in the rows of tables 3, 7, 8, 9 corresponding to the cases g(#) = 0
or such values of constant parameters that make g(u) equal to zero. Besides it should be put
formally y = 0, 9, = 0 in these operators.

3. Solutions of equation (2) with power-law diffusivity

Here the solutions of instantaneous source type of equation
= Wuy)y + Wuy)y +ef Wy +egu)uy, +o(e) (13)

for some forms of the convective terms f (u) and g(u) are sought. These are the solutions of
the initial-value problem with initial function

u(t, x, y)li=o = (Eo +eEd(x, y) (14)

where Ey, E; = const and §(x, y) is a Dirac measure. When ¢ = 0 this problem for the
corresponding diffusion equation has been solved in [15] (see also [16]). According to the
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Table 9. Symmetries for equation (2), (1) = 1, ¥ (u) =k, k = £1.

S () g(u) K Symmetries

u® u® or 0 + oYy —Ys

Inu Blnu + 2Y7 —2K/3Y6+s(x+/32)t}’0+ %su(y—ﬁx)(ﬁy+/<x)3u
u(2 —e(x +xpy))ou

u u + Yy — Y5

- detYy — (4(x +y) + eu(dr — x> + y*))d,
2" — ewu)d,, where w = w(x — y)

+ 4etYo + (4(x —y) + su(y2 —x2))d,
—2et (Yo + Y1) + (4 + (x +y)? — 2e(x + y)u)d,
(2 —e(x+y)u)dy,
(A(x +y) +eu@t — (x +3)?)dy

u 0 + Yy —Ys

2¢etYy + (exyu — 4y)o,

—etYe + (2t +x2— %ax3u) Oy

(2 —exu)o,
(4x +eu2t — x2))d,
u + Be" u — pe — Yo+ Yo+ (e(x — y)u —2)0,
e"(Acosu+ e“(pcosu — + Yy —Yo— 0,
Jusinu) Asinu)
efu yebt + BYy — 0,
e+ yet efr — ety £0 - B+ DY+ (1 — B)Yy — 28,

invariance principle [17], if the problem (13), (14) is invariant under a group of transformations,
then the solution should be sought among functions invariant under this group. Invariance of
the initial-value problem (13), (14) means that equation (13), the manifold r = 0 where the
initial data are given and the data themselves are invariant under the group.

All symmetries of equation (13), except for the translations, leave the initial manifold
invariant. Transformations (6) change the Dirac measure to § = § — a(&, + ny)5| x=0 +o0(a).

Therefore, the criterion for invariance of initial condition (14) under transformations (6) takes
the form

(v(t,x,y,u, &)+ (Eg+eE) (& +1y)0) —0am0 = o(e). (15)
u=(Eg+¢E1)

Case 1. For f(u) = u®, g(u) = u’, condition (15) is satisfied by the symmetries
(0 +1)Yy —Ys —eY, —¢Y, and Yo +¢eY, —¢Y,

from table 5. The solution of characteristic equations of the form % =< =2 = % for
these symmetries yields the invariants

Ilztflf‘u 1+M Ig:t_l(v;“)r 1+8M
200 +1) 8(o +1)

r = /x2+ y2 Then, following the methods of the theory of approximate Lie symmetries
[12], the solution is sought in the form

e (1 By
=t (1 2(G+1)>(U(12)+8V(12)).
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Figure 1. Solution of equation (17) wheno =3, Eg =1, E; = 1,¢ = 0.01.

The expansion of this function in a series in € leads to the expression

L _8(x+y) ox+y) ,
u=t ((1 oD 1)) U(z) +ez78(a D U'(z) +8V(z)> +o(e) (16)

where z = T isa similarity variable. The substitution of (16) into the equation
= Wux) + Wuy)y +eu’ (uy +uy) +o(e) (17)
and splitting by powers of ¢ reduce (17) to the system of ordinary differential equations (ODEs)
(Z2U) +2(0 + 1)(zU°U'Y =0 (18)
@V) +2(0 + D@EUTV)) =0

with the particular solution U = (% (Cl2 - zz)/(a + 1))£, V= (%/(a + 1))£C2(C% - Zz)"l7
Hence a solution of equation (17) is given by

1

b (g /0w 0) (€= )t we(c -

— 1
S IR e ) BT
1
0 r > Cit2o,
o _
The values C7 = (o + 1)(%)‘”‘ ,Cy = f—;{(f—;) o1 are defined from the condition of

constant energy

/ u(t,x,y)ydxdy = Eo+¢E.
]RZ

The solution obtained is valid for finite ¢ within the limits from O to the values of order £~!.

Otherwise the convective terms become comparable with other terms of equation (2) and the
equation takes on different group properties. Note that the values of o running from 3 to 4
are of interest in the filtration theory. In figure 1 the solution of equation (17) is presented for
¢ =0.01,0 =3.

Case 2. For f(u) =u’w*+p), gw) =u’@*+y), B, y = const, condition (15) is satisfied
by the symmetries
Xi=¢e((c+1)Yy —Y5) X, = ¢Yp.
The case @ = 1/2 stands out because of the additional symmetry
X3 = (0 +1)Ys—Ys — e(BYs +yY,)
satisfying (15). Therefore, we consider the equation

e = W)+ Uouy)y +eu’ (u? + B)us + (u2 +y)u,) +o(e). (19)
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The operator X is unessential, since X; = ¢X3. The invariant test, X;I = o(¢),i = 2,3,
provides the invariants

+ 1 +
Ilztﬁu 1+8'8x vy I, =t 2y 1+86'8x 84 I3=8arctanz.
20+ 1) 8o +1) X

According to [11], the solution should be sought in the form

L _  Bx+yy Bx+yy .,
u=t ((1 82(G+ 1)) U(z)+8018(0+ 1)U (z)+sV(z,9)) (20)

where 7z = t_ﬁr, 0 = arctan%. Substitution of (20) into (19) gives the same ODE (18) in
U (z) and a linear PDE

1 1 |
7(ZZV)Z +@UV)), + U’ Veg +zU’*2U'(sinf +cosf) =0 201
20 +1) z

1
in V(z,0). The function U = (%(Cl2 — zz)/(o + 1))” can be taken again as a solution of
1 1
(18). If welet V = (2 /(o + 1))° (C} — 2%)° "(Cy — zv(E)(5in 6 + cos 0)), £ = C;?7%, then
(21) takes the form of a hypergeometric equation
Ct

EE—1V"+(EQ+1/o) =2 + Lv - (
20 20

(7C12
4(oc +1)

) (1— &%+ =0 22)

inv(§).
When o = % the function v = C12/13(2%C12)1/3(% — E)(l — £)!73 is a particular solution
of equation (22) and then a solution of equation (19) is given by

2/3 _ 3 1/3 /s, _
(317 (03 = s e () s (e - )

20
u= n (C2 _ 2t72/5)*1/3 C, — Bxtyy (2C2 _ 2t*2/5) < Cy /5
& 1 r 2 10 1 r I & 1
0 r> Cit'/3
2 _ 20(Ep\3/5 __2E, (Eq\"2/5
where C7 = 2(22)7", G = 32 (2) . .

When o = 2 the function v = C7 /44(%C7)”"(2In& + 48> — 135 — 311 —&)71/3

is a particular solution of equation (22). When ¢ = ﬁ, n=1,2,..., aparticular solution of
(22) is defined by a polynomial of degree n + 1 in &.
Case 3. For f(u) = u®@*(Acoslnu + pusinlnu) + ), gw) = u’@*(ucoslnu —
Asinlnu) + y), B, y = const, the symmetries

X1=8((0’+1)Y4—Y5) X, =¢€Y)

satisfy condition (15). There is an additional symmetry
X;=Ys—(0c+ DY +2Yg+e(B+2y)Y, +e(y — 2B)Y,

subject to « = 1/2. The invariant test, X;I = o(e), i = 2, 3, provides the invariants

+ +
1,:tn'+1u<1+eﬂx yy) 12=t‘z«++nr<1+wﬂx yy)

2(c +1)

y 1
I; = ¢ | arctan= — Inz ).
x o+1
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The group invariant solution has the same form (20), but with other similarity variables
1 )

z=1 20 = arctanf—( — # Inz. Substitution of (20) into equation (13) for given f (u)

and g(u) (¢ = 1/2) yields ODE (18) in U(z) and a linear PDE

2 - Z I . oal o
V), +@U°V +——Vo+-U Vg +zU°2U InU
2(o+1)(Z )e + @U7V)o): o+l tT U Vet ((n cosln
—AsinIlnU)sinf + (usinln U + AcoslnU) cosf) =0
in V(z,0).

4. Conclusion

Here the approximate Lie group analysis is applied to the 2D nonlinear diffusion—convection
equation (2) with the convection taken as a small perturbation. Equation (2) inherits all
symmetries X of unperturbed equation (3) as ‘trivial’ symmetries £ X°, which are the solutions
of homogeneous equation (9). We classified all functional forms of f(«), g(u) which admit
additional ‘zeroth-order’ symmetries X° + e X! with X* # 0. Such symmetries are more
useful in constructing group invariant solutions. This feature is demonstrated in section 3,
where the solutions of instantaneous source type of equation (13) are obtained. Two zeroth-
order symmetries (case 1) allow us to reduce the initial-value problem (13), (14) to solving
two ODEs. The invariance under zeroth-order symmetry and a symmetry of the form & X°
(cases 2 and 3) reduces the problem (13), (14) to solving an ODE and a linear PDE.
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